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Abstract—In this paper, we study the rendezvous problem for
a group of autonomous robots that can be terrestrial or aerial
vehicles. The robots have to simultaneously meet at a point. This
problem has been addressed by several researchers during the last
few years. Various decentralized strategies have been developed
and analyzed that guarantees rendezvous behavior. One such
strategy is the cyclic pursuit strategy applied to the holonomic
agents. Unlike most of the other strategies, cyclic pursuit allows to
design the controller gain such that the agents meet at a desired
point. However, if an agent fails, the cyclic connection between the
agents will be lost and the whole system will break unless there
is a rewiring of the connection and reassignment of controller
gains. This becomes a non-trivial problem if we want to maintain
the rendezvous point same as before. This paper elaborates a
decentralized strategy that handles the issue of agent failure in
cyclic pursuit. The rewiring mechanism to establish the cyclic
connection and the reassignment of the gains are discussed and
simulations are presented to validate the strategy presented in
this paper.

I. I NTRODUCTION
Research on cooperative control of multiple autonomous
agents has been actively pursued during the last couple of
years [1], [2]. Agents are the generic names for the autonomous
vehicles like mobile robots, UAVs, under-water vehicles, and
spacecrafts. A group of such agents are considered with each
agent having limited resources and capabilities. The cooperative control strategy drives the agents to collectively achieve a
goal which is beyond the capability of a single agent.
One of the interesting missions of the multi-agent systems
is the cooperative rendezvous. Here, agents converge to a common point which may/maynot be prespeciﬁed. Bhattacharya et
al. [3] studied the rendezvous problem of scalar agents having
linear kinematics using ellipsoidal cone invariance properties.
In [7] and [8], Lin et al. proposed a stop-and-go mechanism
for rendezvous at an unspeciﬁed position by synchronous and
asynchronous strategies. Rendezvous in a non-convex environment has been analyzed in [4]. Martinez [5] incorporated
the measurement noise in the rendezvous problem. In [6],
nonholonomic agents are considered and rendezvous in terms
of both position and orientation is achieved.
Cyclic pursuit strategy has recently gather momentum in the
the rendezvous and other formation control problems. Pavone
et al. [10] achieved a circular and spiral formations using linear
agents. In [12], a strategy to capture a target using cyclic
pursuit is studied. Different geometric formations are obtained
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by Lin et al. [15]. Marshall et al. [14] analyzed both holonomic
and nonholonomic agents. In [11], a smooth control law for
two nonlinear agents under cyclic pursuit are studied. One
of the initial work on cyclic pursuit was reported in [13]. In
[9], heterogeneous agents are examined and the heterogeneity
is utilized to obtain different behaviors − rendezvous at a
prespeciﬁed position and directed motion.
In cyclic pursuit, the connection between the agents are
cyclic and an agent follow another agent. Since there is only
one leader for each agent, if one of the agent fails, the
cyclic structure will break. Therefore, a rewiring is necessary.
However, with rewiring the behavior of the agents will change
from that of the original system. Here, we are interested to
develop a strategy that ensure that the behavior of the system
of agents remain as before even with an agent failure.
In this paper, the goal is that the agents should reach
a prespeciﬁed location simultaneously. Each agent can only
measure the distance of other agents with respect to itself
and it is not aware of its own absolute position. We look
at the control strategy developed in [9]. It has been shown
in the paper that this problem can be solved by using linear
cyclic pursuit, where the agent i pursues agent i + 1 (modulo
n) and the controller gains of the agents are assigned based
on the desired rendezvous point. Now, if one of the agents,
say p, fails, the cyclic connection between the agents will
be lost and the agent, that was following p, will not have
anyone to pursue. Under this situation, it will be interesting
to study how the cyclic connection can be established and the
gains be reassigned so that the rendezvous point remains the
same. The difﬁculty lies in the fact that there does not exist a
leader or a centralized controller to solve this problem. Also,
it will be advisable to have minimum amount of information
exchange among the agents in order to tackle this situation in
a decentralized manner. This paper addresses these issues and
develops a decentralized strategy for the reassignment of the
gains that guaranties that the goal is achieved.
This paper considers heterogeneous agents with linear kinematics. The main contribution of this paper is the contingency
strategy in case of one or more agents failure. Section II discusses about the basics of linear cyclic pursuit. In Section III,
the basic concepts about the contingency strategy is described.
Section IV gives the methodology for implementation of the
strategy. The decentralized algorithm is illustrated in Section
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V. In Section VI, simulations are presented and Section VII
concludes the paper.
II. P RELIMINARIES OF LINEAR CYCLIC PURSUIT
Let us consider n agents, ordered from 1 to n. Agent i
pursues agent i + 1 modulo n. The agents start from any
arbitrary positions on a plane. The position of the agents at
time t > 0 is given by
Zi (t) = [xi (t), yi (t)]T  R2 , i = 1, 2, . . . , n.

