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1 Introduction

Summary

e The traditional concepts in control theory solved part of the problems of
parametric robust control but there were still others to solve.

e Then it was necessary to try different points of view on the subject.

e First we will give a brief review of some traditional concepts and then we
will discuss some different points of view.
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1 Introduction

Linear Time Invariant Systems

X = Ax + Bu
y=Cx+ Du

Properties
Stability
Controllability
Observability
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1 Introduction

Stability

p(s) = [sI — Al
P(s) = Co +C1S+C252 4 Cps”
p(s)=(s—z1)(s —22) - (s — 20)

Stability «— R(z;) < 0

Criterions
1856 Hermite-Biehler
1875 Routh
1895 Hurwitz
1914 Liénard-Chipart

2001

César Elizondo
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1 Introduction

Controllability

U= [B AB A’B --- A" 'B]
Controllability «+— Rank(U) =n
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1 Introduction

Parametric Uncertainty

x=A(q)x+ B(q)u
y = C(q)x + D(q)u

9=1lqq .. ql"
g € a7, 4]
O={g9=lq1q2 ... q)" |ai€la;, q'), i=12,...,0}

= co(q) + c1(q)s + c2(q)s* + -+ + ca(q)s”
U(q) = [B ( ) A(q)B(q) A(q)*B(q) --- A" '(q)B(q)]
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2 Stability of Real Fixed Polynomials

Hermite-Biehler

p(s) =co+cis+cas* + -+ cus"
P(s) = Pe(s) + 5po(s)

we;i 18 the root i of the even part p,(s)
W, 1s the root i of the odd part p,(s)

Interlacing Property

0 < we1 <Wo1 <Weo <Win---
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2 Stability of Real Fixed Polynomials

Routh Theorem

p(s) =co+c1s+cas® + - + cus”
s" Cn Cn—2 Cpn—4
-1
5" Cn—1 Cp—3 Cp—5
"2 azy asn
S as) asn
(@@ —ai—21i—1+1) s
aj = ey Vi>3
Aij = Cpy1—i—2(j—1) Vi <2

The number of R(z;) > 0 = number of variations of sign in the first column
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2 Stability of Real Fixed Polynomials

Hurwitz Theorem

A Polynomial p(s) = c + ¢15 + c25° + - - - + ¢,,s" with positive coefficients,

is stable iff and only if the set of principal minors A; of matrix H are positive.
- - nXn
Cp—1 Cp—3
Cn Cn—2
0 Ch—1 Cpn-3
= 0 Cn Cn—2
L ¢o |
Crl Cns Cn—1 Cp—3 Cn-5
n—1 n— n—
Ar=c"", A= , Az=1| ¢ Cp2 Cna |-
Cn Cn—2
0 Ch—1 Cp-3
A
n—1 k—1
Ay =c¢ as a4, - ag+1,1, Akl = A—, k>2

v
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2 Stability of Real Fixed Polynomials

Liénard-Chipart

p(s) =co+cis+cas>+- +cps"
- - nXn
Cn—1 Cp-3
Cn  Cp—2
0 cn1 cn3
= 0 Cn  Cp—2
i co |
Agven > 0+— Apga >0 )
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2 Stability of Real Fixed Polynomials

Advantages and Disadvantages

1856 Hermite-Biehler Get roots

1875 Routh Use division

1895 Hurwitz Many arithmetic operations
1914 Liénard-Chipart Many arithmetic operations
2001 César Elizondo
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3 A Recent Stability Theorem

A Recent Stability Theorem, C. Elizondo-Gonzalez 2001

p(s) =cot+cis+cas® + -+ 15" 4 cps”
The number of R(z;) > 0 = number of variations of sign in the o column

o1 Cn Cn—2 Cn—a
02 Cn—1 Cn—3 Cn—5
03 €31 €32
04 e4.1 €42

U(n_l) e(n_1)71 e(n_1)72
On €n,1

O(nt1) | €(nt1),1

Where:
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3 A Recent Stability Theorem

