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Abstract

We consider coupled attitude and position control of two spacecraft where abso-

lute attitudes are not available. The objective is to attain a formation requiring

a desired distance between two spacecraft and alignment of attitudes along the

inertial line-of-sight (LOS) direction between the center of masses of the space-

craft. A relative attitude and position control scheme is developed using LOS

vectors measured in each spacecraft’s body frame. The current work differs

from past research in the sense that the relative positions of the two space-

craft are not assumed to be fixed and all control laws are obtained in respective

body fixed frames. The state feedback laws put forth in this work guarantee

almost semi-global asymptotic stability of the desired closed-loop equilibrium

configuration.

1. Introduction

Space telescopes like Hubble have contributed immensely to enhance our

knowledge of the universe. In recent years, there have been several proposals

(for example Simbol-X [1], MAXIM [2], and NEAT [3]) for spacecraft formation

flying missions with multiple spacecraft in cooperation to function as a powerful
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virtual instrument. Compared to a monolithic spacecraft, these formation flying

missions promise to be more robust and flexible.

However in cooperative missions, maintaining precise relative attitudes and

positions are essential for achieving the mission requirements. From a control

perspective each of these missions require combined attitude and position con-

trol. Most results on attitude consensus and attitude tracking (for example

[4]) assume that complete inertial attitude is measured by individual spacecraft

and communicated to each other in order to compute relative attitudes. Thus,

relative attitude is calculated indirectly by comparing full attitude information,

thereby limiting accuracy. Further, instruments for absolute attitude measure-

ments like star sensors are expensive and heavy.

Vector measurements in respective body frames are a convenient way of

measuring relative attitudes, without calculating individual absolute attitudes.

The concept of attitude determination of a single spacecraft from three inde-

pendent vector observations in the spacecraft’s own frame was proposed in [5],

where the authors gave the TRIAD and QUEST algorithms for attitude deter-

mination. Line-of-sight (LOS) vector observations between spacecraft can be

similarly be utilized for relative attitude determination. These LOS vectors be-

tween spacecraft can be measured by standard light-beam focal-plane detector

technology or by laser communication hardware as given in [6].

In some cases, even when star trackers are available for inertial attitude mea-

surements, specific relative attitude measurements may be necessary. NuSTAR

(The Nuclear Spectroscopic Telescope ARray) mission attempts to measure hard

X-ray emission and consists of two telescopes connected by a deployable mast of

ten-meter length. In order to compensate the effects of buckling of the mast on

measurements, a metrology system is added with lasers and position sensitive

detectors (PSD) [7]. The radial flexure of the mast is measured by line-of-sight

readings from the position sensitive detector-laser system.

There have been many results on attitude estimation ([8], [9]) and control

([10], [11]) of single spacecraft using vector measurements in inertial and body

fixed frames. Authors in [8] suggest a scheme for determining relative attitude
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between two spacecraft using line-of-sight measurements to each other and to a

reference body. Attitude synchronization of multiple rigid bodies using common

vector measurement was discussed in [12]. Cyclic formation control of spacecraft

using inertial line-of-sight was proposed in [13]. Authors in [8] also proposed a

relative navigation scheme based on line-of-sight vectors. [8] however, did not

include a control design based on line-of-sight information. Attitude determi-

nation from vector measurements extends beyond just LOS measurements. In

[14], an attitude determination scheme for a nanosatellite was proposed using

vector measurements from sun sensor and a magnetometer. Rigid body attitude

control of a spacecraft from a single vector measurement and gyro information

was proposed in [15].

However, there are fewer results on relative attitude control between multi-

ple spacecraft using line-of-sight observations. Authors in [16] propose a control

law to asymptotically stabilize the relative attitude between two spacecraft mak-

ing use of LOS direction observations between them, and to a common object.

However, [16] assumes that the vectors measured in the inertial frame are fixed.

In reality however, the inertial LOS vary with relative motion of the spacecraft.

The resulting variation of inertial LOS with time, would violate assumptions

used for stability proof in [16], [10] and [11]. This precludes use of the afore-

mentioned control schemes in combined attitude and position manoeuvres of

spacecraft in formation flying missions.

In this paper, we consider the following question - can two spacecraft achieve

a desired formation and relative attitude in deep space, with no inertial infor-

mation such as GPS? The results presented here only consider measurements

made relative to the spacecraft in a body-fixed reference frame. It is assumed

that the two spacecraft have no common reference frame and no access to a

third object. Each spacecraft measures LOS vector to the other spacecraft and

communicates the same. The control objective is to achieve, attitude alignment

about the LOS vector between the two spacecraft and a desired relative distance

between the spacecraft. Our proposed control laws are distributed in nature and

are obtained in respective body frames. Further, compared to [16] and [17], our
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work does not assume that the spacecraft center of mass is stationary.