(1)

The kinematic that models agent i’s behavior, is

Fig. 1.

Żi = ui

The interesting point to be noted here is that for all time t

where ui is the control input given by
ui = ki (Zi+1 − Zi ), ∀ i

(3)

Thus, the velocity of the ith agent is proportional to the
distance between the ith and the i + 1th agent. The controller
gain for agent i is ki .
Since, xi and yi coordinates of the ith agent evolve independently for all i, they can be decoupled into two identical
linear system of equations as
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This system has been studied in details in [9]. Some of the
results are presented here which will be applied directly in
this paper.
The conditions for stability of (4) are given by the following
theorem:
Theorem 1: Consider n mobile agents with kinematics
given by (4). For all initial conditions and for ki > 0 ∀i,
all the agents converge to a point.
This is only a part of the stability results derived in [9]. In this
paper, we will consider the controller gains to be positive and
hence this result will be sufﬁcient.
When the system is stable, the control law acts as a
consensus strategy. The agents reach a consensus in position
which implies the agents achieve rendezvous. The rendezvous
point is a weighted average of the initial position of the agents
and the weights depend on the gains of the agents. The next
theorem gives an expression for the rendezvous point.
Theorem 2: If a system of n-agents having their initial
positions at Zi (t0 ) = [xi (t0 ), yi (t0 )]T and gains ki , ∀i, satisfy
Theorem 1, then they converge to a point Zf given by,
Zf =

n

i=1

1/ki
Zi (t0 )
1/kj

n
j=1

Agents at t = τ

(2)

(6)

where Zf is called a reachable point for this system of n
agents.

Zf =

n

Zi (t)/ki
n
j=1 1/kj
i=1

(7)

which is stated in the proof of Theorem 2. This implies
that the rendezvous point is the convex combination of the
instantaneous position of the agents. The weights of the convex
combination are functions of the controller gains. The gains of
the controller can be designed such that the agents converge
to a desired point. This result is detailed below:
Theorem 3: Consider a system of n agents with initial
positions at Zi (t0 ), i = 1, · · · , n. A point Z is reachable if
and only if,
Z ∈ Co(S)



n


Cp

(8)

p=1

where Co(S) is the convex hull of S = {Zi (t0 ) | i =
1, 2, · · · , n} and Cp is a cone that is ﬁnitely generated [16] by
the vectors (Zp (t0 ) − Zi (t0 )), i = 1, · · · , p − 1, p + 1, · · · , n
and has vertex at Zp (t0 )
This is a general result, but we are interested in Zf ∈ Co(S)
since we consider positive gains of the controller. This result
inspires us to address the problem that if an agent fails, the
gains can be reassigned for the n − 1 agents such that Zf
remains the same. In the next section, the procedure for gain
reassignment is discussed.
III. C ONTINGENCY STRATEGY
In this section, we look at a strategy by which the agent
p can be replaced by other agents. We consider the position
of the agents as points in a plane and derive all the analysis
based on these points. Here, we look at the instant when the
agent p has failed.
Let us consider that at time t = τ , agent p fails. The position
of agent p at τ is given by Zp (τ ). From (7), we can write
n

