Chapter4: Quantum Control

We now consider control systems of the form

Where €, 2; € g the Lie algebra of a Lie Group G. In quantum control G = SU(n),
special unitary matrices and g = su(n) skew Hermitian matrices. Then we can write above
equation as

U=—i(Hy+ Y wH)U,

where Hy, H; are traceless Hermitian matrices. They are also called Hamiltonians. When
we turn on our controls, we say we switch on our Hamiltonians.

Let us take the simplest example G = SU(2) and g = su(2). Recall dimension of su(n)
is n? — 1 and su(2) is 3. The generators of su(2) are {—io,, —io,, —io,} where

0_101_0_10—1'_0_110 (1)
T2l 07 2 0] P20 —1
0, 0y,0, are called Pauli matrices. They are traceless Hermitian.
Consider the control system

U = —i(wyo, + u(t)o, +v(t)o,)U,

U evolves on SU(2). This system arises when we study dynamics of a spin in magnetic
field. It appears in subject of NMR spectroscopy. Lets try to understand the physics of it.
You are familiar with earth spinning on its axis. This gives earth a angular momentum. Now
imagine our earth was charged. Then spinning will give earth a magnetic moment. Imagine a
loop of wire carrying current (circulating charge), then it has a magnetic moment M = I. A,
where [ is the current and A area of the loop, from your basic physics. Now imagine a

charge ¢ going around in a loop of radius r, with angular velocity w. Then it makes =

2m
rotations per sec. The current is then Z2 and its magnetic moment is M = % = 5= (muor)
where | = mor is the angular momentum. Then M = ;L L, the ratio v = 5L is called the

gyromagnetic ratio, it relates angular momentum to magnetic moment.

Now suppose we have our charged spinning earth and we apply a magnetic field B =
(B:, By, B,), then M = (m,, my,m,) = v(ls,1,,.) will experience a torque. This torque is
M x B, and changes the angular momentum as



L=M xB.
Relating M = vL, we have,

M =~yM x B = —y(B,Q, + B,Q, + B.Q2,)M, (2)
00 O 0 01 0 -1 0

where Q, = | 0 0 -1 |, Q, = 0 0 0landQ,=1]1 0 0 | are generator
01 0 -1 0 0 0 0 0

of rotation. For reasons that will become clear as we go on denote wg = —yB, and u = —vB,

and v = —yB, and we get,

M = (wof2, + ufd, + v82y,) M,
Note M (t) = ©M(0) where

O = (w2 + ufdy +v9,)0, 6(0) =T
Then © € SO(3). M rotates in B. It precesses around B.

What concerns us is spin of a atomic nuclie. Many atomic nuclie like hydrogen, carbon,
nitrogen have a quantum mechanical property called spin which gives the nucleus a angular
momentum and hence magnetic moment. However because of quantum mechanics this angu-
lar momentum is quantized. If we measure its value in say z direction, we will only find two
values g and —g”, spinning up and spinning down. The state of the nucleus is then written as

a two dimensional vector which is [ (1) } when spinning up and [ (1) } when spinning down.

In general the state is defined by a two dimensional complex vector 1) = “ 1. For the

b
spinning earth, we saw that its magnetic moment precesses in a magnetic field given by Eq.
(2). The two dimesnional vector will also precess in a magnetic field with equation given by

Y = ivy(B,o, + Byo, + Byoy )t = —i(woo, + uo, + voy), (3)

where in Eq. (2), we have replaced the generator of rotations in real three dimensions
g,y 2, with —io,, —io,, —io, generator of rotations in complex two dimensions.
The evolution of 1 a two dimensional complex vector is given by 1 (t) = U (0), where

U = —i(wyo, +uo, +vo,)U, (4)
where U is in SU(2).



In practice, in a NMR experiment, we have very large number of atoms of order 10** and
each atom/nucleus has a spin state defined by a vector 1y, each 1, sees same magnetic field
and hence evolves according to equation

w'k = _i(wﬂaz + uo, + UUy)%m (5)

We can form an average subspace spanned by these iy as p = % > @Dkgb;i, then p evolves as

p = [—i(woo, + uo, +voy), pl (6)

p is a two dimensional Hermitian matrix and can be written as
p = %I + 04, + lyoy + .0, where L = (l,,1,,1.)" represents average (x,y,z) angular
momentum of the of the ensemble. This average or classical angular momentum evolves as

L= (woS2: + uld, + v, L, (7)
and denoting M = L we have the same Eq. (2). These are called Bloch equations. Thus
we see how evolution of spin state of individual nuclie evloves as two dimensional complex
vector and how the average angular momentum and magnetic moment of the spin ensemble
evolves as a three dimensional Bloch vector.

L ] and p = %I—I—Uz.

Lets think of an ensemble in which all spins are up. Then all ¥, = { 0

Thus [, = 1 and we have an ensemble with net z angular momentum 1.

Lets think of an ensemble in which all spins are down. Then all ¢, = [ [1) } and p =

%] — 0,. This [, = —1 and we have an ensemble with net z angular momentum —1.

Lets think of an ensemble in which all spins are ¢, = \% [ 1 } and p = %I + 0,. This
[, = 1 and we have an ensemble with net x angular momentum 1.

Now lets understand the basic NMR experiment. In an NMR experiment we have spins
in a strong magnetic field along say z direction of order 10 — 20 Tesla. Earths magnetic field
is around 107° tesla. In this magnetic field, up spins have lower energy than down spins and
so in thermal equilibrium, we have more spins up. The ratio of up to down spins is given
by Boltzmann disprtibution and is exp(%) where AE = p - B is energy difference between
down and up spins, which is small, as magnetic moment p of a nuclear spin is small. Thus
at room temperature at such high fields, only 1 in 10° spins preferentiably points up. Thus

p= %I + ao,, where a ~ 107, none the less the sample has a net angular momentum
along z and hence has a net magnetic moment along z direction. Thus in Eq. (2) we start

0
with M = | 0 |. Now we turn on = and y magnetic fields and rotate this vector to (1,0,0)".
1



How this is done will be discussed shortly. But imagine we have rotated M to (1,0,0)" and
we switch off w,v in Eq. (2). Then M just rotates around By and we have an evolution
M(t) = (coswpt, sinwyt,0). This rotating magnetic moment will induce an emf in a nearby
coil with a frequency wy and hence we can measure wy. At fields of 14 tesla the wq for
hydrogen is 600 MHz, for carbon is 150 MHz, and for nitrogen is 60 MHz. Thus frequency
of the induced emf tells us about chemical composition of the sample. This NMR can tell us
about composition of the sample. Now we come to the question of how we use u, v to rotate
M from (0,0, 1) to (1,0,0).

M(0)

(0

Figure 1: Figure shows how the magnetic moment M (0) along z direction is rotated to
transverse plain and it then rotates around z field and induces a EMF in the coil.

In Eq. (2), By is much larger than B,, B, which are actually produced by rf-coil. To
give an idea if wy is 600 MHz, then u, v are only around 60 kHz. Around 10° times smaller.
Then we ask how can such small u,v effect a change in M (0). Beacuse suppose we choose
v =1 and v = 0. Then since wy is 10° times u. The Eq. (2) essentially is rotating around z
axis. The figure 2 below

shows how the magnetic moment M (0) along z direction just rotates around an axis with
a small tilt of z axis when we apply a constant control u. Then a constant control u will not
rotates M (0) to transverse plain as desired, because u is too small compared to wg. What
works and is used is instead a oscillatory control input, (u,v) = (A coswyt, Asinwyt), with
frequency same as wy. To understand how this control works, Eq. (2)

X = (w2, + Acoswptfl, + Asinwt,) X, A< wp

we can write the above equation as

X = (w2 4 Aexp(wot,)Q, exp(—wot )X,
Lets make a change of cordinates Y = exp(—wyt€2,) X, then



Figure 2: Figure shows how the magnetic moment M (0) along z direction just rotates around
an axis with a small tilt of z axis when we apply a constant control .

Y = AQ,Y,
0
this is great as wp has disappeared and Y starting from Y (0) = | 0 | rotates to Y (7T) =
1
0
-1 | atT=g5.
0

Then X(T') = exp(woT2,)Y(T), a vector on the equator. Thus we have been able to
bring the Bloch vector in Eq. (2) to equator by use of an oscillatory controls. This is the
first lesson in quantum control. The controls we apply are much weaker compared to drift
in the system so constant control laws donot work. We need oscillatory controls. We need
to excite the system on resonance.

We said at By of 14 T we have for hydrogen wy = 600 MHz. This is not strictly true.
Hydrogen nucleus has electrons around it. These moving/hovering electrons produce local
magnetic fields and change the field from By to By(1 — 0¢) and hence wy changes from to
wo(l — 0¢) = wo + Aw. This oy is of order few parts per million, i.e. 107® and hence
when wy = 600 Mhz we have Aw of order few kHz. This oy also called chemical shift is
characteristic of a electronic environment of nucleus. We can measure Aw, when we measure
frequencies in our EMF'. For example in Ethanol molecule we have three hydrogen, each with
different chemical environment and hence three different Aw. When we find three different
Aw is our experiment at certain specific values, then we know we have a fingerprint spectrum
of Ethanol. This way chemical shifts help us identify the molecules. Not only does NMR



give information about the chemical composition but also the chemical shifts can identify
compounds.

Now how do we rotate M to equator when we have many Aw.