A Recent Stability Theorem, C. Elizondo-Gonzalez 2001

eij = (ei—1,1€i—2j+1 — €i—2,1€i—1,j+1),V3 < i< n+ 1
€ij = Cpr1-i—2(—1) Vi <2

o; = Sign(e;)Vi < 2

(i+1—m)/2
oi=Sign(ein) [I  Sign(emiaj-1),1)vi >3
j=1
m = 3 para i par, m = 2 para i non
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3 A Recent Stability Theorem

pis) =8 +s*+5 +3s2 425+ 1

Recent Stability Theorem Routh Theorem

Recent Table Routh Table

o=+ 1]2 | 1 [1]2

o2 =+ 311 ST 1 371

o3=—1] 2 |1 s 2 |1

og=+| T |2 21 72 |1

os =+ | —11 st [ 11/2

o=+ | 22 Y 1
The polynomial has two roots in ’
the right half of the complex
plane )
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3 A Recent Stability Theorem

A Recent Stability Theorem, C. Elizondo-Gonzalez 2001

Comparison: Hurwitz Theorem, Recent Theorem
degree || Hurwitz Theorem || Recent Theorem
n X ‘ +o0— X ‘ +o0—
3 4 1 2 1
4 9 2 5 2
5 66 18 9 4
6 193 45 14 6
7 780 156 20 9
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4 Stability of Polynomials With Parametric Uncertainty

Parametric Uncertainty

e p(s,q) = co(q) + c1(q)s + cz(q)s2 + -+ cu(q)s" is a polynomial
depending on g € Q.

e P(s,0) = {p(s,q) | g € O} is a Family of Polynomials.
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4 Stability of Polynomials With Parametric Uncertainty

Parametric Uncertainty

e p(s,q) = co(q) + c1(q)s + ca(q)s> + - - - + ca(g)s" is a polynomial
depending on g € Q.

e P(s,0) = {p(s,q) | g € O} is a Family of Polynomials.

Stability of Polynomials With Parametric Uncertainty

Interval ci(q) = qi

Affine ci(q) =3q1 +4q2 + 6g4
Multilinear  c¢i(q) = 3919294 + 2q1
Polynomic  ¢i(q) = 3q§q‘2‘qi +2q1

Interval 1978 Kharitonov Convexity, Testing Subset
Affin 1988 Bartlet, Hollot and Huang Convexity, Testing Subset
Multilinear
Polynomic
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5 Sign Decomposition

Parametric Uncertainty

Let g = [q1 2 . 0" | g; < gi < g be a parametric vector with uncertainty.

gt —q-
éizgli_+|:l+—qt:| (¢i—q;) | af >q; >0
i 4

LetQ C P = {qz 91 g2 ... qg]T |0 <q; <gq Sq?’ Vi= 1,2,---6} be an
uncertainty parametric box.
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5 Sign Decomposition

Parametric Uncertainty

Let g = [q1 2 . 0" | g; < gi < g be a parametric vector with uncertainty.

@ —a;

T ](qi—q,-_)! a7 >q; >0
q; — d4;

flizfli_-l—[

LetQ C P = {qz 91 g2 ... qg]T |0 <q; <gq Sq?’ Vi= 1,2,---£}bean
uncertainty parametric box.

| \

Robust Positivity Problem
Consider the example f(q) =4 +q1 — q2 + Sq%qz — 9q1q%

(flq) >0vqe€0?
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5 Sign Decomposition

Nondecreasing Functions

Letf(q), f: R’ — R be a multivariable polynomic function such that
g € Q C P, then all its expressions are nondecreasing functions.

Example f(q) = 4 +q1 — ¢> + 84792 — 99143
f(q) = (44 q1 +8432) — (92 + 99143)
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5 Sign Decomposition

Definition of Sign Decomposition

Letf : R’ — R be a continuous function defined in Q € P C R’

Is said that f(-) has Sign Decomposition in Q if there exist two bounded
continuous nondecreasing functions f,(-) > 0 and f,,(-) > 0, such that

fla) =fola) —fula) Vg € Q

Then they are called:
The Positive Part f,(-) of the function.
The Negative Part f, () of the function.
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5 Sign Decomposition

Definition of Sign Decomposition

Letf : R’ — R be a continuous function defined in Q € P C R’