i=1,i=p

Zp (τ )/kp
Zi (τ )/ki
+ n
= Zf
n
j=1 1/kj
j=1 1/kj

(9)

that is, Zf is a convex combination of the points Zi (τ ), i =
i
. When the
1, . . . , n. The weights of each point is n1/k1/k
i
i=1
agent p fails, we will have Zp (τ ) = 0. Therefore, the
contribution by the point Zp (τ ) to obtain Zf , which is equal
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Z (τ )/k

to pn 1/kpj , has to be distributed among other points Zi (τ ).
j=1
This requirement can be interpreted in another way. If we can
express Zp (τ ) as a convex combination of some of the points
Z (τ )/k
Zi (τ ), i = p, then the weight pn 1/kpj can be shared by
j=1
these points (refer to Figure 1). Considering the agents to be
on a plane, then at least three such points are necessary.
Let us consider that Zp (τ ) can be represented as a convex
combination of Zm1 (τ ), Zm2 (τ ) and Zm3 (τ ), which are the
positions of the agents m1 , m2 , and m3 at τ . Then, we can
write
lm1 Zm1 (τ ) + lm2 Zm2 (τ ) + lm3 Zm3 (τ ) = Zp (τ ) (10)
(11)
lm1 + lm2 + lm3 = 1
i = 1, 2, 3
(12)
lmi ≥ 0,
The solution of (10)−(12) in term of the components along x
and y coordinates can be obtained as
1
lm1 =
(xm2 ym3 + xm3 yp + xp ym2
Δ
−xp ym3 − xm3 ym2 − xm2 yp )
(13)
1
(xm1 yp + xp ym3 + xm3 ym1
lm2 =
Δ
(14)
−xm1 ym3 − xm3 yp − xp ym1 )
1
(xm1 ym2 + xm2 yp + xp ym1
lm3 =
Δ
−xm1 yp − xp ym2 − xm2 ym1 )
(15)
where
Δ =

xm1 ym2 + xm2 ym3 + xm3 ym1
−xm1 ym3 − xm3 ym2 − xm2 ym1

(16)

Here, the positions (xmi , ymi ), i = 1, 2, 3, and (xp , yp ) are
considered at t = τ .
In terms of lm1 , lm2 and lm3 , (9) can be written as
(lm1 Zm1 (τ ) + lm2 Zm3 (τ ) + lm3 Zm3 (τ ))/kp
n
j=1 1/kj
n

Zi (τ )/ki
+
n
j=1 1/kj

(17)
= Zf

i=1,i=p

Rewriting the above equation
(1/km1 + lm1 /kp )Zm1 (τ ) (1/km2 + lm2 /kp )Zm2 (τ )
+
+
n
n
j=1 1/kj
j=1 1/kj
n

Zi (τ )/ki
(1/km3 + lm3 /kp )Zm3 (τ )
+
= Zf
n
n
1/k
j
j=1
j=1 1/kj
i=1,(i=p,
m1 ,m2 ,m3 )