To understand how control works now, consider Eq. (2)

X = ((wo + Aw)S2, + A cos(wot + ¢)§2, + Asin(wot + ¢)Q2,) X, A << wy

Lets as before make a change of cordinates Y = exp(—wpt€2,) X, then

Y = (AwQ, + Acos ¢Q, + Asin ¢Q,)Y,

this is great as before wg has disappeared but Aw stays and we have to now choose A and

0 0
¢ as functions to time so that Y (0) = | 0 | rotates to Y(7') = | —1
1 0

This is an important control problem because we want our control to work for all Aw
in a given range. Size of Aw and A are comparable. We will study this problem in detail
soon. It is called broadband control. At this point it is suffice to believe that we can do the
desired maneuver by choice of A(t) and ¢(t).

In summary, we learnt about single spin % whose state is a 2 dimensional complex vector
evolving as

h = —i(w . tu o, +vu , 8
(0 ( 00 a Oy )2/1 ( )
Hy H, H,

As we saw this equation evolves as 1(t) = U(t)y(0), where U(t) € SU(2).

This is the simplest example of a quantum control system, where Hj is the drift Hamil-
tonian and H,, Hy are control Hamiltonians.

Now as a general rule, we can have a quantum system A of dimension n;, which means
its state is a n; dimensional complex vector evolving as

= —iHY,
where H is a ny X n; Hermitian matrix, such that ¢ (t) = U(t)1(0) = exp(—iHt)1(0), where
—iH is skew Hermitian and U(t) € SU(n).

If we have a quantum system A of dim n; and a quantum system B of dim ny, then when
we bring the two systems together and make them interact, we get a a quantum system of
dim n; X no, whose state is a complex vector in a vector space of size nins, spanned by a basis
of the form e; ® f; where e; are basis for space A and f; are basis for space B. A state 1) that
can be written as 1, ® 1, is called a separable state, else it has the form ¢ =", Qe ® fj
and is called an entangled state.

The hamiltonian for the joint system



H=> H ®Hj,

where H! are Hamiltonians for system A and Hg are Hamiltonians for system B. Hamil-
tonians of the form H, ® I and I ® H, are called local Hamiltonians, beacuse if we have a
seprable space 1, ® 1, and we evolve it under H, ® I, then

exp(—iH, ® I) = exp(—iH,) ® I

and

eXp(_iHa X ]),lvba 02y ¢b = (exp(_iHa),@Da) ® %

The Hamiltonian only evoves A part of the subsystem. Similarly

exp(—il ®@ Hy)tha @ ¥y, = 1ha @ (exp(—iHy)i).

On the other hand if we have a Hamiltonian of the form H,® H,, we call it an interaction
Hamiltonian.
Then Hamiltonians for the joint system are of the general form

{Ha®[7[®HbaHa®Hb}’

If we count dimensions there are n? — 1 (traceless Hermitian) Hamiltonians of the form
H, ® I and n3 — 1 of form I ® Hy, and (n? — 1)(n3 — 1) of form H, ® H, and if we count
them all we get total of (n1n2)? — 1 which is indeed the dimension of Hamiltonians for a nin,
dimensional space.

To make all this concrete consider again spin % It state space is 2 dimensional complex

space with basis |0) = [ (1) } and 1) = { ? } . They are up-down states of spin. Like classical

bits, a spin % is called a quantum bit or qubit. However unlike a classical bit we can evolve
our spin and prepare a state

11 ] =500,

This is called a superposition of 0 and 1. Now lets consider 2 spin % Then the basis of our
state space are



-1
1] [ 1] 0

00) = 0 |®lo] o
_O_

o

1] _[o] 1

01) = 0% 1] o
—O—

0

0] 1] 0

10) = 1% 07 |1
—O—

o

0] _[0] 0

111) = _1_®_1_— 0
_1_

Two spin % are called coupled qubits. The Hamiltonians for the coupled qubit system

are of the following kind

{ —io,®1,—io,®1I,—ic,®I,—il ® 0, —il ® 0y, =1 ® 0,
—10; ® Oy, =10, ® Oy, —10; Q@ 05, =10y Q Oy, =10y ® 0y, =10y Q@ 0, =10, Q Oz, =10, @ 0y, —10, @ 0.}
They ae 15 in all of these 0, ® I and I ® o are local Hamiltonians and o, ® og are
interaction Hamiltonians where «, 5 € {z,y, z}.

Now suppose we start in the state |00) and evolve this state under Hamiltonian —io, ® I
for time 7 then we get

eXp(_wye@m)({ (1] } ® { (1) ]) = (exp(—iroy) { (1) })@ { (1) }

Now direct calculation shows that

. 0 .0 0 -1
exp(—ifo,) = cos 5[ — 2¢sin 20y = { L 0 }

Then



‘ 1 1 0 1
exp(—wy®f7r)({ 0 } ® [ 0 }) = ([ 1 1 ® { 0 ]) = [10)
Thus by evolving the system under the given Hamiltonian we invert the state of the first
spin. We have built an inverter. This is like a inverter in boolean/computer circuits but now
done on a qubit. We say we have built an inverter gate.

Now in quantum mechanics we donot distinguish between state vector ¢ and exp(ia),

they differ by a so called global phase and are considered state. Therefore, we can also invert
by

exp(—iagc@]ﬂ')({ : } ® { ; ]) _ (=i { ; } ® { ; }) — _i|10)
which is same as |10).

Now can we do something more interesting. Can we say evolve an Hamiltonian that will
swap the state of two spins. Such that

|10) — |01), |01) — |10)

To do this we have to make the qubits interact using an interaction Hamiltonian.
Lets evolve under the hamiltonian

U = eXp(-iﬂ'(O’x &® Og + Uy ® UZ/))

0000
170 1 0 1 0 —i 0 —i], 1]0010
%Uﬁay%_i([l o}‘g’{l 0}+[i 0]@’{@‘ 0]) 20010 0
0000

10 00

0 0 —i 0

U=1o =i 0 o

00 0 1

Then



0
vy = u(| @] ] =] | =0
_0_
_ - - - _0_
vhoy = u(| @] =—i| 4 |=lon
(1] o] H
Ujooy = |00y
Uy = [

We have built a SWAP gate. Another interesting gate is so called C-NOT gate. It inverts
the state of the second qubit conditioned on the state of first qubit. If the state of first qubit
is 0 we don’t do anything else we invert.

|00) — [00), |01) — |01), [10) — |11), |11) — |10)

Let
10 0 O
I 01 0 0
U= exp(—m(§ —0,)Q0,) = 00 0 i
00 — 0

Then check we have built a CNOT gate.
Now we can generalize all this. We can have say n qubits. The state space is 2" dimen-

sional. The state
1 1 1
|000...0) = [01®[0}®---®{0}

is all qubits in state zero. We can evolve a Hamiltonian o, ® [--- ® I, which is a
local Hamiltonian that will only evolve the first qubit. Similarly a hamiltonian of the form
0, R0, ®1---® I, will make first two qubits interact and do a two qubit operation. So we
can evolve Hamiltonians and do single qubit and two qubit operations. Now we can do any
Boolean operation on n qubits and we have built a quantum computer. We can do operations
as in classical computer but at the same time generate superpositions and do more powerful
things we cannot do in classical computers. This allows us to do things we cannot do on a
classical computer. Like we can factor very large integers in polynomial time. This is not

10



possible on classical computers else we will break all existing crypto-systems which rely on
the fact that it is hard to factor large integers.

Next we ask physically how do we get these Hamiltonians that we use to evolve our
system. We saw for a single spin, when we but the spin in a magnetic field we get the
evolution in Eq. (8), we then have our Hamiltonians, one drift Hy and two control H; and
H,.

Interaction Hamiltonians arise because spins have magnetic moments and magnets in-
teract. For example two magnetic moments in space p; and ps have hamiltonian (energy)
as

Ho N .
H = sy — 3y - T T
15 2 = 3 - 7) (s - 7))
where 7 is the distance between moments and 7 is the unit vector connecting them.

Once again consider two qubits (spin %) and consider the evolution of the state vector

as
= —i{uy 0, @ [ Hugo, @I +us [ @ 0, +us [ @ 0y +J 0. @ 0, }1b 9)
— N—— — N—— ~———
H, Ho Hs Hy Hop

Observe ¥(t) = U(t)y(0) , where U(t) € SU(4). Can we produce any unitary transformation
on . This is same as asking, is my system
U= —i{u10, @ I +up0y @ I +usl @ 0y +usl @0y +Jo, @0, }U (10)
——

controllable. Observe we have four control Hamiltonians, which are local Hamiltonians. The
first two rotate qubit 1 and last two rotate qubit 2. The drift hamiltonian is a interaction
Hamiltonian and arises fron spin-spin interaction. The local Hamiltonians are produced by
applying magnetic fields to the spins. Now to answer controllability question we have to use
lie brackets.