Is said that f(-) has Sign Decomposition in Q if there exist two bounded
continuous nondecreasing functions f,(-) > 0 and f,,(-) > 0, such that

fla) =fola) —fula) Vg € Q

Then they are called:
The Positive Part f,(-) of the function.
The Negative Part f, () of the function.

|

Example
(@) = (44 q1 +84792) — (92 +949143) such that g € Q C P then:

H(@) =4+q + 84
£:(@) = g2 + 99143
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5 Sign Decomposition

Elementary Properties

1) All the polynomic functions have sign decomposition.
2) f»(-) and f,(-) are independent functions, therefore [f,,(-) f,,(-)] is a basis in
%2

3) (fu(+), f»(+)) can be considerate as a representation of the function in %2

(f. Jy) Plane

All function f : R — R with @) = (4+q1 +84192) — (92 +99195)
sign decomposition in for
Q C P C R, has graphic :
representation on > by means °
of its negative and positive parts
fu(-) and f,(-) with graphical
representation in the (f,, f5)
plane.
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5 Sign Decomposition

Properties of f(g) on the (f,, f,) Plane

1) Given a vector g* € Q C P, a function f(g) with sign decomposition in Q is
represented as the point (f,(¢*), f,(¢*)) on the (f,, f,) plane.

2) f(g) = Ois is represented as 45° line on (f;, f,) plane.

3) A function f(g) with sign decomposition in Q is positive iff the point
(fa(q), f»(q)) is above the 45° line on (f, f,) plane.
(
)i

4) A function f(g) with sign decomposition in Q is negative iff the point
(fa(q), f»(q)) is below the 45 line on (f;, f,) plane.
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5 Sign Decomposition

(fus f») Plane

v . 45°

fp(Q) B 2y
[f(q)

Jnlq) fa

v
Bounding

Since each expression of f(g) with sign decomposition in Q is a
nondecreasing function, then the negative and positive parts are bounded as
follow.

") < 5(@) < /0" Vg € @ and £,(™") < filg) (") Vg € O

min

where V" =g g, -+ q, | and V" =g/ g5 - q] |
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5 Sign Decomposition

Rectangle Theorem

Let f : ¢ — R be a continuous function with sign decomposmon in a box

Q C P c R’ with minimum and maximum Euclidean vertices v™", y™ax,

then:

a) f(q) is lower and upper bounded by f,(v™") — f,, (V™) and
f, (V) — f, (vMin) respectively;

b) The graphical representation of the function f(¢), Vg € Q in (f;, f,) plane,
it is contained in the rectangle with vertices (f,(v"™™"), f,(v™")),

(™), £06), G (0™, ,(v™%)) and (f(0™), £,(m)

¢) If the lower right vertex (f,(v™™), f,(v™")) is over 45 line then
flg) >0vq€Q

d) If the upper left vertex (f,(V™), f,(v™n)) is below 45° line then
flg) <0Vg€Q
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5 Sign Decomposition

Rectangle Theorem

I 5
fr(V™ N )
folg) b-t-tn S

™ )
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5 Sign Decomposition

Rectangle Theorem

fr " 45°
fp(vmax> | S
fla)| |

fp(vmll’l |

2008
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5 Sign Decomposition

Linear, Nonlinear and Independent Parts

Since g = po + & then f(q) = f(po + 9)

Where & (3|4, 0,67 oy — s — i

e || @) =fem + T B2 6t 209)
L fl@) = ™"+ f(8) +fw(8) | § € A

7 | M= 2 Independent Part = f(p/™")
fu(d) = 2 Linear Part — V()] ynin - 0

v (o) 2 Nonlinear Part
= f(u"" +6) — ™" — fL(6)V6 € A
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5 Sign Decomposition

Polygon Theorem

Let f : ¢ — R be a continuous function with sign decomposition in Q, let g,
0 be two vectors such that g = pp + 6, Vd € A.

a) The lower and upper bounds of the function f(g) are:
Lower Bound = f™" + f1 min — fvn(6™%) and
Upper Bound = f™" + fi max + fnp(6™*) Vg € Q

b) The bounds of incise ’a”, are contained in the interval defined by the
bounds of the rectangle theorem
fo(ummy — £, (1) < Lower Bound < Upper Bound < f, (™) — f,(u™")