The selection of the agents m1 , m2 and m3 will be discussed
in the next section. Another point to be noted here is that
to calculate lmi , i = 1, 2, 3, we need to know the absolute
position of the four agents p, m1 , m2 and m3 . Given the type
of problem we are addressing in this paper, it is not possible to
obtain these absolute measurements. Hence, this problem has
to be transformed such that reassignment of the gains can be
done with the relative distance measurements. This will also
be discussed in the next section.
Note: If Zp lies on the vertex of the convex hull of Zi (τ ), ∀i,
then we can not represent Zp (τ ) as a convex combination of
the points Zi (τ ), ∀i = p. Therefore, this strategy of replacing
the failed agent p cannot be applied. However, we may still
solve (10) and (11). The solution will contain lmi < 0 for
some i. The new gains will be computed using (19). If the
gains are all positive, our objective will be satisﬁed. If not,
we will have to ﬁnd suitable candidate agents for replacement
such that the ﬁnal rendezvous point is very close to Zf . We
intend to address this problem in details in a subsequent paper
and here we will assume that agent p is not at the vertex of
the convex hull of all the agents at t = τ .
IV. G AIN REASSIGNMENT
In this section, we address two problems. The ﬁrst problem
is to ﬁnd the agents m1 , m2 and m3 such that agent p is
within the convex hull formed by these agents. In the second
problem, we discuss how to calculate the new gains for the
agents m1 , m2 and m3 when only the relative position of the
agents can be measured.
Let us ﬁrst look at the problem of how to ﬁnd the new gains
of the agents m1 , m2 and p − 1.
A. Gain calculation
The new gains of the agents m1 , m2 and m3 are given by
(19). In order to evaluate (19), the agents have to calculate
lmi , i = 1, 2, 3, which are given in (13)−(15). We can rewrite
these equations as
lm1 =
(xp − xm3 )(ym2 − ym3 ) − (xm2 − xm3 )(yp − ym3 )
(20)
(xm1 − xm3 )(ym2 − ym3 ) − (xm2 − xm3 )(ym1 − ym3 )
lm2 =
(xm1 − xm3 )(yp − ym3 ) − (xp − xm3 )(ym1 − ym3 )
(21)
(xm1 − xm3 )(ym2 − ym3 ) − (xm2 − xm3 )(ym1 − ym3 )
lm3 =
ν
(22)
(xm1 − xm3 )(ym2 − ym3 ) − (xm2 − xm3 )(ym1 − ym3 )
where

(18)
This equation should be true for all time t ≥ τ . Comparing the
above equation with (9), we can see that the gains of agents
m1 , m2 and m3 should be reassigned to k̄m1 , k̄m2 and k̄m1 ,
where
1
1
lm
=
+ i,
i = 1, 2, 3
(19)
kmi
kp
k̄mi
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ν

= {(xm2 − xm3 ) − (xm1 − xm3 )}
{(yp − ym3 ) − (ym1 −ym3 )} − {(xp − xm3 ) −
(xm1 − xm3 )}{(ym2 − ym3 ) − (ym1 − ym3 )}

It can be seen that lm1 , lm2 and lm3 can be computed from the
relative distances of the agents p, m1 and m2 from the agent
m3 at time t = τ .
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satisfy both the following conditions

T 

xm1 − xp
xp − xp−1
≥0
ym1 − xp
yp − yp−1

T 

xm1 − xp
−(yp − yp−1 )
≥0
ym1 − xp
xp − xp−1

Fig. 2.

Agent selection

Now, agent p is pursued by agent (p − 1). When agent p
fails, only agent (p − 1) knows (Zp (τ ) − Zp−1 (τ )). Therefore,
it becomes obvious to consider agent m3 as the agent (p − 1).
It then remains to ﬁnd the agents m1 and m2 and their relative
distances from agent (p − 1).

B. Agent selection
In order to replace agent p that failed at time τ , we need
three agents m1 , m2 and m3 such that the agent p is within the
convex hull formed by the agents mi , i = 1, 2, 3 at t = τ . We
assumed that the agent p − 1 is agent m3 as discussed in the
previous subsection. The selection of the other two agents m1
and m2 can not be done independently. However, if the number
of agents are sufﬁciently large, then we propose a mechanism
by which the agents m1 and m2 can be independently selected.
Here, we do not quantify the term “large”, but assume that
when it is large, the proposed method will work under most
of the situations. In Section VI, Monte Carlo simulations are
carried out to show how the number of agents affects the
success of this algorithm.
Consider Figure 2 which shows the agents p and p − 1 at
t = τ . We can divide the plane into four quadrants by the
−−−−−→
line Zp Zp−1 and its perpendicular. Two of the quadrants are
marked A and B and are shaded in the Figure 2. The objective
is to select one agent from each of the two sectors. This will
ensure that the agent p remains within the convex hull of the
selected agents, m1 and m2 and the agent p − 1. This is a
restrictive condition but it ensures that the selection of m1 and
m2 do not depend on each other. However, it may happen that
either or both the sectors do not contain any agents. If there are
no agents in both the sectors, it implies that the agent p is at
the vertex of the convex hull of all the n agents. This condition
is mentioned in the note of the previous section. On the other
hand, if one of the sector is empty, the present method can be
extended. We will not address this problem in this paper due
to the page limitation.
Consider the sector A. An agent m1 in this sector should