By calculations like [—io, ® I, —io, ® I| = —io, ® I we can show that brackets of
H,, Hy, H3, H; generate all local Hamiltonians

{—io, ®1I,—io, ®I,—i0, 1, —i]l ® 05, =1l ® 0y, —i] R 0,}

Now we can take brackets with drift and find we generate all the interaction generators,

{—l0,®0,, —i0,®0,, —10,Q0,, —i0,Q0,, —i0,&0,, —i0,Q0,, —i0,Q0,, —i0,80,, —10,Q0, }

In taking Lie brackets we used the following identities
[A® B,C® D] =[A,C]® BD+CA® B, D|

11



and

i
0,0y = —0y0; = 50
1
0,0, = —0,0,= -0,
Yy Yy 2
l
0.0 = =030 = 50y
For example,
[—i0, ® 0, —i0, ® I] = [—io,, —io,| ® 0, + (—io, —i0,) ® [0,, ] = —ic, ® 0,
. . . : : : 1
[—i0, ®0,,—i0, R0, = [—i0,, —i0,]| Q 0,0, + (0,0,) ® [—io,, —io,] = 5(% ® oy — 0y ® oy)

The Lie algebra g = su(4) is 15 dimensional and spanned by

g={—io, ®1,—io,®1,—io, ® I, —il ® 0, —il ® 0, =i ® 0,

—10y ® Oy, =10, Q 0y, =104 Q 04, —1i0y ® 04, —i0y ® 0y, =10y & 0, —i0, Q 0y, —i0, Q 0y, —i0, @ 0, }
This vector space g has two orthogonal subspaces

t={—io,®1,—io,®1,—i0,®I,—il ® 0, —il ® 0, =il ® 0}

the local generators and the interaction generators

p ={—io,®0,, —i0,R0,, —i0,80,, —10,R0,, —10,R0,, —i0,R0,, —10,Q0,, —i0,R0,, —10,Q0, }

k is 6 dimensional and p is 9 dimesnional and in total 15 dimensions. You should check
that following commutations relations hold

e Ce [pfCp, [ppCt (11)

In general decomposition of a Lie algebras g, into a direct sum of two vector subspaces

g=ppt

such that Eqs. 18 are true, is called a Cartan decomposition.

12



Now coming back to Eq. 9, we have shown controllability. We can generate any U €
SU(4) but how to do it in minimum possible time. Now there is an important time scale
sepration in such problems. wuq,usg, us3, u4 are much larger compared to J. In practice they
are in kHz range while J is of order of Hz. We say our control is fast while our drift is slow.
Under such a time scale sepration we can say much about our time optimal control. Before
we delve into it, we introduce a notaion used in NMR literature.

Given two spins or qubits, we call the first one I and second one S. Then the hamiltonian

0, ® I is written as I, and I ® o, as S, and

0, R0, = (0, 1) ®0,) =15,

In this notation

g = {—il,, —il,, —il.,—iS,, —iS,, —iS.,
—il,S,, —il,S,, —il,S., —il,Sy, —il,S,, —il,S,, —il.Sy, —il.S,, —il,S.}

Now we state our time optimal control probelm more generally, Let G be a compact Lie
Group with Lie algebra g and consider the control system on GG

such that {Xy, X;}14 = g, system is controllable.
Further we have a cartan decomposition

g=podt

such that X; € p and X; € . We assume u; can be made large compared to size of drift X,.
We study how to time optimally steer such a system. This will make our quantum computer
fast.

Suppose we did not have drift then our system will be

Now this is not a controllable system, as {X;},4 # g, then without drift we cannot go
everywhere.

However we assume that {X;};4 = ¢ a subalgebra of g.

Let K = exp(t) be the subgroup of G generated by ¢.

Let us take an example. Let G = SU(n) and consider the control system,

13



U= (Xa+ Y u(t)Xi))U, U(0) =1, (12)

where U € SU(n). Where X;; € ¢ = so(n) is skew symmetric matrices with one in the 1j
spot and

A0 ..o 0
0 X ... 0

Xo=—i| . U7 L Y=o
0 0 ... A\

Observe {X3;}r4, the Lie algebra (X, and its matrix commutators) generated by gener-
ators Xi; is all of so(n).
We have a cartan decomposition of su(n), we have

su(n) = —iS @ so(n),

where S is traceless symmetric.
If we only had the system

U= u(t)Xi,)U, U©0) =1, (13)

J

we can steer the system to any point on K = SO(n) and if we donot assume any bound on
control, then we can steer it in as small time as possible. Because if u;(t) steer the system
to Ur in time T" then Nu;(Nt) steers the system to Up in time %

So we can use fast controls to go anywhere on K and we do it so fast that X, hardly
evolves. Then we can imagine doing a control sequence like the following

Kn+1 exp(thn)Kn ce KQ eXp(thl)Kl
Using fast controls we generate K; , then evolve drift for ¢;, then generate ¢5 and so on.
This way we can steer our system.
Coming back to Eq. (12), we can first understand how to generate any Up € SU(N).
Any Up € SU(N) can be written as
Ur = exp(i9) K,
where S traceless symmetric and K € SO(n). We can diagonalize S with SO(n) as

14



0 0
S =K ) /f2 K, Z/M:O-
0 0 ... u,
Then
Up=Kiexp(—i | . . . |)K; (14)
0 0 ... py

This decoposition of Ur € SU(N) is called KAK decompostion. In the above, using our
controls we can generate K7, Ky, how do we generate the middle part ,we need the drift.
Observe using SO(n) we can permute the drift. For X; in Eq. (12), we can find permutation
matrix in P in SO(n) such that permute the diagonal of Xy

Aoy O 0

0 A 0

Adp(X,) = PX,P = ® .
0 0 Aota)

Then we can find perumutations P; such that

o5 0
Z Ozz‘Adpi(Xd) = .
Z 0 0 {on
To see how it works let us say
10 0
% 0 —1 0
T L0
0 0 0

15



writing the diagonal as a vector 0 we want to find «;, such that

1] [ o] [0 ] [ ]
—1 1 0 2
a; | 0 +an | "L+ 4 = | s |,
) i 1 )
| 0] | 0] | -1 ] | |
just solve sequentially, oy = pp ete.
Then
0 ... 0
exp—i | . o ) = em(=i Y asddi (X)) = [ exp(—iaiAdp, (X)) = [] P exp(—iaiXa) Py
0 0 ... '

and in Eq. 14, we know now how to generate the central part.
Then we write our control strategy as

Up = K [ [ exp(—ia; Adp,(X4)) K1, a; >0 (15)

such that Adp,(X4) all commute. We can further massage this as

K, H exp(—ia;Adg,(X4))

such that Adg,(X4) all commute. Then we go in commuting drift directions and in the end
just jump on SO(n). We will show that it is indeed the time optimal strategy. We have to
move in commuting directions.

The fastest way to get to any U is to express it as in Eq. 15 and find the smallest  «.
We will now show this.

We consider Eq. (12) and let

K= (Y u(tXi)K. K(0) =1, (16)

J

Let V = K'U, then

16



V=KX,KV, V(0)=1, (17)
N——
Adg (Xa)

We want to steer U to Up in minimum time. Since any K can be synthsized in Eq. (16)
in no time, we can think of Eq. (17) as a control system with controls Adg(X,) where
K € SO(n). The goal is to steer V' to the coset KUy in minimum time. Then once we reach
the coset KUp, we can reach Ur immediately as we can use our fast controls.

So let us understand how V evolves, at time ¢ we can decompose V at V = K;AK>, let
us evolve for small time step At under Adg(X,). Then we have

Now Adj(X4) = —i@Q, for some traceless symmetric matrix (). Then we can write
—1QQ = A+ R,

where A is the diagonal part and R offdiagonal part. Now A is off the form

exp(igy) 0 . 0
A — 0 exp(:st) : O
d O e exp(.z'gbn)

Let © € so(n), then

(AQA");; = Qij(cos(gi — ¢;) +isin(gi — ¢;))
Lets assume ¢; — ¢; # nm, then sin(¢; — ¢;) # 0. We can choose €;;, such that isin(¢; —

AQA" = R+ Oy,
where €, € so(n). Then

Kl exp(—zQAt)AKQ = Kl exp((A + R)At)AKQ = Kl exp(—QlAt) exp((A + R + Ql) At)AKQ
= Kjexp(—QAt) exp(AAL) exp((R + 1) At)AK,
= Kjexp(—§AL) exp(AAL)A exp(QAL) K,

S

Ki(t+At) A(t+At) Ko (t+At)

From V (t) = K1 (t)A(t) K2 (t) , we evolve to V (t + At) = Ky (t + At)A(t + At) Ky (t + At)
where A(t + At) = exp(AAt)A. Now observe,
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Adp(X4) = —iQ = A+ R, where A is diagonal of —i). Now we claim that
A= Z%’H‘(Xd), a; >0
where ). o; =1 and P, are permutation matrices.

Remark 1 Birkhoff convexity states, a real n x n matrix A is doubly stochastic (D, A;; =

;A = 1, for Aj; > 0) iff it can be written as convex hull of permutation matrices
P; (only one 1 and everything else zero in every row and column). Given © € SO(n) and
A0 ... 0

1o X ...0
X=—i| . .

, we have diag(©XOT) = B diag(X) where diag(X) is a column
0 0 ... A\

vector containing diagonal entries of X and B;; = (©%)? and hence B is a doubly stochastic

matrix which can be written as convex sum of permutations. Therefore B diag(X) =

S P diag(X), ie. diagonal of a symmetric matrix ©XO7, lies in convex hull of its

eigenvalues and its permutations. This is called Schur convexity.

Then we have
At + At) = exp(Y_ i Bi(Xa) ADA(t); A(T) = exp()  ai Pi(Xa)T)A(0)
Then any Uy that can b; reached in time 7" has the form Z
Up = K, eXp(Z a;P(Xa)T) Ky

This says, we can reach Up in time 7' by going in commuting drift directions P;(Xy).
Therefore our strategy of reaching Up by going in commuting drift directions is optimal.