The paper is organized as follows, section II explains the mathematical for-

mulation of the problem, section III describes error functions that are used

subsequently, section IV gives the control law and stability results for the closed

loop system, numerical simulation results are given in section V, and conclusions

are given in section VI.

2. Problem Formulation

Consider two spacecraft as illustrated in the figure (1). Let (x, y, z) be an

inertial reference frame and (X ′, Y ′, Z ′) and (X ′′, Y ′′, Z ′′) be body fixed frames

of spacecraft one and two respectively.

z
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Inertial frame

Z ′

X ′
Y ′

Z ′′

X ′′

Y ′′ŝ
21

ŝ
12

r 1

r2

Spacecraft 2

Spacecraft 1

Figure 1: Two spacecraft in formation : Inertial LOS vectors ŝ12 and ŝ21, position vectors r1
and r2 of centre of mass of spacecraft 1 and 2 are shown in the figure.

2.1. Dynamics

The attitude of a spacecraft is the orientation of its body fixed frame with

respect to the inertial reference frame. This is represented by a rotation matrix
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in special orthogonal group given as

SO(3) =
{
R ∈ R3×3|R>R = RR> = I, det(R) = 1

}
(1)

The Lie algebra of SO(3) is denoted so(3) and defined as

so(3) =
{
S ∈ R3×3| S> = −S

}
(2)

The Euler’s equations of motion for the ith (i = 1, 2) spacecraft’s attitude in

SO(3) ([18], section 2.3), are

Ṙi = RiS(Ωi) (3)

JiΩ̇i = JiΩi × Ωi + τi (4)

where Ji ∈ R3×3 are the moments of inertia, Ωi ∈ R3 is the angular velocity

represented in the body fixed frame and τi ∈ R3 is the control torque on the ith

spacecraft represented in its own body fixed frame. Further, S(.) : R3 → so(3)

is the map such that S(x)y = x × y for any x, y ∈ R3. We use the double

integrator model for the translation dynamics of the center of mass of each

spacecraft, which for the ith spacecraft can be written as, ([19], chapter 12)

miṙi = mivi (5)

miv̇i = fi (6)

where mi ∈ R, mi > 0, is the mass of the spacecraft and ri, vi ∈ R3 are

the position and velocity of the ith spacecraft represented in an inertial frame.

fi ∈ R3 is the force applied on the ith spacecraft represented in an inertial

frame. It is common to approximate the spacecraft translation dynamics by

a double integrator in deep space missions (see [19], chapter 12). Also, our

work requires only the relative position dynamics to follow a double integrator.

In other words, ri(t), vi(t) and ui(t) (= fi(t)/mi) need to satisfy the following

equations,

d

dt
(r1 − r2) = v1 − v2 (7)

d

dt
(v1 − v2) = u1 − u2 (8)
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The validity of the double integrator relative translation model for spacecraft

in deep space was explored in [20]. As discussed in [20], the double integrator

approximation arises from considering two spacecraft in deep space separated

by less or equal to one kilometer under combined gravitational forces of the

Earth and the Sun [20]. Therefore, for this manuscript, we assume a double

integrator relative translation dynamics model.

Define

ui =
fi
mi

(9)

where ui ∈ R3 represents the translation control input for the ith spacecraft

in the inertial frame. Further, let x ∈ Rn, then the 2-norm of x is defined as

‖x‖ =
√
〈x, x〉 and,

d

dt
‖x‖ =

x>ẋ

‖x‖
(10)

2.2. Measurement strategies

Let (i, j) ∈
{

(1, 2), (2, 1)
}

. Let ŝij denote the line-of-sight unit vector ob-

served from the ith spacecraft to the jth spacecraft, represented in the inertial

frame. This is given by

ŝij =
(rj − ri)
‖(rj − ri)‖

(11)

However, measurements are made in each spacecraft’s own body frame. Let b̂ij

denote the line-of-sight unit vector observed from the ith spacecraft to the jth

spacecraft, represented in the ith body fixed frame, which is given by

b̂ij = R>i (ŝij) = R>i
(rj − ri)
‖(rj − ri)‖

(12)

In addition to LOS unit vectors, each spacecraft also measures relative velocity

with respect to each other. We define vij as the relative velocity of jth spacecraft

observed from the ith spacecraft and represented in the ith body fixed frame,

given by

vij = R>i (vj − vi) (13)
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Measured quantities Obtained via communication

