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Model setup

» signal process
dXt = f(Xt)dt"‘O'(Xt)th, XO = X0, 0<t<T

» observation process

t
Y, - fo h(Xs)ds + By

» assumptions

» f and o are globally Lipschitz
» h is twice continuously differentiable

» smoothing density

[¢(Xt |F [¢(X)IP5 x,t) dx as.

> F¥::O'(Yt c t< T)
» ¢ bounded measurable function

)
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Smoothing density
» Zakai equation
{dp(X, t) =" p(x, t)dt + p(x, t)h(x)"dY:
p(x,0) = po(x).
» Pardoux equation
dv(x,t) = - v(x,t)dt - v(x,t)h(x)"dY;
vix, T)=1.
p(x,t)v(x,t)

= smoothing density Pgs(x,t) = D)V (x.0)dx
» posterior process

dX, = g(X[, t)dt + o (X )dW:, XJ =xo

g(x,t) = f(x)+0(x)o(x)"Vleg v(x,t)
» P[X e AFY] =P[XT € A] = Mpose (A, Yio.77)
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A variational approach to path estimation

approximation glg D(Q”npost('7 Y[o,T]))
€

1. how to choose @ c probability measures on C([0, T]) ?

» too large - computationally demanding optimization problem
» too small — bad approximation quality

2. how to evaluate D(Q||Mpost (-, Y[o,T])) ?

g rlpost(', Y[O,T]) is unknown

= reformulation as an optimal control problem
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A variational approach to path estimation (cont'd)

51;8 D(Qanost('a Y[O,T])) (*)

» prior law [0 (A) =P [X € A]

» Hr(X.y) = =h(X)yr + [ yedh(Xs) + 5 [y [ h(Xe)[*ds
» negative log-likelihood
I(HT('v)/)) = IOg (f exp (_HT('a)/)) dnpfior)

Lemma ([Mitter & Newton'03])

D(Qanost(':}’)) =-I(HT(,,y)) + D(Q”nprior) +EQ[HT(‘7}’)]

» (%) is equivalent to

min D(QlIMerir) + E[H7(-¥)]
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A variational approach to path estimation (cont'd)

g]el(g D(QHrlprior) + EQ[HT(7y)]

Problem (O)
Minimize D(Q||I'Ip,io,) +EQ[HT(~,y)] subject to
(i) Q is a probability distribution induced by an SDE of the form

dZt = U(Zt, t)dt + O'(Zt)d Wt, ZO = X0, 0<t< T,

(i) The marginals of Q at time t, i.e., the distribution of Z;,
belong to a chosen family of distributions.

= Problem (O) can be recast as an optimal control problem

» constant diffusion term & Gaussian distribution
[Archambeau & Opper'l1]

6
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SDE with prescribed marginal law
exponential family

EM = {p(-,0),0 € A}, p(x,0) := exp ({8, c(x)) - 1(O))

Let be given an exponential family EM, an initial density pg
contained in EM and a diffusion term o. Consider an SDE

dXt = U(Xt, t)dt+ O'(Xt)d Wta XO = X0 (*)

Problem (omO)

Given a curve t = p(-,0;) in EM, find a drift in v whose related
SDE (~) has a solution with marginal density p(-,©;).

» example: normal density and constant diffusion term
— linear drift u(x,t) = A¢ + Bex



SDE with prescribed marginal law icont'di

Consider an SDE ( «) with drift term

8c(x)>

ui(x, t) = % Z ;} a;i(x) + = ZaU(X) <@t, o

_ (@tv [oo pi((x-i,6), ©¢) exp[(Or, c(xi, &) — c(x))] d{;) ’

where the functions ¢; satisfy

_i(et,go, (6,00 -y, = (6, c(x) - Vor(©r)).

This solves Problem (OmO).

» extension to mixture of exponential families possible

(= arXiv:1508.00506)
» one-dimensional non-mixture case [Brigo'00]
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SDE with prescribed marginal law (Gaussian density)

» normal density © = (1,6) := (S7*m, —%5_1)

Corollary (Gaussian density)

1. 1 5. 1,4, 1,.4; 1
u(x,t) = Edlva(x) + ‘—10t19t0t1nt - Eetlm - §9t19tx + a(x) (577,3 + Htx)

» example: constant diffusion term
— linear drift u(x,t) = A¢ + Bex
» ansatz: u(x, t) = 3diva(x) + A + Bex + a(x) (i + Dex)
ac aD,

—t = _D,A;- B, C =-2D:B; (+
dr tAt t Ct, dt t Dt (*)
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Optimal control problem reformulation of Problem (O)

» const functional

D(Qanrior) + EQ[HT('>y)]

T 1
= fo EQ[EHU(Xta £) = F(Xe)[50x) + yt(U(Xt, t)"Vh(Xe)

3OO RO (X0 |+ 31060 2 - yrElher)]

v

states: my, St, Ci, Dy
ODEs for my, S; from (), ODEs for C;, Dy from (x+)

control input (decision variables): A;, By

v

» motivation
» necessary conditions via Pontryagin’s maximum principle
» semidefinite programming approach for certain problem classes
» infinite dimensional linear programming approach
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Parameter inference
» signal process
dX{ = (X, r)dt+o(XF k) AW, Xy =x0, 0<t<T
» non-negativity of relative entropy

I(H7(vy)) < D(QIMGiar) + EQHT(-.y)]
| S —
negative log-likelihood = F(Q;i, k) objective function

EM-type algorithm

initialize /=0, k;:= ko

while i<M

Step 1:  compute Q; by solving Problem (O) with parameter &;
Step 2:  update parameter as kj;1 € arg mnin F(Qi, k)

Step 3:  seti—>i+1
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Example 1: Geometric Brownian motion
» signal process dX; = k Xedt + AXed W,
» discrete observations Y = X;, + pk, k=1, N, px ~N(1,R)
» values: k=1, A=0.1, R=0.15, T=0.2s, =0, 0 =0.25,
N=4 t = T/4, th = T/2, t3 = 3T/4 and t3 =T
variational approximation

» drift function u(x, t) = A; + (A2 + By)x + A2x%(C; + D;x)

- : 4 T
==
_t:%
—_ir
t=T
| ) |
1 | | |
16 0 500 1,000 1,500 2000
x Tterations of EM algorithm
Figure: SmoF)thmg density Figure: Parameter inference,
(PDE vs variational approx.) A-1.18

Xo =x0 ~ log N(, 0)
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Example 2: Cox-Ingersoll-Ross

» signal process
dX; = k(b—Xp)dt + \WXedWs,  Xo =x0 ~ N(p,0)
» discrete observations Y = X;, + px, k=1,--, N, px ~N(1,R)
» values: A=0.2, k=1, b=03, u=10=0.1 R=0.1,
T=03s, N=2, t=T/2and tp=T

variational approximation
» u(x,t) = %)\2 +A(t) + B(t)x + X2x(C(t) + D(t)x)
5 T T - — 4

S afgu e

1.4 0 10 20 30 40 50

Iterations of EM algorithm

Figure: Smoothing density

o Figure: Parameter inference,
(PDE vs variational approx.)

k=1.44
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Conclusion and Outlook

» Conclusion
» variational approximation to the smoothing density
» requires solving an optimal control problem
» parameter inference via maximum likelihood method

» Outlook
» solve the underlying optimal control problem

» necessary conditions via PMP (shooting method)
» semidefinite programming approach for certain problem classes
> infinite dimensional linear programming approach

» guarantees for the EM-alogrithm
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