¢) The graphical representation of the function f(g), Vg € I in the (f,, f,)
plane, it is contained in the polygon defined by the intersection of rectangle of
rectangle theorem and the space between two 45° lines separates of the origin
by the Lower Bound = f™" + f; min — fvn(6"%) and

Upper Bound f™" + fimax + fip (™)
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5 Sign Decomposition

Polygon Theorem

I
/7 VA Iy S—
(@)

fp (V min) l _x_x_x_.;',

Lower Bound

— Upper Bound

fn(le )fn( ) fn (V™) In

Dr. César Elizondo Gonzalez (UANL) Recent Results on Parametric Robust Control fi



5 Sign Decomposition

Problem: A;Does The Lower Bound is Positive?

(Lower Bound > 0?

fa
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5 Sign Decomposition

(v, B) Representation

LetT = [ _i i } be a linear transformation and let («(-), 3(-)) be a
representation of the function in R? : [ 28 ] = [ _i i ] [;Z 8 }
(a(-), BC)) =T (), /()
a(-) = ()+fp()
BC) =£() = ()
_ 1 -1
=)
(a()s /() =T~ (a(:), B())
F() =7 (@) +B())
5() =73 (B() —al))

Dr. César Elizondo Gonzilez (UANL) Recent Results on Parametric Robust Control fi 2008
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5 Sign Decomposition

Rectangle and Polygon Theorems in («, ) Representation

B
B,m Rectangle Upper Bound
Bm Polygon Upper Bound
BRM |~ Polygon Lower Bound
Bl ' Rectangle Lower Bound
o Ao o™ o
Rectangle aLower Bound __ f (me) +fn (vmax)
Rectangle ﬂLower Bound __ (me ) fn (vmax)
Rectangle aUpper Bound __ (vmax) +fn (me)
Upper Bound max min
Rectangle 3°PP —ﬁ,(v ) — fu (Vi)

Polygon apower Bouna = amz:n + Qin + % )
POlng}’l ﬁLower Bound — IBmm + Blmin — 7

POlygon QUpper Bound = Oéml.n + Qppax + %(OZN((Smax) + /BN((;max))
POlygon 5Upper Bound — /Bmm + 5lmax I 3 aF ))
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5 Sign Decomposition

Some Properties of the («, ) Representation

Addition  fi(q) +f2(q) «(q) = a1
Subtraction fl(CI) —f2(q) alg) = ai(q) +aalq) Blg) = Bilq)
aj

Product hl@falq) alg) =

\./

2008 33/50
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5 Sign Decomposition

Box Partition Theorem

Let f : ¢ — R be a continuous function with sign decomposition in Q such
that Q C P C R’ is a box with minimum and maximum Euclidean vertexes
ymin s ymaX Then The function f(g) is positive (negative) in Q if and only if

exist a I" boxes set, such that O = IV and Lower Bound > ¢ > 0 for each
J
one IV box (Upper Bound < c¢ < 0 for each one IV box)
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5 Sign Decomposition

Example. Analytical Method

fl@) = (4+ q1 +84i92) — (92 +99143) >0Vg € QCP?
49,
1
0
f(q)>0?
0
0 1 4
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5 Sign Decomposition

Example. Analytical Method

fl@) = (4+ q1 +84i92) — (92 +99143) >0Vg € QCP?

49,

1
1_,2 1_,4
? ?
rl r3
¥ +

0

0 1 4

Dr. César Elizondo Gonzalez (UANL) Recent Results on Parametric Robust Control fi 2008 36/50



5 Sign Decomposition

Example. Analytical Method

f(q) = (4+q1+8¢) — (2 +9q143) >0Yg€QCP

9,
1 I T T Y I T
+ s
o FHF
S RS T
+ + + +
+ +
0

14
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5 Sign Decomposition

Rectangle Theorem

fr " 45°
fp(vmax> | S
fla)| |

fp(vmll’l |

2008
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5 Sign Decomposition

Example. Graphical Way

@)= (1.7+q1 +843q2) — (92 +99143) >0Vg e Q C P?

o a 10 15 20 25 30 35

fn
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5 Sign Decomposition

Example. Graphical

flg) = (1.7+q1 +84192) — (92 + 99143) >0Vge QCP
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6 Application of Robust Stability
Sign Decomposition Applied
to The Recent stability Theorem