An important ingredient of the proof is the K AK decomposition. We first give a proof
of it.

Theorem 1 Let U € SU(n), then U = ©1 exp(£2)O, where 01,0, € SO(n) and

At ... O
0 0 M\

where ).\, = 0.
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Observe UUT is in SU(n). The eigenvalues of UUT are of the form exp(j6).

UUTz = exp(j)=.
0 T 9 T *
eXP(—Ja)U 2= eXP(J§)(U 2
(C+iD)z = (C —1iD)z.

D(z+1iy) =0.
This implies UUTx = exp(jf)z and UUTy = exp(jf)y. This implies UUT = X0/,
where columns of © are real, perpendicular, and
exp(—id;) ... 0
M= 0 . 0
0 0  exp(—i\,)

where ¥ € SU(n). Let U = O%:V. UUT = 0260’ = 05:VVIN:60.
Implying VVT =1 . Then U = ©X2V, where O,V can be chosen in SO(n) and

exp(—ipy) ... 0
0 . 0 ’
0 0 eXp(_iMn)

¥
I

where > p; = 2mm. Choose p, — i, — 2mn so that > \; = 0 and result follows.q.e.d
We talked about G = SU(n). All this can be generalized to general compact group G.
Let Lie algebra g has a cartan decompostion

g=pdE, (18)

when g = su(n), we defined inner product of su(n) as tr(X'Y’), where X,Y € su(n). In
general we can choose basis of g and in this basis ady(-) = [X, ] is a matrix. The define

(X,Y) = —tr(adxady).

This is an inner product called killing form. We only need Lie brackets to define it so it
is intrinsic to g. If ¢ has no abelian ideals (semisimple) (X,Y’) is positive definite inner
product.

As g = su(n), choose as a basis of g, elements €, —iXy; and —iD; 41, where for k < [,
Qy is skew symetric with 1 in &l spot and Xy; is traceless symmetric with 1 in &l spot and
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0 elsewhere abd D traceless diagonal with 1, —1 in [ and [ + 1 digonal spot and 0 elsewhere.
Then in these basis lets compute what ad% looks like, where

A0 0

0 X 0
X =—1 .

0 0 An

Then note ad3 QU = —(M\ — N)*Qu and ad3 Xy = —(A\, — \)?*Sy and ad% Dy 41 = 0.
Then in the chosen basis, ad% is diagonal and its trace is (X, X) = >, (A — \)%

One can check in this killing form inner product (p,k) = 0. Inside p is maximally
commuting subsalgebra a. When g = su(n) and p = ¢S, for traceless symmetric S, we have
a as diagonal S. Clearly its all commuting and you cannot add any off diagonal matrix and
still commute. Then let K = exp(t) then any Ur in G can be written as

UF - KlAKQ,

where A € exp(a). This is called K AK decomposition. we have seen it for the special case
of G = SU(N). We now sketch in general a proof when g is compact semisimple. In this
case with the cartan decomposition as in 18. we have for any Ur € (G, we can write it as

Ur = exp(X) K3y,

where Ky € exp(t) = K and X € p. This is a fact that uses arguments about geodesics.
We won’s prove it, you can think of it a parametrization of G using directions in p and in
. Now X can be diagonalized by K i.e. there exists a K; € K such that X = K aK; " for
a € a. To show this, we use the fact that a has a regular element a, such that if Y € p and
[Y,a,] =0, then Y € a.

For example when g = su(n) and p = iS for traceless symmetric S and a = iD where
D is traceless diagonal. Then a, is D with all entries unequal, beacuse consider Y € .9,

A 0 ... 0
0 X ... O

then for a, = —1 | . . and [a,, Y];; = (A — A;)Y;;. since \; — \; # 0 we have
0 0 ... M\,

Y;; = 0 and hence Y € a
Now for general g, lets maximize

J=(KXK™ a,)

over choice of K. Suppose maximum is found at K. Then lets perturb as Ky — exp(ht) Ky,
where h € £. Then
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J(t) = (exp(ht) Ko X K ! exp(—ht), a,)
Then
dJ(t)
dt
for maximum we have ([h, Ko XK; '], a,) = 0.
Now note for X,Y,Z € g, we have ([X,Y],Z) = (X,[Y, Z]). Note every Lie algebra
satisfies Jacobi identity

|0 = <[h’ KOXK()_l],CLT>,

ad[Xy](Z) =[[X,Y],Z] =[X,Z2,Y]+ [X,[Y, Z]] = adxady Z — adyadx Z
Then

([X,Y],Z) = tr(adix yjadz) = tr(adxadyadz—adyadxady) = tr(adx(adyadz—adzady)) = (X, [Y, Z])

Then
<[h7 KOXKO_I]7 aT> - <h7 [KOXK()_lv CL,«]> =0

Note KoX K, ' a, € p and hence [Ko XK' a,] € £ If [Ko XK', a,] # 0, then I can
choose h = [Ko XK', a,] and (h,[KoX K", a,]) # 0. Therefore [KoXK; ', a,] =0 and sice
a, is regular, we have KOXKo_l € a. Therefore KOXKo_l =a € a and hence X = Ko_laKo.

Then

Ur = exp(K; 'aKy) Ky = Ky ' exp(a) KoKy = K exp(a) Ko,

the KAK decomposition.
a is called the cartan subalgebra of g. If a is cartan subalgebra, then so is Adg, (a), for
K; € K. Infact p is a union of such cartan subalgebras

p= UKACZK<C1)

This is because for any X € p, we have shown that X = K, 'aK, for some a € a and
Kye K. Then X € AdKal(a).

In time optimal control problem for the SU(n) system in Eq. 12, we used an important
convexity argument based on Birkhoff and Schur convexity. This result has an important
generalization for a general compact semisimple g. It is called Kostant Convezity. Let X € p.
Lets look at Adg(X) for all K. It is called orbit of X. It cuts a is finite points X;, called

M 0 ... 0
0 X ... 0

Weyl points. For example in SU(n) caselet X = —i | . and a = 1D where
0 0 ... A\
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D is real tracelss diagonal matrices. Then Adk(X) cuts a in n points call X;, the various
permutations of X.

In SU(n) case we looked at Adg(X), which for general K is not diagonal. We looked
at its diagonal part, which is we project it on a. Then the projection (the diagonal part of
Adg (X)) is in convex hull of X;

This is true in general g. Adg(X), for general K is not in a. The projection of Ady(X)
on a(w.r.t. to say killing form) is in convex hull of X;.

The proof goes something like following.

Remark 2 Kostant Convexity Given the decomposition g =p @ € let a C p and X €
a,. Let W; € exp(t) such that W, XW, € a are distinct, Weyl points. Then projection
(w.r.t killing form) of Ady(X) on a lies in convex hull of these Weyl points. The C be the
convex hull and let projection P(Adk (X)) lie outside this Hull. Then there is a separating
hyperplane a, such that (Adg(X),a) < (C,a). W.L.O.G we can take a to be a regular
element. We minimize (Adk(X), a), with choice of K and find that minimum happens when
[Adg(X),a] = 0, i.e. Adg(X) is a Weyl point. Hence P(Adk (X)) € >, ;W XW; !, for
a; >0 and ), a; = 1. The result is true with a projection w.r.t inner product that satisfies
(x, |y, z]) = ([x,y], 2]), like standard inner product on g = su(n).

Remark 3 Stabilizer: Let g = p @ £ be cartan decomposition of real semisimple Lie
algebra g and a € p be its Cartan subalgebra. Let a € a. Then ad? : p — p is symmetric in
basis orthonormal wrt to the killing form. To see this let e; be basis for p. Since they are
orthonormal, we have

(adg)ij = (e:, [ala, e;]]) = —([a, ei], [a, €;]) = ([a, [0, ei]], ;) = (ady);i
We can diagonalize ad?. Let Y; be eigenvectors with nonzero (negative) eigenvalues —\?.

Let X; = 121 ) > 0.

ad,(Y:) = N Xs, ady(X,) = —A\Yi.
X, are independent, as Y o; X; = 0 implies — > a;\;Y; = 0. Since Y; are independent,

X; are independent. Given X 1 X; , then [a, X] = 0, otherwise we can decompose it in
eigenvectors of ady, ie., [a, X] = 37, cua; + 37, B;Y;, where a; are zero eigenvectors of adj.
Since 0 = (X[ala, X]) = —||[a, X]||?, which means [a, X] = 0. This is a contradiction. Y;

are orthogonal, implies X; are orthogonal, ([a, Yi][a,Y;]) = ([a, [a, Yi]Y;) = A2(Y;Y;) = 0. Let
E() ct Satisfy [(I, Eo] = 0. Then EO = {XZ}J'
Yfi denote eigenvectors that have \; as non-zero integral multiples of . )N(Z are ad, related
to Y;. We now reserve Y; for non zero eigenvectors that are not integral multiples of 7.
Let 3 3
f={a}taY, bh=teX,
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X, X, k; where k; forms a basis of £y, forms a basis of £. Let A = exp(a).
ARA™ = A aiXi+ Y X+ k) AT,
i I j
where k € £
AkA™ = Z a;[cos(N\) X; — sin(\)Y;] + Z +a X + Z a;k;. (19)
i l J

The range of A(-)A™ in p, is perpendicular to f. Given Y € p such that Y € §-. The
norm || X || of X € ¢, such that p part of AXA™!|, =Y satisfies

Y]

X < .
X1 = sin Ag

(20)

where A\? is the smallest nonzero eigenvalue of —ad? such that A, is not an integral multiple
of 7.