(23)
(24)

We will similarly have a set of conditions for sector B. Agent
(p − 1) can evaluate these conditions since it can calculate
Zm1 − Zp = (Zm1 − Zp−1 ) − (Zp − Zp−1 ). Therefore, agent
(p − 1) will be able to select agents m1 and m2 .
Remark: Two of the three agents mi , i = 1, 2, 3 are collinear
with agent p. This corresponds to the equality in either of (23)
and (24) or its counterpart in the other sector. This implies
that the agent p lies on the boundary of the convex hull of mi ,
i = 1, 2, 3 and therefore one of the weights lmi will be zero.
The next section will consolidate the procedure developed
for replacement of a failed agent in a decentralized setup.
V. D ECENTRALIZED IMPLEMENTATION
In this section, we elaborate the decentralized strategy that
needs to be invoked when an agent fail. We make the following
assumptions (a) a cyclic connection exists between the agents where
agent i follows i + 1, modulo n
(b) controller gain ki for all i is decided a priori based on
the desired rendezvous point
(c) each agent i knows the gains ki and ki+1
(d) each agent i knows the identity of agent i + 2 (leader of
i + 1) and i − 1 (follower of itself).
When an agent p fails, agent p − 1 has a crucial role to
play. In order to retain the desired rendezvous point, agent
p − 1 and two more agents has to change their gains. Agent
p − 1 selects an agent m1 that lies in the sector A of Figure 2.
It also selects an agent m2 from the sector B. It establishes a
communication link with the agents m1 and m2 , and obtains
the value of their gains km1 and km2 . Since agent p − 1 can
sense the relative distance of agents m1 and m2 with respect
to itself and it knows the relative distance to agent p, it can
compute the new gains k̄m1 , k̄m2 and k̄p−1 using (19). Agent
p − 1 communicates the new gains to the agents m1 and m2
which they start using immediately in their control law. Also
agent p − 1 starts using the new gain.
Secondly, to reestablish the cyclic connection between the
agents, agent p − 1 should start to follow agent p + 1. Since
the identity of agent p + 1 was available to agent p − 1, it
can search and start following p + 1. However, the rewiring
should be informed to the agents p − 2 and p + 2 as given in
assumption (d) above. This can be done by transmitting the
information along the cyclic connection.
This algorithm is illustrated in Table I. The steps 1-8 have
to be completed as quickly as possible, while step 9-11 can
tolerate some delays. Our assumption here is that the time
required to complete the steps 1-8 will be such that the
distances moved by the agents are not signiﬁcant compared
to the total distance they have to cover. This is a decentralized
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Step
Step
Step
Step
Step
Step
Step
Step
Step
Step
Step

ALGORITHM
(executed by agent (p − 1) when agent p fails)
1:
Select agent m1 that satisﬁes (23) and (24)
2:
Similarly select agent m2
3:
Establish contact with m1 and m2
4:
Obtain the gains km1 and km2 from agents m1
and m2 respectively
5:
Compute lmi , i = 1, 2, 3 from (20)-(22)
6:
Compute k̄mi , i = 1, 2, 3 from (19)
7:
Communicate k̄m1 and k̄m2 to m1 and m2 respectively
8:
Search and start following agent p + 1
9:
Communicate to agent p − 2 the identity of agent
p + 1 and the gain k̄p−1
10: Communicate to agent p + 1 that it is following
p+1
11: Obtain the identity of agent p + 2 and gain kp+1
from agent p + 1

Agent

Position at t = 0

Position at t =
0.1

Initial
gains

New
gains

1

( -3.7, -38.2)

( -12.72, -41.23)

0.66

0.66

2

(-160.3, -95.3)