Spacecraft 1 b̂12, v12, d, Ω1 b̂21

Spacecraft 2 b̂21, v21, d, Ω2 b̂12

Table 1: Measured and communicated quantities

Also let the distance between center of masses of the spacecraft be denoted by

d.

d = ‖r1 − r2‖ (14)

The spacecraft i has access to line-of-sight unit vectors b̂ij and b̂ji (communi-

cated from spacecraft j), relative velocity vij, distance between the two space-

craft d, and its angular velocity Ωi . This is shown in table 1. Distance between

spacecraft can be measured using laser range sensors and angular velocities us-

ing gyroscopes. Relative velocities can be obtained using a differentiator and/or

Kalman filter from the distance and LOS vector measurements.

The derivatives of above quantities are now described to be used in subse-

quent analysis. The time derivative of the distance d = ‖r1−r2‖ in (10) is given

by

d

dt
(d) =

(r1 − r2) · (ṙ1 − ṙ2)

d
=

1

d
(r1−r2)·(v1−v2) =

1

2
(̂b12 ·v12+b̂21 ·v21) (15)

Note that ∀ u, v ∈ R3, and R ∈ SO(3),

u · v = (Ru) · (Rv) (16)

Time derivative of b̂12 can be calculated to be,

d

dt
(̂b12) = Ṙ>1

(r2 − r1)

d
+R>1

(v2 − v1)

d
−R>1

(r2 − r1)

d2

(
1

2
(̂b12 · v12 + b̂21 · v21)

)
= −R>1 R1S(Ω)R>1

(r2 − r1)

d
+

1

d
v12 +

1

2d
b̂12

(
b̂12 · v12 + b̂21 · v21

)
= b̂12 × Ω1 +

1

d
v12 −

1

2d
b̂12

(
b̂12 · v12 + b̂21 · v21

)
Similarly,

d

dt
(̂b21) = b̂21 × Ω2 +

1

d
v21 −

1

2d
b̂21

(
b̂12 · v12 + b̂21 · v21

)
(17)
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The following assumption is used throughout the paper.

(A1) Two LOS unit vectors namely b̂12 and b̂21, and distance between the space-

craft, d are available to each spacecraft. In addition, each spacecraft i has

access to the relative velocity vector in its own body frame vij, and own

angular velocity Ωi.

Two spacecraft having dynamics as in (3)-(6) are considered. The spacecraft

are able to communicate LOS unit vectors with each other. Mathematically the

control objective is to achieve,

1. Velocity synchronization: lim
t→∞
‖v1(t)− v2(t)‖ = 0,

2. Formation keeping: Ensuring a desired distance d0 between the two space-

craft, lim
t→∞
‖(r1(t)− r2(t))‖ = d0,

3. Attitude alignment along LOS vector: lim
t→∞
‖b̂12(t) + b̂21(t)‖ = 0 and

lim
t→∞

Ω1(t) = 0, lim
t→∞

Ω2(t) = 0

3. Error Functions

Each of the control objectives mentioned above can be represented as min-

imization of a positive semi-definite error function. Three such error functions

namely, alignment error function, distance error function and velocity synchro-

nization error function are used in this article.

Alignment Error Function

Consider an alignment error function of the following form

Ψ1 =
1

2

∥∥∥b̂12 + b̂21

∥∥∥2

(18)

This error function is similar to that used in [16] and [21]. Now from elementary

calculation it can be seen that

Ψ1 =
1

2

∥∥∥b̂12 + b̂21

∥∥∥2

=
1

2

[
b̂12 · b̂12 + b̂12 · b̂21 + b̂21 · b̂21 + b̂21 · b̂12

]
=

1

2

[
2 + 2b̂12 · b̂21

]
=
[
1 + b̂12 · b̂21

]
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Clearly Ψ1 ≥ 0 and 0 ≤ Ψ1 ≤ 2. When b̂12 = −b̂21, Ψ1 = 0. The maximum

value of Ψ1 is obtained when b̂12 = b̂21, i.e. Ψ1 = 2. The time derivative of the

alignment error function is obtained to be

Ψ̇1 = b̂12 ·
(
d

dt
(̂b21)

)
+

(
d

dt
(̂b12) · b̂21

)
= b̂12 ·

(
b̂21 × Ω2 +

1

d
v21 +

1

2d
b̂21(̂b12 · v12 + b̂21 · v21)

)
+

(
b̂12 × Ω1 +

1

d
v12 −

1

2d
b̂12(̂b12 · v12 + b̂21 · v21)

)
· b̂21

= (̂b12 × b̂21) · Ω2 + (̂b21 × b̂12) · Ω1 +
1

d
(v21 · b̂12 + v12 · b̂21)− 1

d
(̂b21 · b̂12)(̂b12 · v12 + b̂21 · v21)

The time derivative of the alignment error function considered here has addi-

tional terms compared to [16]. This is because relative translation dynamics of

the spacecraft is considered here, in addition to the attitude dynamics.