A%k A2 stabilizes h € € and f € p. If k € & is stabilized by A%(-)A~2, then in eq. 19
Ai = nm, i.e., k € h. This means h is an sub-algebra, as the Lie bracket of [y, z] € ¢ for
Yy, z € b is stabilized by A%(-)A~2

Let H = exp(h), be an integral manifold of h. It can be shown that exp(h) is compact.

Let y € f, then there exists a hy € h such that exp(hg)yexp(—hy) € a. We maximize
the function (a,,exp(h)yexp(h)), over the compact group exp(h), for regular element a, € a
and (.,.) is the killing form. At the maxima, we have at t = 0,

%(ar, exp(hqt)(exp(ho)y exp(—ho)) exp(—hit)) = 0.

(ar, [Py exp(ho)y exp(—ho)]) = —(ha, [ar exp(ho)y exp(—ho)]),

if exp(ho)y exp(—ho) # a, then [a,, exp(ho)yexp(—hg)] € €. The bracket [a,, exp(hg)y exp(—ho)]
is Ad 42 invariant and hence belong to h. We can choose h; so that gradient is not zero. Hence
exp(hg)y exp(—hg) € a. For z € p such that z € f+, we have exp(ho)z exp(—ho) € at.

(a,exp(ho)z exp(—hg)) = (exp(—hg)aexp(hg), z) =0,

as exp(—hg)aexp(hg) is Ad 2 invariant, hence exp(—hg)aexp(hg) € f. In above, we worked
with killing form. For g = su(n), we may use standard inner product.

We come back to

U=(Xa+ Y w(t)X;))U, U©0) =1, (21)
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where U € G, a compact group. We assume {X;};,4 = ¢ and a Cartan decomposition
g =pdt where X, € p. Let a be a Cartan subalgebra containing X,. As before K = exp(¢)
can be generated fast. We llok at where all can we steer U in time 7. Once again we define

K= (> u(t)X,)K, ©(0)=1, (22)
J
Let V = K'U, then
V=KX;KV, V(0)=1I, (23)
N—_——
Adk (Xaq)

So let us understand how V evolves, at time ¢ we can decompose V at V = K;AK>, let
us evolve for small time step At under Adg(Xy). Then we have

Now Q = Adz(Xy) =a+ >, a;Y;, for a € a.
Now let A be such that corresponding f = a.
Then let € € by chosen as Q2 =}, X, then

AQATE =} Bileos(3) X — sin(X)Vi] (24)

Choose 3; = —Sm"éf\i) so that

AQAT =D "o+ (25)

where €2; € L.

K exp(QAt)AKy; = Kjexp((a+ Z Y))At)AK, = Ky exp(—QAt) exp(((a + Z Y+ Q) At)AK,

823 a;

= Kjexp(—QAt) exp(aAt) exp((z a;Y; + Q) At)AK,

= Kjexp(—Q1At) exp(aAt)A exp(QAL) K,

Ki(t+At) A(t+At) Ko (t+At)

From V(t) = K;(t)A(t)Kx(t) , we evolve to V(t + At) = Ky (t + At)A(t + At) K (t + At)
where A(t + At) = exp(aAt)A. Now observe,
Now by we claim that
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where ). a; = 1 and W;(X,) are the Weyl points of Xy. They all belong to a and hence
commute.

A(t + At) = exp Zal H(Xa)ADA(L); A(T) = exp(D _ caWi(Xa)T)A(0)
Then any Uy that can be reached in time 7" has the form

UF = Kl exp ZQZ Xd)T)K

This says, we can reach Up in time 7' by going in commuting drift directions P;(Xy).
Therefore our strategy of reaching Up by going in commuting drift directions is optimal.

We assumed a = f. In general f may be larger. Then a € § and we can find hy € h such
that exp(ho)aexp(—ho) = a; € a. Then substituting for a

K exp(QAt)AKy = Kjexp(—Q1At) exp(alAt)Aexp(QAL) K,
= Kjexp(—QAt) exp(—hg) exp(a; At) exp(ho)A exp(QAL) Ko
= K exp(—QiAt) exp(—hg) exp(a; At)AA™! exp(ho) A exp(QAL) K,
= Kyexp(—QAt) exp(—ho) ex (alAt)4?Xp(h1)exp(QAt)K%

K1 (t+A8) A(t4AD) Ka(t+At)

where h; € h. Note

Q = a+ z, where z € f+. Then Q = exp(—hg)a; exp(ho) + z and exp(hg)Q exp(—hg) =
ay + exp(hg)z exp(—hg). Then since exp(ho)z exp(—hg) € a* as shown before, we have a; as
orthogonal projection of exp(hg)Q exp(—hg) = Adk(X4) on a. Hence by Kostant convexity

= Z%Wi(Xd), a; >0

where ) . o; = 1 and W;(X,) are the Weyl points of Xj.

Now lets apply this general theory to the two qubit example we started our discussion
with. If you recall the system is given in Eq. 9. The control generators —iH; generate the
Lie algebra €, which is the local generators

t={—io,®1,—io,®1,—i0,®I,—il ® 0, —il ® 0, =il ® 0}

and g = p @ €, where p is the interaction generators
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p ={—io,®0,, —io,R0,, —i10,80,, —i0,Q0,, —10,R0,, —i0,&0,, —10,80,, —i0,80,, —10,Q0, }
Inside p is Cartan subalgebra

a={—io, ® oy, —io, ® 0y, —i0, @ 0.}

The genral k € € has the form

k:ZOéj—’in®1+ZOéj—i[®Uj

J J
expk = exp —Z'Zozjaj®]+ Z@]@U] = exp —ZZOéJO']@] exp —ZZBJ](X)UJ

= (exp —ZZOéjO'j )@ 1) (]®exp —lZBJO'] = exp —ZZOéJUJ ® exp —ZZBJUJ

Hence K = SU(2) ® SU(2). K is the subgroup of local operation. Now we have drift
Xg = —io, ® 0, = —il,S, € a C p and W(Xy) = {£I.S,, £, S;, £I,S,}. Then from our
general theory all unitary transformations that can be produced at time 7" are

Up = Ky exp(T (01 Sz + aoly Sy + a3l.S.)) Ko, |ag| + |ay| + |a,| <1

To generate Up we produce K, K fast and go in commuting directions {—io,®0o,, —io,®
oy, —i0, 0}
1 Excercise

1. For o2 + aj + a2 = 1 show that

exp(—if(ay,o, + ayo, + a,0,)) = cos 5[ — 2isin — (o0, + ooy, + a,0,).

2
2. Let U € SU(2), then show we can write U as

cos ae®d sin ae'®

—sinae™ ™ cosae

U =
Further show U can be written as
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10.

11.

12.

0 0
U = cos 5[ — 2isin 5(0%01, + a0, + 0,0,),

2 24 2
where o +a; +a; = 1.

. For o, 8,7,6 € {z,y, 2} show that [0, ® 03,0, ® 05] =0 if o # v and [ # 4.

. Let g be Lie algebra of Lie group GG. Show that for X,Y € g the killing form

(X,Y)=(6x0' oye)

for © € G.

. Let g have a abelian ideal a. Show that for X € a, the killing form (X, X) = 0.

. Let g be Lie algebra of compact Lie group GG. Show that the killing form

(X, X) > 0.

. Let g be semi-simple Lie algebra of a compact Lie group G. Show that the killing form

(X, X) > 0.

. Let g be a Lie algebra. Show that if the killing form (X, X) > 0, then g is semisimple.

Show that for g = su(n) , (X, X) > 0. Therefore show it is semisimple.

A

Let g = su(2n). Let ¢ = [ 0 g , space of block diagonal traceless skew Hermitian

0
4

matrices. let p = [ g } . Show that g =p @ ¢ is a Cartan decomposition.

In above problem show that a = [ _OA /(} ], where A is real diagonal is a cartan
subalgebra.

0 A . . : i
In above let a, = | A0 € a where A is real diagonal. Derive a condition on

diagonal entries of A so that a, is a regular element of a.
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13. Let U € SU(2n), then show

[ 2] 5D [% 2]

Ky 0 Ks; 0 . .
where [ 0 K, ] , [ 0 K, ] € SU(n) x SU(n) x U(1) (Block diagonal special
unitary matrices) and

[0 0 X\ 0 ]
0 x] | o ... 0 ...o0 A\
-A 0| | =N 0 0 .0

0 A\, 0 0 |

14. For g = su(4) and decomposition of g = p @ € into local and interaction generators
The cartanalgebra
a={—io, ® o, —io, ® 0, —i0, ® 0, }.

For a, = —i(amaw R0y +ay0y ®0y+ 0,0, K O'Z) € a, when is a, a regular element.