(-131.43, -75.70)

1.66

1.66

3

( 33.9, 23.3)

( 25.41, 39.70)

2.66

2.66

4

( -13.1, 123.5)

( 5.78, 69.77)

3.66

3.66

5

( 48.5, -57.8)

( 46.87, -44.43)

4.66

4.66

6

( 59.9, -50.1)

( 33.58, -3.24)

5.66

5.66

Blue

( -8.6, 72.3)

( 1.09, 50.81)

6.66

3.80

Red

( 32.5, 3.9)

( -1.10, 28.10)

7.66

−

Green

( -33.5, 154.1)

( -27.01, -3.31)

8.66

9.10

Yellow

( -32.2, -170.1)

( -17.94, -89.59)

9.66

7.88

TABLE II
P OSITIONS AND GAINS OF THE AGENTS

TABLE I

strategy where only three agents are involved. We require three
agents because we are considering a two-dimensional plane
where the agents are moving. If the agents are restricted to onedimensional plane, only two agents will be necessary, while
in the case of three-dimension, four agents will be required.
We can follow a similar procedure for selecting the agents and
changing their gain values.
Remark: It is to be noted here that in order to calculate lmi
for i = 1, 2, 3 in (13)-(15), the x and y coordinates of the
position of agents m1 and m2 are required. However, the agent
p − 1 does not have to maintain a global reference frame for
this purpose since (10)-(12) are invariant under rotation of the
reference frame.
In the next section, we demonstrate this strategy on a group
of agents moving on a plane.
VI. S IMULATION RESULTS
First, we illustrate the gain reassignment strategy for particular case and then show the Monte carlo simulation for different initial conditions. Consider ten agents randomly placed
in a two-dimensional plane. The gains of the agents are also
selected randomly. The position and the gains are tabulated
in Table II. When non of the agents fail, they rendezvous at
(−20.8 − 22.6). This is shown in Figure 3.
In the next simulation, the agent Red fails after 0.1sec from
start. The cyclic connection of the agents are such that the
Blue follows the Red, the Red follows the Green and the Green
follows the Yellow. Therefore, Blue should now follow Green.
In 0.1second, the agents have traced a trajectory given by the
red lines in Figure 4. When the Red fails, blue selects Green
and Yellow to change their gains. It is by coincidence that
Blue has selected Green which is also the agent that Blue has
to follow. The new gains for the Blue, Green and Yellow agents
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Fig. 3.

Trajectory of 10 agents

are shown in the Table II. The nine agents ﬁnally converge to
the point (−20.8 − 22.6) which is the rendezvous point of the
original systems with ten agents. The trajectories of the agents
are shown in Figure 4.
However, consider the case when the agents did not modify
their gains but established the cyclic connection. It can be seen
from simulation that when Red fails and Blue starts following
Green while the gains of all the agents remain the same, the
rendezvous point is (−21.59, −24.48). This is different from
the one obtained when there is no failure.
To test the success rate of this algorithm, a Monte Carlo
simulation is generated which is shown in Figure 5. Each
bar corresponds to the size of the group of agents, which is
varied from group of 10 agents to a group of 200 agents. For
each group, simulations are carried out for 100 different initial
conditions. In all the cases, we considered that the agent 1 has
failed at 0.1 sec. The plots in the ﬁgure shows the number of
times the algorithm could successfully resign the gains. It can
be seen that as the group size increases, that is, the number
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it is assumed that the new gains can be calculated before any
signiﬁcant movement of the agents. It is also assumed that the
three agents involved in gain rescheduling will not fail until the
process is complete. This is a reasonable assumption since we
so not expect the agents to fail very frequently. The behavior
of the rest of the agents remain unchanged. The theoretical
results are veriﬁed though simulations.
However, new strategy can be developed when we can not
ﬁnd three agents, the convex hull of which contains the failed
agent. Also, the systems with negative controller gains will be
interesting to address. A future extension of this work will be
to apply this concept for general connection topologies.
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Rate of success for 100 initial conditions
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