Distance Error Function

Consider a distance error function Ψ2 of the form

Ψ2(r1, r2) =
(
‖r1 − r2‖ − d0

)2
= (d− d0)

2
(19)

The distance error function is positive semi-definite and Ψ2 = 0 only when

‖r1 − r2‖ = d0. The derivative of Ψ2 is given by

Ψ̇2 = 2
(
d− d0

)
ḋ =

(
d− d0

)
(̂b12 · v12 + b̂21 · v21)

Velocity Synchronization Error Function

Consider a velocity synchronization error function Ψ3 of the form

Ψ3(v1, v2) =
1

2
‖v1 − v2‖2 (20)

The velocity synchronization error function is positive semi-definite and Ψ3 = 0

only when ‖v1− v2‖ = 0. Additionally, the time derivative can be computed as,

Ψ̇3 = (v1 − v2) · (u1 − u2)

= −v12 · (R>1 u1)− v21 · (R>2 u2) (21)
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where we have made use of (16).

A linear combination of the error functions Ψ1,Ψ2,Ψ3 and the total rota-

tional kinetic energy of the two spacecraft is used as a Lyapunov-like function

for proving stability results.

V = k1Ψ1 + γ
(
k2Ψ2 + Ψ3 +

1

2
Ω1 · (J1Ω1) +

1

2
Ω2 · (J2Ω2)

)
(22)

4. Control Law and Stability Results

4.1. Control Law

For positive control gains kΩ1 , kΩ2 , kv1 , kv2 , k1 and k2, the following attitude

and position control law is proposed

τ1 = −kΩ1
Ω1 − k1(̂b21 × b̂12) (23)

τ2 = −kΩ2
Ω2 − k1(̂b12 × b̂21) (24)

R>1 u1 = kv1(v12)− k2

(
d0 − d

)
b̂12 − k1

d

(
b̂21 −

(
b̂12 · b̂21

)
b̂12

)
(25)

R>2 u2 = kv2(v21)− k2

(
d0 − d

)
b̂21 − k1

d

(
b̂12 −

(
b̂12 · b̂21

)
b̂21

)
(26)

In the torque equations (23)-(24), the first term corresponds to dissipation and

the remaining term is chosen to minimize the error function Ψ1. Similarly, in

the position control laws (25)-(26), the first term implements a dissipation and

rest are chosen to minimize error functions Ψ2 and Ψ3. Since it is assumed that

the two spacecraft have no access to inertial coordinates, the control needs to

be expressed in the body fixed frame. Position control input ui expressed in ith

spacecraft’s body frame is R>i ui. As is evident, the control laws described in

(3)-(6) are implementable subject to assumption (A1).

Proposition 1. Consider the system of equations (3)-(6) under the control
laws given in (23)-(26) and let the assumption (A1) be satisfied. Then following
results hold
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(i) There exist two equilibrium configurations given by

Q1 = {(R1,Ω1, R2,Ω2, r1, v1, r2, v2)|Ω1 = Ω2 = 0, v1 = v2, ‖r1 − r2‖ = d0,

R>1 (r1 − r2) = R>2 (r1 − r2)}
(27)

Q2 = {(R1,Ω1, R2,Ω2, r1, v1, r2, v2)|Ω1 = Ω2 = 0, v1 = v2, ‖r1 − r2‖ = d0,

R>1 (r1 − r2) = −R>2 (r1 − r2)}
(28)

(ii) The undesired equilibrium configuration Q2 is unstable.

(iii) The desired equilibrium configuration Q1 is asymptotically attractive. A
conservative region of attraction is given by

Ψ1(0) < 2 (29)

2∑
i=1

λmax(Ji)‖Ωi(0)‖2 + Ψ2(0) + k2(‖v1(0)− v2(0)‖2) < 2k1 −Ψ1(0)

(30)

where λmax(Ji) is the largest eigenvalue of Ji.