2 Control of spin dynamics under dissipation

We come back to equation of collection of spins v, in magnetic field

w'k = —i(wpo, + uoy + voy )Yy, (26)

Recalled we formed an average subspace spanned by these 1y as p = % Z@Dkgb;i, then p
evolves as

p = [—i(woo. + uoy +voy), pl (27)

p is a two dimensional Hermitian matrix and can be written as

p = %I + o, + lyoy + .o, where L = (l;,1,,1,) represents average (z,y, ) angular
momentum of the of the ensemble. This average or classical angular momentum evolves as
Bloch equation

L = (wo€2, + ufdy + v, L, (28)
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1 } which

} and p = %[—l—az. Now we rotate 1)y, to \/Li [ ]

Now we start with say ¢, = [ (1)

is done by evolving the system as exp(—ijo,) . Now our ensemble has p = %] +0,. Now

1
0
we let our ensemble evolve under the drift hamiltonian —iwgo,. Then the system evolves as

ot 1 1 - 1 e_%wot
eXp(_ZWO UZ)E 1| E e%wot

Then p = %I + coswpto, + sinwpt. In practice every 1 sees a slightly diffrent w due to
local fluctuations of the magnetic field. Hence we really have

1 6—%wkt
¢k(t) R~ [ G%Wkt ]

The correct model is that all wy start as wy and then begin to diffuse away. As a result
we find

p = 31+~ > (coswyto,+sinwyto,) — 5. With time the magnetic moments which started
together on the transverse plain begin to move away leading to a zero net magnetization or
magnetic moment. This is called the phenomenon of decoherence.

We capture it by introducing a decay R in the Bloch equations. The equations look

. —R —wy v
M=| wy —-R —u|M,
v u 0

where R is called the transverse relation rate.
It is put in the density matrix equation as
p = [=i(woo= + uoy +vay), p| — Rlo:[o, p]] (29)
We come back to the system in Eq. 9,

lb = —Z{Ulfz + UQIy + U3S$ + U4Sy + WJ]ZS;J}@Z) (30)
Observe 9 (t) = U(t)y(0) , where U(t) € SU(4) and

U = —i{ur I, + usl, + ugS, + uyS, + 7 JLS, YU (31)

We now study an important experiment in NMR called INEPT. We know protons have
larger gyromagnetic ratio v than carbon. It is about 4 times larger. This means that in
a ensemble of 10° protons if we have 4 excess spins pointing in along By, for carbon we
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will only have 1 excess spin. The net magnetic moment of proton will be much larger that
carbon. Therefore in experiments we get stronger signal when we observe proton compared
to when we detect carbon. Let us denote more sensitive nuclie by I and other one by S.
Now imagine that I have 18 spin pairs of IS. Of then half of them have spin S up and half
down This is to say there is no preferential alignment of S as it is insensitive. Of these first
half 5 have spin I up and 4 spin down and same for the other half. So how does the density
matrix look like.

p= %8(5|00><00| +4]10)(10] + 5|01)(01] 4 5|11)(11])

1 I 1
= — ®I1I+4 QI))=—-+—0,1

Thus our ensemble has a net polarization on spin I. There is no net polarization on spin
S. if we try to detect spin S we won’t get a good signal. Now we show how using Control, we
can transfer this polarization from I to S spin. Then we will be able to detect and observe
S spin.

This is how control works. We go through the following set of operations. Recall under
unitary propagator U density matrix evolves as p — UpU’

Then
77 T
o, 1 — exp(zglx) (0, 1) exp(—z§]$) =0, 1 (32)
o, @1 — exp(—i ;TQIS)(%Q@]) exp(i 2]3)—2%@02 (33)
2, ®0, — exp(—i g( .+ S,) (20, ® 0,) exp(—z%([x +5,) = 20,0, (34)
—20,®0, — exp(— 2%2] S.) (20, ® ay) exp(ngIZSz) =I®oao, (35)
I®o, — exp(z Sy) (I ®0,) exp(—@'gSy) =I®o0, (36)

Now we have an ensemble in which spin S is polarized. Now we can Observe spin S as
there is more polarization on it.
After steps 32 and 33, we can convert

20,®0, = exp(—igfx) (20, ® 0,) exp(—igfx) =20,R®0, (37)

and we say we have created a two spin order, by transferring o, ®I — 20,®0,. Observe steps
1 (Eq. 32) and 3 (Eq. 37) are fast steps because they involve evolving control Hamiltonians
and hence take no time. Step 2 (Eq. 33) is a slow step. It involves evolving interaction,
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1

coupling hamiltonian in Eq. 30 for time 5.

decoherence, and assume step 2 evolves as

In writing these steps we have neglected all

0, @1 — (0, ® I)cos(mJt) + 20, @ 0, sin(nJt) (38)

which after time % reaches the target state.

However in presence of decoherence, this evolution is

0, ® I — exp(—Rt){(0, ® I) cos(mJt) + 20, @ 0, sin(wJt)} (39)

where R is the relaxation rate. Now we shouldn’t wait for full % rather we should find
the time when exp(—Rt) sin(w.Jt) is maximum. This way we maximize the transfer to target
state. Now we ask is this the best we can do. Important is to note that while the states
o, ® I and 0, ® o, decay under decoherence, the starting and end state o, ® I and 0, ® 0,
donot. Then we can write a state space description for this transfer. Let the magnitudes of
these states be 1 = (0, ® I), 29 = (0, ® I), 3 = (20, ® 0,) and x4 = (20, @ 0,). Then
consider the control system

T 0 —u(t) O 0 )
d x| _|uwt) -R -nJ 0 To (40)
dt | =3 | 0 nJ —R —u(t) T3

T4 0 0 v(t) 0 Ty

Here u, v represent our fast operations that can immdiately transfer between x; — x5 and
x3 — x4. R is relaxation rate and describes how x5, x5 decay and 7.J is due to coupling that

I 0
. 0 .
evolves x5 to x3. We want to find starting from iQ =10l what is the largest value
3
Ty 1

of x4 possible, i.e., what is the larget 1 so that we can get to

I O O O

The states are depicted in the following vector diagram

where r; = /2% + 2% and rp = /23 + 2%, Note with fast u,v we can control 6; and 6,
fast. Let u; = cosf; and us = cosfr. Then we can write an equation for 1 and ry and it
takes the form

i T —Rcos 6? —xJ cos 0 cos O ol —&u?  —ujusy r
| ®J cos b, cos by —Rcos 63 re | Tuguy  —&u ’
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x4A

x1 r 1
2
J
—>
0
1 92
> -
X2 x3

where £ = £ The goal is to find —1 < u;(t),us(t) < 1, that maximize transfer to the final
state rq, starting from the initial state (ry,79) = (1,0).
We maximize the gain,
A3 (=€ + p)At
CAG T (E+pAL

positive, as ro decreases for negative p. Differentiating with p, we get

(1—-2p)(p+ &) —p(1 —Ep) (p—m)(p—m)

U212

where P = wir)

(p+¢)? N (p+¢)2

where 1 = —(y/1 4+ &2+ ¢&) and 1y = /1 + &2 — €. Slope is increasing between roots 7; and
12 and decreasing outside. Maximum is at 1 = ny. Substituting this value of p gives

2
Ar2_2

~Ar? T
with —Ar? > 0. Thus

A(n*ri +13) =0,

along the optimal trajectory. Using optimal return function for the problem as

V(ry,m) = nQTf + r%

we obtain for m; = uyr; and mg = ugrs,

v 2 —&mi —mymy | _ —&p’ (1_2772) m
%—J[n 1][m1m2—§m§ =J[m my ] (1;n2) —¢ my |

A

A is negative semi-definite for n = /1 + &2 — £ | with null vector at (1,7). Therefore,

av. : av _ mo __ uU2T2 __
7 < 0 with <= =0, for ==
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dlrm|_ —u?  auyuy 1 (42)
dt | bujuy  —u’ ry |’
0<wu; <1,b>0and —1< “T“’ < 1 (system is dissipative in norm).
We maximize the gain,

Ary  (—p*+bp)At
~Ar? (1 —ap)At’
positive. Differentiating with p, we get

U9
uiry’

where p =

o = +0) _ —m)p—m)
(1 —ap)? (1 —ap)?

where 7 = a™' — y/a a1 = 1), 5, = a”' + /a1 (a=! —b). When a is negative, slope
is increasing between roots 7; and 7p and decreasing outside. Maximum is at 7o (p > 0).
When a is positive, slope is decreasing between roots 7; and 7, with p < a™! for —Ar? to be
positive. Hence maximum is at n;. In both case we have

an+by~t =2, (43)

b

for maximum argument p =7. When a =0, n = 3.

When we substitute the value of p, it gives
Ar? B (—p* + bp) At o
~Ar? (1 —ap)At

Using V = n*r? + r2 as the return function for the largest value of rZ possible, we find
on differentiation

dV 2 (b+an?) my
o 2
dt_[ml m | bra?) my |
A
where, m; = wu;r; and my = ugre. A is negative semi-definite for n = 7, = a7! —

vat(a=! —b), when a positive and = 7y = a~! + \/a~'(a~' — b), when a negative and
b

777n: %, when a = 0. The null vector is at (1,7). Therefore, 4= < 0 with 4% = 0, for

2 _— u2ra2 __
mi uiri
Consider special choice of a and b which is motivated later. Let a = ¥ cos(f + ) and

b= %cos(@ —7), where y = /1 + i—z and £ = % and cosf = \/];lir;ﬂ, which depend of three

33



parameters in the system dynamics kg, k., J. See Eq. 45 subsequently. This gives rise to the
following system.

dt | 7o | ’é—ccos(ﬁ — Y)urusy —u3 ry |’
where we choose 0 < u; < 1 to maximum transfer to 7 starting from (r1,79) = (1,0).
Then using Eq. 43,
ncos(d +v) +n""cos(d — ) = 2%
(n+n"1)coshcosy+ (n "t —n)sinfsiny = 25
X
2
(n+n"")%cos®0+ (n~" —n)?sin®0 > 4.
X
(7]_1 - 7]) 2 247
where (? = :§;Z§ Maximum of n < 1 is obtained, when we choose tan~y = L:Z; tand,
(' =n)=2¢ n=v1+-C
We can use
V(ry,re) =n*ri +r3
as return function for the system in 44. We obtain for m; = u;r; and mo = usrs,
dv ) —m? mymaeX cos(6 + ) —n? ¢ m
@ _ 3 _ 1
dt [n* 1] $cos(f — y)mims —mj3 [ me ] c =1 ||mg|’
—_——

A

where ¢ = 77215(77 cos(0 + ) +n~'cos(d — ). Where for special choice of y, we have

¢ = n? and the matrix is negative semi-definite with null space (m,ms) = (1,7), else
its negative definite with dd—‘; < 0.