Model (J. Ackermann)
X1 =

n, normal aceleration
Example. AiI'CI'aft F4—E x2 = k pltch rate

x3 = 0, elevator angle
x = [x1 x2 x3]7
X =Ax -+ Bu

Occom = U and Occom = —0.7u.

a apz ais

A= | ay axp ax3
0 0 14

b

B=1]0

14
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6 Application to Robust Stability

Sign Decomposition Applied to The Recent stability Theorem

I 11
Mach 0.9 1.5
Altitude 35000 35000
ar —0.667 —0.5162
aip 18.11 26.96
azy 0.08201 —0.6896
a —0.6587 —1.225

pi(s) = —14-6319 + 17 - 5147025 + 15 - 3255s% + 1s°
Unstable

pu(s) =269 - 14 443 - 601s + 15 - 7415 + 153
Stable
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6 Application to Robust Stability

Sign Decomposition Applied to The Recent stability Theorem

aij(q) = ajir + (ayr — agjir)qr
q=1[q919293q4)" | qx € [0, 1]

all(q) = —0.5162 — 0.1508(]1
az2(q) = 26.96 — 8.8500¢,
az1(q) = —0.6896 + 0.771643
axn(q) = —1.225 + 0.5663¢4

an(‘l) all(‘l) ais
A= | axn(q) an(q) ax
0 0 —14

e The characteristic polynomial is independent of a;3 and a3
e The system will be analyzed in a box such that ¢; € [0, 0.8]
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6 Application to Robust Stability

Sign Decomposition Applied to The Recent stability Theorem

p(s,q) = colq) + c1(q)s + c2(q)s* + c3(q)s®

co(q) = 269.14 — 85.441¢g, — 291.23g3 + 95.601g3g2 — 4.0925¢4
12586291 — 1.1956¢144

c1(q) = 43.601 — 6.103g, — 20.802¢3 + 6.8287¢3q> — 8.2205¢4
+2.2959g, — 8.5398 x 1072g,q4

¢2(g) = 15.741 4 0.1508¢; — 0.5663¢4

c3(g) =1
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6 Application to Robust Stability

Sign Decomposition Applied to The Recent stability Theorem

Recent Table
1 c1(q)
c2(q) co(q)
2(q)ci(g) — co(q)
es1(q) )
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6 Application to Robust Stability

Sign Decomposition Applied to The Recent stability Theorem

B 300/
*
L *
2500 %,
%
| *»
200 &,
S
150+ ‘t‘ =
. %=
LB *
+ % -
100 MR
*
s‘:‘ * o
50+ ey
“ LI R
‘ ‘ ‘ tres
250 300 350 400 450 500 550 650 650
Figure : Robust Positivity of the Coefficient 5 »(q)
v
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6 Application to Robust Stability

Sign Decomposition Applied to The Recent stability Theorem

B 1000
900"
800"
700+
600"
500"

400+

300+

2001 . . . . . ,
800 1000 1200 1400 1600 1800 ZOOaO

Figure : Robust Positivity of the Coefficient e3 ;(g)
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7 Conclusions

Conclusions 1

o In this talk a brief historical background of stability of LTI systems with
fixed parameters and parametric uncertainty was presented.

e Traditional theorems for LTI systems with fixed parameters where analyzed.
e A Recent stability theorem for LTI system, including an example, was
analyzed.

e The Recent stability theorem for LTI system was compared with Hurwitz
theorem, the Recent theorem possess advantages with respect to Hurwitz
theorem.

e The mathematical tool Sign Decomposition was presented.

e The robust stability of the aircraft F4-E was analyzed by means of the
Recent stability theorem and sign decomposition.
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7 Conclusions

LTI with
Parametric Uncertainty
Problems

Stability
Controllability

Observability

New Stability
Theorem

Sign
Decomposition

Global Concl

Robust Positivity
Problems

Multivariable
Polynomic
Functions

Sign
D(’L'()nl]?()‘\'lfl()ll

Robustness

Robust
Stability

Robust ..
Controllability

Robust
Observability
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Thank you very much for your attention
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