Proof. : The proof makes use of the LaSalle invariance principle and Chetaev’s
instability theorem. Define variables e1 and e2 as

e1 := r2 − r1 (31)

e2 := ė1 = v2 − v1 (32)

The configuration space can now be written as (R1,Ω1, R2,Ω2, e1, e2) and the
transformed system dynamics are

ė1 = e2

ė2 = u2 − u1

Ṙ1 = R1S(Ω1)

J1Ω̇1 = J1Ω1 × Ω1 + τ1

Ṙ2 = R2S(Ω2)

J2Ω̇2 = J2Ω2 × Ω2 + τ2

(i) Consider a Lyapunov like function V as given in (22). In transformed
variables e1 and e2,

V = k1Ψ1 + k2(‖e1‖− d0)2 +
1

2
‖e2‖2 +

1

2
Ω1 · (J1Ω1) +

1

2
Ω2 · (J2Ω2) (33)

Clearly V ≥ 0, and V = 0 only when e2 = v2− v1 = 0, ‖e1‖ = ‖r2− r1‖ =

d0, Ω1 = Ω2 = 0 and b̂12 = −b̂21, which satisfies conditions for Q1. V is
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positive definite in variables (R>1 e1 − R>2 e1), (‖e1‖ − d0), e2, Ω1 and Ω2.
Now taking the time derivative of V,

V̇ = k1

[
(̂b21 × b̂12) · Ω1 + (̂b12 × b̂21) · Ω2 +

1

d
b̂21 · v12 +

1

d
b̂12 · v21

]
− k1

d
(̂b12 · b̂21)

(
b̂12 · v21 + b̂21 · v21

)
+ k2

(
d− d0

)
(̂b12 · v12 + b̂21 · v21)

− v12 · (R>1 u1)− v21 · (R>2 u2) + Ω1 · τ1 + Ω2 · τ2

and substituting control terms from (23)-(26) we obtain,

V̇ = −
(
kΩ1‖Ω1‖2 + kΩ2‖Ω2‖2 + (kv1 + kv2)‖e2‖2

)
≤ 0

It is evident that V is bounded from below and V̇ ≤ 0, which implies that
lim
t→∞

V(t) exists by monotonicity. Now by La Salle’s invariance principle

(theorem 6.19, [22]), the system states converge asymptotically to the
largest positively invariant set in V̇−1(0). Note that the compactness
argument is not needed here since it is employed in theorem 6.19 of [22]
to show that V has a minimum which in this case has already been shown
to be true.

V̇−1(0) = {(R1,Ω1, R2,Ω2, r1, e1, e2)|Ω1 = Ω2 = 0, e2 = 0} (34)

Largest invariant set in V̇−1(0) is given byM =
{

(R1,Ω1, R2,Ω2, e1, e2) ⊂ V̇−1(0)
}

which satisfy the following conditions

b̂21 × b̂12 = 0 (35)

R2

(
k2(d− d0)̂b21 −

k1

d

(
b̂12 − (̂b12 · b̂21)̂b21

))
−R1

(
k2(d− d0)̂b12 −

k1

d

(
b̂21 − (̂b12 · b̂21)̂b12

))
= 0 (36)

From (35), it is evident that b̂12 = ±b̂21. Suppose b̂12 = b̂21, then b̂12 ·b̂21 =
1 which on substituting in (36) yields,

R2

(
k2(d− d0)̂b21 −

k1

d

(
b̂12 − b̂21

))
−R1

(
k2(d− d0)̂b12 −

k1

d

(
b̂21 − b̂12

))
= 0

By cancelling terms,

k2(d− d0)(R2b̂21 −R1b̂12) = 0

k2(d− d0)(R1b̂12 −R2b̂21) = 0

2k2(d− d0)(s12) = 0 =⇒ d = d0

12



Similarly for the second case where b̂12 = −b̂21, b̂12 · b̂21 = −1, and

R1

(
k2(d− d0)(−b̂21)− k1

d

(
b̂21 − b̂21

))
−R2

(
k2(d− d0)̂b21 −

k1

d

(
− b̂21 + b̂21

))
= 0

By cancelling terms,

k2(d− d0)
(
−R1b̂21 −R2b̂21

)
= 0

k2(d− d0)(R1b̂12 −R2b̂21) = 0
(

Since b̂12 = −b̂21

)
2k2(d− d0)(s12) = 0 =⇒ d = d0

Thus the largest invariant set in V̇−1(0) is given by M = Q1 ∪Q2 where

Q1 = {(R1,Ω1, R2,Ω2, e1, e2)|Ω1 = Ω2 = 0, e2 = 0, ‖e1‖ = d0, R
T
1 (e1) = RT2 (e1)}

(37)

Q2 = {(R1,Ω1, R2,Ω2, e1, e2)|Ω1 = Ω2 = 0, e2 = 0, ‖e1‖ = d0, R
T
1 (e1) = RT2 (−e1)}