The system in Eq. 44, arises from following transfer problem, which is of fundamental
and practical interest in NMR spectroscopy. Given the control system

21 0  wu(t) —ov() O 0 0 1=
Y1 —u(t) —ks 0 J =k 0 Y1
dix | _| o) 0 ~k& ke —J 0 ) (45)
dt | =2 | 0 —J  —k. -k, 0 v(t) Ty |’
Yo 0 —k. J 0 —ko, —u(t) Yo
| 2 | 0 0 0  —w(t) wt) 0 || 2
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find optimal (u(t),v(t)) such that starting from (z1,y1,x1, 22, ¥2,22) = (1,0,0,0,0,0), we
obtain the largest value of (0,0,0,0,0,7) ?

The above optimal control problem can be solved in closed form. Consider the vectors
(z9,1y2) and (xy1,y;) with length Iy and ;. Writing equation for r; = /2 + 22 and ry =
VI3 + 23, with u; = cos(6;) = 7%, where u; > 0, we get the system

(2 [, 5[]

% T2 0 — W)Uluz —fU% T2

where v is angle between [; and [, which is taken as a control variable. This Eq. is the scaled
model in Eq. 44.
The optimal solution is then given by the following two invariants of motion. The ratio

U2T9 lg k’2 — ]{?2
= = = =./1 2 _ [/ —mn — a c 4

is maintained constant and the angle v between vectors l; and [; is maintained constant at
tany = ﬁ; tan §. The maximum transfer of efficiency is then 7.

It is worthwhile to point out that researchers in magnetic resonance have developed
novel pulse sequences that have improved the transfer described in Eq. (45), however the
fundamental limits of the transfer described here was not known. Fig. 3 shows plot of
transfer efficiency of various state of the art pulse sequences as a function of the ratio k7“ for
k. = .75. The CROP pulse sequence obtained by solving the above transfer problem using
methods of optimal control (Eq. 47) performs better than all state of the art methods and
provide significant improvement is sensitivity. Furthermore methods of optimal control help
to provide limits on how close can a quantum dynamical system be driven to a target state.

Generalizing, we can consider a general dissipative control system

9 -
a11uy cee QpUIU . AU U,
S . — s a2 ar —
7= Alu, ug)r; Alug,ug) = | apujur ... au; o aguugu, | = Auowu (48)
2
L An1UnUy ... GpjUpU; ... ApnpUy,

where o is Hadamard product and u = (uy, ..., u,)’, with {A};; = a;; (A+ AT is negative
definite). By making a change of time variable to 7, where
2
Wi and p; = <&, we then have the system

2
vV Do Uiy

d
% = Amom. (49)

dr __ 2..2 Jp—
T = Yo uir?, we can define m; =

77
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Figure 3: Figure A shows the transfer efficiency for CROP sequence as a function of %“, for
different values of :—Z Figure B shows efficiency of various state of the art pulse sequences
as a function of %‘1 for the transfer in Eq. (45) for k. = .75. The CROP pulse sequences
developed using optimal control of system in Eq. (45) provide the optimal transfer.

By changing u; we change m; and hence we treat m as control.

One possible transfer is to transfer from a given initial state p = (1,0,...,0) to maximum
possible value p,.

The reachable set takes the form (diagA is diagonal of matrix A), for o; > 0

dz’ag(z i Amgm!) = diag(AM),

where M is a positive semidefinite (PSD) matrix. Thus the problem reduces to finding
optimal PSD M, such that diag(AM,) = (—1,0,...,0,7%) for maximum possible 7.

Remark 4 : Cone Separation Let C = diag(AM). Then C is a convex cone. It has
non-empty interior as we can find m;, ¢ = 1,...,n such that Am; o m; are independent,
else they lie in a subspace annihilated by e. If e, # 0 then el Ay oy # 0, where y is 1 in
the k** spot. Then >, a;Am; om; for a; > 0 is an interior point. Note by Carathedory’s
theorem, B = {diag(}>", a;Am;ml), ||m;|| = 1,3, = 1,i = 1,...n+ 1} generates C. Since

A is negative definite A + A" < 0, we have B bounded away from zero and ﬁ a compact
set. For y; € C converging to vy, m € ﬁ converges to m € ﬁ. Hence yf € C. Cis a

closed convex cone. Note diag(AM,) cannot be an interior point of C else we can proceed in
direction (0, ...,0,1) and improve the efficiency. Hence xy = diag(AM,) is a boundary point
of C and there exists A = (\y,...,\,) such that AT'zy = 0 and \TC < 0. Let A = diag(A).
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Then we have

tr(AAM) < 0, AA+ A'A<0 (50)
tr(M+ A'N)M,y) = 0 (51)

In the following, we consider few examples. Applying remark 4 to
_[-¢ -1
A= [ Fol
as in Eq. (??), we obtain Nz = N [ ;21 ] = 0. For A = (n%1),

” 0[] —-¢ -1 —¢ 1 ” 0] _ | =2 1—7
K| Rl e | O e el |

which is semidefinite, when

—~

52)

( t— 7]) - 257
which gives n = /1 + &2 — &.
As another example consider
-1 a
=]

where b > 0 and —2 < (a +b) < 2.

(0l Al Al [E %] e

which is semidefinite, when

an+by~t =2, (54)

and null vector is m = (1,7n). Eq. 54 implies that

n=al+ 1;2“1’, when a is negative. This choice of root ensures n > 0. When a is

1 _ 1—ab
a2

as p1 < 0 in Eq. 49 for this choice.

positive, we have n = a~
As another example consider Eq. (44),

_ [ £ x cos(f + )
eos—) € |’

37



we have

o —28n? X(n? cos(f + ) + cos(0 — 7))
Ad+ AN = X (1% cos(0 + ) + cos(6 — 7)) —2¢ ’ (55)

which is semidefinite, when,

_ 4¢?
(ncos(f +7) +n""cos(d —7))* = =

which gives maximum value of n = /1 + (? — (, when tan~y = tan 9%, for (2 = %, as
in Eq. (44).
As another example, consider

(&

£ -1 0
A= 1 =& -1
0 1 —=¢
for
A 0 0
A=10 X 0|,
0 0 1
we have
=26\ A — N\ 0
S=AA+AN=| M=\ 28Ny 1-—X
0 1—X —=2¢
-1
Note [ Al A 1 ] 0 = 0 implies A; > 0, we consider

wul’ = ANA+AAN=S8,
which is the case when S has a two-dimensional nullspace.

This is not possible as Sij3 = 0, while u? = Sj; # 0 and u3 = Ss3 # 0. This says that
semidefinite S cannot be rank 1. Hence it only has a one-dimensional null space. The null
vector m must satisfy

—1
Amom = 0
2

n

which makes my = ml;!” or my = 0. On substituting we get
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d{p] —m? (14 &) 'mym
dt [ ; 1 B [ (1+§2)’11m1m3 —m3 R (56)

From Eq. 42, we have a = b = (1 + ¢%)7!. The maximum transfer is 7% with n =

a7l = e @ T =b) = 1+ &2 - 6/2+

Case my = 0, produces no transfer.

3 Finite Time Optimal Control

We now consider the system,
4 { ri(t) ] _ { —&uj Uy ] { ri(t) } ' (57)
dt | ra(t) uyuy  —&us Ta(t)

We consider the problem of steering (1,0) to maximum possible value of ry in finite time 7.

In the finite time case, the optimal return function V'(ry,re,t) has explicit dependence on
time and by definition

V(r1,7e,t) = max V(r) + 6t(—&uiry — uguary), o + 6t(—Eusry + uyugry), t + t).

uy,u2

Expanding in 6t , we obtain the well known Hamilton Jacobi Bellman equation.

v v v —&uf —uiuy |
E + 11}11%}2{ [ ory  Ora ] UL Uy —5'&% Ty =0. (58>
From equation (58), define the adjoint variables (A1, Ag) = (gTV, gTE;) Let H = —\yr[€us—
(@ — b)uyus + abu3], where a = ’A\—f and b = 2. Then equation (58) can be written as
v
B + lgllz;);H(ul, ug) = 0.
For the finite time problem max,, ,, H > 0. This implies (a — b)? > 4£2ab, i.e. gg;l;;az_? > 1.

We consider three separate cases for the problem.

1. Case I: If (a — b) < 2¢, then the maximum of H is obtained for us = 1 and u; = az—’gb

2. Case II: If (a — b) > 2¢ and %52 > 2¢, then the maximum of H is obtained for u; = 1

and uy = 1.
3. Case IIL: If b~! —a™' = %5 < 2¢, then the maximum of H is obtained for u; = 1 and
a—b
U = m.