(38)

(ii) For the undesired configuration Q2 given by v1 = v2, ‖r1 − r2‖ = d,
Ω1 = Ω2 = 0 and R>1 (r2 − r1) = −R>2 (r1 − r2), V = 2k1, we define

W = 2k1 − V (39)

At the undesired configuration Q2, W = 0. Now, one could choose an
arbitrarily close region to Q2 where the function W > 0 and Ω1,Ω2 > 0.
Then

Ẇ = −V̇ =
(
kΩ1‖Ω1‖2 + kΩ2‖Ω2‖2 + (kv1 + kv2)‖e2‖2

)
> 0 (40)

Thus there exists in any arbitrarily small neighborhood of the undesired
equilibrium, a solution trajectory that will escape, which implies that the
undesired equilibrium is unstable ([23], Theorem 3.3).

(iii) V is positive definite, V̇ ≤ 0 and V = 0 at Q1 which gives us that Q1 is
Lyapunov stable. When conditions in (29)-(30) are satisfied, V(0) < 2k1.
Since V̇ ≤ 0,

0 ≤ V(t) ≤ V(0) < 2k1 (41)

This guarantees that the undesired equilibrium configuration is avoided
and the system dynamics converge to desired configuration Q1.

4.2. Almost semi global asymptotic stability

The region of attraction to Q1 given by (29)-(30) is conservative. The system

trajectories converge to Q1 from all initial conditions except the set of initial
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conditions in stable manifold corresponding to Q2. The region of attraction

can be extended by introducing a gain in the feedback law that depends on the

initial conditions.

τ1 = −kΩ1
Ω1 −

k1

γ
(̂b21 × b̂12) (42)

τ2 = −kΩ2Ω2 −
k1

γ
(̂b12 × b̂21) (43)

R>1 u1 = kv1(v12)− k2

(
d0 − d

)
b̂12 − k1

dγ

(
b̂21 −

(
b̂12 · b̂21

)
b̂12

)
(44)

R>2 u2 = kv2(v21)− k2

(
d0 − d

)
b̂21 − k1

dγ

(
b̂12 −

(
b̂12 · b̂21

)
b̂21

)
(45)

where gains kΩ1 , kΩ2 , kv1 , kv2 , k1, k2, γ > 0. Here γ is chosen to depend on

initial conditions so as to ensure asymptotic convergence as follows,

2k1 − k1Ψ1(0) > γ(

2∑
i=1

λmaxi
(Ji) ‖Ωi(0)‖2 + k2Ψ2(0) + Ψ3(0)) (46)

γ is defined for all of SO(3)× R3 × SO(3)× R3 × R12 except Q2.

Proposition 2. The equilibrium configuration Q1 is almost semi-globally asymp-
totically stable from all initial conditions satisfying assumption (A1) except Q2,
for dynamics (3)-(6) under control law (44)-(43), with γ satisfying (46).

Sketch of the proof : Consider a Lyapunov like function given by,

Vγ = k1Ψ1 + γ
(
k2(‖e1‖ − d0)2 +

1

2
‖e2‖2 +

1

2
Ω1 · (J1Ω1) +

1

2
Ω2 · (J2Ω2)

)
(47)

Vγ is bounded from below by zero and bounded from above by 2k1. Vγ is

positive definite in variables (̂b12 + b̂21), (‖r1 − r2‖ − d0), (v1 − v2), Ω1 and Ω2.

By substitution it is obtained to be

V̇γ = −γ
(
kΩ1‖Ω1‖2 + kΩ2‖Ω2‖2 + (kv1 + kv2)‖e2‖2

)
≤ 0 (48)

Vγ = 0 only at Q1, Vγ is positive definite and V̇γ ≤ 0 which gives that Q1 is

Lyapunov stable. Asymptotic convergence of trajectories to Q1 is obtained by

LaSalle invariance as before. As γ → 0 the region of attraction increases to

include almost the entire state space with almost semi-global convergence to

Q1. This guarantees almost semi global asymptotic stability of Q1.
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4.3. Discussion

The stability result shows that the distance between the two spacecraft con-

verge to the desired value, and attitudes of the two spacecraft become aligned

along the line-of-sight, from almost all initial conditions. Attitude synchroniza-

tion about the LOS means that the payloads of the two spacecraft can point in

the same inertial direction.

The proposed LOS based attitude control scheme does not assume spacecraft

positions to be fixed. This can be illustrated by an example. If the spacecraft

positions are considered fixed, the LOS unit vector b̂12 has following dynamics,

d

dt

(
b̂12

)
= b̂12 × Ω1 (49)

However, when inertial LOS itself is varying, the dynamics would be

d

dt
(b̂12) = b̂12 × Ω1 +R>1

v2 − v1

‖r2 − r1‖
− b̂12

(r2 − r1) · (v2 − v1)

‖r2 − r1‖2
(50)

Contrary to the current contribution, articles such as [10],[11],[16] and [17]

rely on assumption (49) for stability claims of their control laws. We prove

stability results irrespective of inertial LOS dynamics by having a coupling term

(the third term) in our position control law.

Further, the current control scheme gives position and attitude control inputs

directly in the corresponding body fixed frames. Since LOS measurements are

directly fed into the control, errors in computing relative attitudes are minimized

in our control scheme.

5. Simulation Results

5.1. Numerical results for initial conditions near unstable equilibria

For the first set of simulations, the initial conditions are chosen to be close

to the undesired equilibrium configuration Q2. We want to illustrate that even

if initial conditions are chosen very close to Q2, the system dynamics would

converge to Q1. From the definition of Q2 in (28) we have following condition

at Q2,
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R>1 (r1 − r2) = −R>2 (r1 − r2) (51)

Let a and à be two orthogonal unit vectors defined as a = [1, 0, 0]>, and

à = [0, 1, 0]>. We chose initial positions such that a is the inertial LOS vector

joining spacecraft 1 and 2. That is we choose r1(0) = [0, 0, 0]> and r2(0) =

r1(0)+25∗a. Now R1(0) and R2(0) are chosen such that R1(0)>(r1(0)−r2(0)) u

−R2(0)>(r1(0) − r2(0)). This is done by choosing R1(0) = exp(πS(a)) and

R2(0) = exp(0.99πS(à)) where S(.) is the map from S(.) : R3 → so(3) defined

in section 2 and exp is the matrix exponential. Note that if we had chosen

R2(0) = exp(πS(à)), with R1(0) unchanged, the (51) would get satisfied.
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(a) Variation of attitude error Ψ1 with time
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(b) Variation of velocity error Ψ3 with time

Figure 2: Variation of error functions with time

The initial angular velocities are assumed to be zero, v1(0) = [0, 0, 0]> m/s

and v2(0) = [0, 3, 0]> m/s. Moments of inertia of the two spacecraft are taken

to be,

J1 = J2 =


0.116 −0.032 0.0010

−0.032 0.109 0.00014

0.0010 0.00014 0.114

 kgm2 (52)

The control gains are chosen as kΩ1 = kΩ2 = 0.25, kv1 = kv2 = 0.025,

k1 = 0.05, k2 = 0.001. Also, the desired distance between the two spacecraft is

specified to be d0 = 20 m.
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(a) Torque applied to spacecraft 1

0 20 40 60

−2

0

2

·10−3

Time[s]

τ 2
[N

-m
]

(b) Torque applied to spacecraft 2

Figure 3: Torque inputs applied to the two spacecraft. (First component: dotted, second
component: dashed, third component: solid)
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(a) Distance between the spacecraft
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(b) Relative trajectory, r2 − r1

Figure 4: Relative motion and the variation of distance between the two spacecraft. (First
component: dotted, second component: dashed, third component: solid)

Simulations are carried out for the closed loop system with control laws (23)-

(26). The second set of control laws (42)-(45) result in larger control inputs due

to gain γ. It can be noted that due to the coupled nature of the control laws,

the choice of control gain k1 is very crucial.

Figure 2 shows the spacecraft achieving desired distance while velocity syn-

chronization and alignment errors goes to zero. Transients are observed in the
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(a) Position control applied to spacecraft 1
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(b) Position control applied to spacecraft 2

Figure 5: Position control inputs applied to the two spacecraft. (First component: dotted,
second component: dashed, third component: solid)

attitude error function plot 2(a) up to about 60 seconds. In absence of noise or

disturbance, convergence of attitude error function Ψ1 indicates attitude syn-

chronization along the LOS direction.

Figure (3) shows torque control inputs applied to spacecraft 1 and 2. Torque

values in X and Y directions are distinctly higher. This is because unit vectors

a and à are along X and Y axes and our initial attitudes R1(0) and R2(0) are

obtained by rotating about a and à respectively. As expected, control transients

die out along with attitude error transients at 60s.

The evolution of distance between the two spacecraft is shown in figure 4(a).

The evolution of relative trajectory r2−r1 is shown in figure 4(b). The distance

between the spacecraft converges to the desired value of 20m. The transla-

tion dynamics converge slower than the rotational dynamics with transients are

present up to 200s. The initial relative position error was along the inertial X

axis. Position control inputs represented in respective body frames are shown

in figure (5).