39



From equation (58), the adjoint variables (A1, \y) = (gTV, gTV) satisfy the equations \; = 887]3
and )\2 H , 1.e.
d /\1 §u% —U1U2 )\1
el — 59
dt { A2 } [ uyuy €U A2 |’ (59)

where (A(T), \2(T")) = (0,1). From equation (57, 59), we deduce that V' = Ay + Agrg is
a constant for optimal trajectory and equals the optimal cost 7o(7") = A;(0). Writing the
equation for adjoint variables backward in time, let ¢ =T — ¢ then

i )\1 . —é’U/% U1U2 /\1

do | A2 | | —waup —&uj Ag |7
where (A1(0),A2(0))o=0 = (0,1). Now wuy(c) and wus(c) should be chosen to maximize
A1(0)|o=7. Observe this is exactly the same optimization problem as (57), where the roles

of u; and us have been switched. From the symmetry of these two optimization problems,
we then have

ui(t) = wy(T —t

lt) = Mo(T
ablg)=1 ; V=2n()n(y)
O =T -0 = (-

~—

Observe from (57, 59), that ab(t) is monotonically increasing and since ab(0) = 0 and
ab(£) = 1, we have ab(t) < 1 for t < £ and therefore % > 1fort < T (else “2—; > 1
and ab < 1 implies the stated). Therefore uj(t) = 1 for t < L. Depending on a(0), we have
a(0)
2¢

verify that in this case a — b is increasing for ab < 1, implying = %Eab b > 1 Therefore we stay
T

in this case for all ¢ € [0, 5] and therefore uj = u3(t) = 1 for all . Since b(0) = 0, we have
b(%) =tan L. Similarly,

two cases. Case A In this case > 1. Then we start in the case II discussed above and

T, a0 + tan(L)
A3 =12 a(0) tan(Z)’

If ab(£) = 1, then above equation implies that tan(7') < . 3¢ as a(0) > 2¢.
Case B If %2) < 1, then uj(0) = 2(5 and the system begins in case I. Let x(t) satisfy

%_KJ -2k +1
dt 26

The solution to this equation is given by s(t) = 1 + 262 — 2£4/1 + €2 coth(y/1 + &2t + 203),
where sinh(/3) = £. It can be verified that in case I, the optimal trajectory satisfies 2(t) =

— 2k, k(0)=0.
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#(t). @ — b is increasing. After time 7, 2 becomes equal to 1 and the system switches to

) 25
case II. Putting % "_b =1 and 2(t) = (t), we get © E ; = 12&{ ¢

see Fig 4, Panel B) Then again by symmetry at time 7' — 7 We have

(denote this ratio by tan 6y,
25(l — 1) =1 and the
system switches from case II to case II1. In case II1, verify 2(t) = k(T —t) and the switching

to this case occurs at tanf, = :—f = =@ Thus the system spends 7" — 27 in region I1.

2¢
Then we have ) 5
T — 27 = tan~! l@') — tan~* m
28 1 — k(1)

We now derive an explicit expression for ro(T"). For ¢t > T — 7,

V(1) = \/r3(t) + 5T — 1)), (60)

is constant along the system trajectories and equals the optimal return function ro(7"). At

t =T — 7, we have % = tanf, = L;T) and therefore from (60), we have

V(T —7)=Ry \/silq2 0y + cos? Oy — 2€ sin O cos Oy, (61)

where Ry = \/r3(t) + r3(t) for t = T — 7. Also note V(%) = 2r($)ro(%). At time t = L,

we then have 2 = tan(21%) and therefore

5)
where Ry = (/r3(£) + r3(%). Note between £ and T — 7, the system evolves under u; =
ug = 1. Therefore Ry = Ry exp( (£ —7)). Since V is constant, equating (61) and (62), we
get equation V(T — 1) = V(L) =nr (63).

At time 7, the optimal trajectory (r1,72) passes from phase I to II and makes an angle
0, with the r; axis and at time T — 7 the optimal trajectory passes from phase II to phase
IIT and makes an angle 05 with the r; axis (see Fig. 4). The optimal efficiency 7y for the
finite time T is expressed in terms of these angles as

exp(§(91 — 92))(1 — fSiIl 292)
sin(91 + 62) .

nr = (63)

In the limit, T" goes to infinity 7 = % and 0, = 0, = tan=! /1 + £2 — € and nr approaches n
n (?77). This corresponds to the unconstrained time case we discussed initially.
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Figure 4: Phase trajectory of the controls u; and uy (panel A) and 7(t) (panel B) for a
finite-time ROPE sequence (§ = 1).

We now study control of coupled spin dynamics in presence of longitudinal relaxation.
For this we consider the system,

21 _kl —U<t) O O 21

d 21 U(t) —k —J 0 T

At - <

dt | = 0 J —k o) 2y | ki, ke < k (64)
2 0 0 —u(t) —k || 2

where goal is to drive the system from (1,0,0,0)" to maximum possible value of z5. Since
the controls can be made much larger than the natural parameters in the system, we define

1 =\/21 + 23, 9 = /2] + 23, tan b, = 2 and tanfp = 2. Writing an equation for r; and
r9, gives us scaled equation

L[] [ e g |[9] et e

In the finite time case, the optimal return function V' (rq,r9,t) has explicit dependence
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on time and by definition,

ov v v —(kjl + &uu) —UiUs 81
v oV vV = 0. 66
En +1;I}%2 [ or1  Ora ] U s _(k_Jz +§2u§) ro (66)

Let H = —M\ri[(% + &u?) — (a — b)ugus + (22 + &ui)ab], where a = i—f and b = 2. Then
equation (66) can be rewritten as

ov
— + max H(uy, ug) = 0.
ot wiuz

a—b a—b
285ab 261

For the finite time problem /\17“1 — o7 2 2 < 0. This implies b > 1. We consider

three separate cases for the problem

1. Case I: If (a — b) < 2&;, then the maximum of H is obtained for us = 1 and u; = ‘;T_lb

2. Case II: If (a —b) > 2&; and %2 b > 2¢,, then the maximum of H is obtained for u; = 1

and uy, = 1.
3. Case IIL: If b™! — a™! = 2 < 2¢,, then the maximum of H is obtained for u; = 1
and uy = ﬁ
From equation (66), the adjoint variables (A1, Ay) = (g—x, 3—2) satisfy the equations \; = gfi

and )\2 6H , 1.e.

-0 il e

di | Ao wus (24 6ud) || X

where (A (T), A\2(T")) = (0,1). From equation (65, 67), we deduce that V' = \jry + Aoy is a
constant for optimal trajectory and equals the optimal cost ro(7") = A (0).

Observe from (65, 67), that ab(t) is monotonically increasing. (a — b) is increasing in
case I and II. (a — b)/ab is decreasing in case II and III. (g %) > 1 to begin with. Therefore
u3(t) = 1 to begin with. Depending on a(0), we have followmg cases. If we start in case I,
we can increase a — b and switch to case II. If (a — b)/ab decreases below a threshold, we
switch to case III and stay there. We may start in case Il and switch to case III and stay
there or we may always stay in II. In more detail,

If %2) < 1, then u}(0) = 2(6 and the system begins in case I. Let x1(t) = 2. It satisfies

dry Ii% — 2k + 1
-1 7" "9 0) =0.
dt 2, §1K1, K/l( )
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The solution to this equation is given by 1 (t) = 1+ 267 — 2& /1 + &2 coth(y/1 + €2t + 213),

where sinh(ﬂ) = & . After time 7, %’ becomes equal to 1 and the system switches to case

IL. Putting =2 =1 and 2(t) = ky(t), we get :i&; = 125';11(7: (denote this ratio by tan 6, ).
a(0)

2 > 1. Then we start in the case II discussed above and verify that in this
case a — b is increasing and a — b/ab, decreasing. Therefore we stay in this case for where
ui = u3(t) = 1, before we may switch to case III.

In phase 111, Let ro(t) = Zg:g It satisfies

In the case

dk K2 —2Ko + 1
G e e m(0) =0,

The solution to this equation is given by rg(t) = 1+ 265 — 2&21/1 + &2 coth(y/1 + €3t + 213),
where sinh(f) = &.

At time T'— 75, when we switch to case III, we have -

565 L =1 with (T — ) = ka(72). The
1—ka(72)

switching to this case occurs at tanf, = H = Thus the system spends T'— 7 — 7
in region /1. Then we have

L 1= k() _y 26k1()

T—71 — = t —t 68

T — Ty an 2%, an T (m) (68)
1= ki(71) _1 28aka(T2)

= tan ' ———~~ _tan ' 222 69

251 1— RQ(TQ) ( )

where the last equation follows from duality of » and A, where we drive the A\ equation
backwards in time from initial value A(T") = (0,1) to maximum possible value of A;(0).

Given & < &, we stay all the time in case II, when T' < tan™! 2§ For T > tan~! 22 , we
have II for time T'— 7, followed by III for time 75, for a total time 75 +tan™! %

as

, as long

1-— 2
-1 —@(7—2) + tan™! —52@ < tan~!

269 1 — ko(m2) — 26,

If T is made even larger, we see all three phases When & < &, we stay all the time in
case II, when T' < tarf1 1 . For larger T" > tan™! we have I for time 7 followed by II
for time T'— 711, as long as

tan

251’

1 —ki(m) o 26k B

1 1(71 1 1K1 1

———F +tan ——— <tan  —.
261 1 — k(1) 28

For even larger T', we have all three stages.

tan
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