5.2. Comparison with existing control schemes

In this section, we compare our control scheme against the attitude synchro-

nization control proposed in [16]. The control scheme proposed in [16] requires
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LOS information from each spacecraft to a reference object (e.g. a star), and

considers complete attitude synchronization. The controller proposed here re-

quires no external reference but allows synchronization along LOS only. Further,

in [16] the spacecraft positions are considered stationary, unlike current work.

The control scheme in [16] is given as,

τ l1 = −kΩ1Ω1 − k1(̂b21 × b̂12)− kθ (̂b213 × b̂123) (53)

τ l2 = −kΩ2
Ω2 − k1(̂b12 × b̂21)− kθ (̂b123 × b̂213) (54)

where b̂123 and b̂213 are defined for (i, j, k) ∈ {(1, 2, 3), (2, 1, 3)} as,

b̂ijk = R>i

(
(rj − ri)× (rk − ri)
‖(rj − ri)× (rk − ri)‖

)
(55)

Here r3 is the position vector of the center of mass of the reference object.
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(a) Variation of attitude error Ψ1 with time

Figure 6: Attitude error comparison for the two different control schemes

We compare the attitude control performance of the two control schemes.

For simulating numerically the scheme given in [16], control torques τ l1 and τ l2

defined in (53)-(54) are applied, and positions r1, r2 and r3 are kept constant.

In order to illustrate the additional features in our controller in comparison

with [16], position controls from (25)-(26) (with desired distance of d0 = 10m

) are also applied starting at initial r1, r2 along with our torque inputs τ1

19



and τ2 as defined in (23)-(24). The initial conditions are chosen such that

attitude alignment along the initial LOS would be enough to give full attitude

synchronization.
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(a) X component of torque applied to spacecraft
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Figure 7: Torque inputs applied to spacecraft 1 under two schemes.

We consider the following initial conditions for both the control schemes :

Let ã be a unit vector defined as ã = [0, 0, 1]>. We choose r1(0) = [0, 0, 0]>

and r2(0) = [10, 0, 0]>. Now R1(0) and R2(0) are chosen such that they differ

in attitude only by a rotation about the Z axis. This is done by choosing

R1(0) = exp(0.0833πS(ã)) and R2(0) = exp(1.0082πS(ã)) where S(.) is the map
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from S(.) : R3 → so(3) defined in section 2 and exp is the matrix exponential.

Velocities v1, v2 are chosen to be zero and Ω1 = [0, 1, 0]> and Ω2 = [0, −1, 0]>

respectively. Control gains are chosen as kθ = 0.08 and kv1 = kv2 = 0.25. Other

control gains are chosen identical to the simulations in Section 5.1.
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Figure 8: Torque inputs applied to spacecraft 2 under two schemes.

Figure (6) compares the attitude alignment error with respect to time under

the two schemes. As can be seen, the alignment error converges to zero much

faster in our proposed scheme.

Figure (7) and (8) show torque inputs applied to spacecraft 1 and 2 respec-
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tively under the two control schemes. Torque values in X and Y directions

are distinctly higher. As expected, control transients die out along with atti-

tude error transients at 15s for our proposed control scheme. However, control

transients die out only after about 30s for τ l1 and τ l2.

The comparison shows that for similar values of control torque, our proposed

control gives faster convergence of the relative attitude error along the line-of-

sight. This is in part because of the additional position control term in our

scheme which tends to rotate the line-of-sight for faster synchronization.

6. Conclusion

This article considered the problem of attitude alignment about inertial LOS

and formation keeping of two spacecraft. Two sets of distributed control laws

in terms of LOS vectors are proposed. The first set of control laws asymptoti-

cally stabilize the closed loop system from all initial conditions except those in

the stable manifold of the undesired equilibrium. A gain modified second set

of control laws ensures almost semi-global asymptotic stability of the desired

closed loop equilibrium. The control laws are obtained in the respective body

fixed frames and thus, individual spacecraft attitudes are not needed for control

implementation.

Numerical simulations are carried out to validate our control results. Control

torques obtained from the control scheme are mirror images of each other, an

outcome of feedback control design, common in standard consensus control laws.

The control and torque values are in acceptable range for a small spacecraft. The

current work extends previous research to the case when the spacecraft center of

mass is not fixed. Numerical comparison of our control scheme with an existing

feedback law in literature is provided. The proposed control law provides faster

attitude synchronization with similar control action for the simulation example.
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