
LOS BASED ATTITUDE ALIGNMENT OF TWO SPACECRAFT IN FORMATION

R. Warier and A. Sinha
Systems and control Engg, IIT Bombay, India

rakeshwarier@sc.iitb.ac.in, asinha@sc.iitb.ac.in

Abstract

In this paper we propose a novel control law for achieving attitude alignment and
formation keeping of a two spacecraft formation making use of line of sight (LOS) mea-
surements in each spacecraft’s own body frame. The proposed control law achieves
formation keeping, velocity synchronization, and alignment of attitudes of spacecraft
about LOS asymptotically.
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1 Introduction

Formation flying is enabling technology which is eagerly sought for future space missions.
Many of the planned formation flying missions require precise control of positions as well
as orientations of spacecraft used in the mission. Thus combined attitude and position
control is a necessary part of formation flying design. Here we consider coupled attitude
and position control of a two spacecraft formation where attitudes of spacecraft are not
measured and only angular velocities, LOS unit vectors and relative velocity measure-
ments are known. The objective is to achieve a formation keeping with desired distance
between two spacecraft and alignment of attitudes along inertial LOS unit vector.

Authors Scharf et al. in their survey papers [1] and [2] on formation flying divides the
literature on the area in to two categories based on dynamic environment: Deep Space
(DS) where relative spacecraft dynamics reduce to double integrator form and Planetary
Orbital Environments (POE), where spacecraft are subjected to significant orbital dynam-
ics and environmental disturbances. We here consider Deep Space like environment with
double integrator like relative translational dynamics.

There are many works in literature that make use of LOS unit vector measurements
for relative navigation or relative orbit determination of spacecraft. The idea of inertial
LOS based cyclic formation control is proposed in [4]. Relative orbit determination using
LOS vectors is considered in [3], to cite a few. The idea that LOS unit vectors in respec-
tive body frames of individual spacecraft can be used for relative attitude determination is
more recent. [5] shows that deterministic relative attitude determination is possible for a
formation of three vehicles. Lee in [7] proposes a control law to asymptotically stabilize
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relative attitude between two spacecraft making use of line of sight (LOS) direction ob-
servations between two spacecraft, and LOS direction observations to a common object.
But in [7] the relative positions of two spacecraft and the common object are assumed to
be fixed. We consider the combined problem of attitude alignment and formation keeping
of two spacecraft and hence the relative positions of spacecraft are not fixed. Unlike [7]
no common object is considered. Here the problem of simultaneously achieving attitude
alignment along the LOS vector and formation keeping making use of only relative mea-
surements in each spacecraft’s own body frame is considered. Attitudes of two spacecraft
get aligned along LOS such that LOS vector between two spacecraft is represented in
same way in body frames of both spacecraft. No absolute measurement is needed for the
control law. All the measurements and control inputs are in local coordinates frame. Final
formation achieves velocity synchronization.

This paper is organized as follows. The problem is formulated in section 2. Section
3 gives the error functions used, the proposed control law and proof for asymptotic con-
vergence. Section 4 illustrates by a numerical example. A summary is given in section
5.

2 Problem Formulation

2 Dynamics

The attitude of a spacecraft is the orientation of its body fixed frame with respect to the
inertial reference frame. This is represented by a rotational matrix in special orthogonal
group given as SO(3) =

{
R|RTR = I, det(R) = 1

}
. Equations of motion of the attitudes

of ith spacecraft, for i = 1, 2 is given by

Ṙi = RiS(Ωi) (1)
JiΩ̇i = JiΩi × Ωi + τi (2)

where Ji ∈ R3×3 is the moment of inertia, Ωi ∈ R3 the angular velocity, and τi ∈ R3 the
control torque in of ith spacecraft in its own body fixed frame. Here S(.) is the map given by
S(.) : R3 → so(3) such that S(x)y = x× y for any x, y ∈ R3. Translational dynamics of the
centre of mass of spacecraft is assumed to be double integrator dynamics. Translational
equations of motion of the ith spacecraft is given by

miṙi = mivi (3)
miv̇i = fi (4)

wheremi ∈ R, mi > 0, is the mass of the spacecraft and ri, vi ∈ R3 are position and veloc-
ity of ith spacecraft in inertial frame. fi ∈ R3 is force applied on ith spacecraft represented
in the inertial frame. We take

ui =
fi
mi

(5)

ui ∈ R3 represents the translation control input for ith spacecraft in inertial frame
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Figure 1: Two spacecraft formation : Here x, y, z is the inertial reference frame. Position
vector of centre of mass of spacecraft 1. The body fixed frames of spacecraft 1 is given
by X ′, Y ′, Z ′. Similarly position vector of centre of mass of spacecraft 2 is r2 and body
fixed frame of spacecraft 2 is given by X ′′, Y ′′, Z ′′. Inertial LOS unit vectors ŝ12 and ŝ21 are
also illustrated in the figure.

2 Measurement strategies

Let (i, j) ∈
{

(1, 2), (2, 1)
}

. Let ŝ1j denote the line of sight unit vector observed from the ith

spacecraft to the j th spacecraft, represented in the inertial frame. This is given by

ŝij =
(rj − ri)
‖(rj − ri)‖

(6)

But measurements are made in each spacecraft’s own body frame. We define b̂1j as the
line of sight unit vector observed from the ith spacecraft to the j th spacecraft, represented
in the ith body fixed frame. This is given by

b̂ij = R>i (ŝij) = R>i
(rj − ri)
‖(rj − ri)‖

(7)

This is illustrated by figure 1. In addition to LOS unit vectors each spacecraft measures
relative velocity with respect to each other. We define vij as relative velocity of j th space-
craft observed from the ith spacecraft represented in the ith body fixed frame, given by

vij = R>i (vj − vi) (8)

Also let the distance between spacecraft be denoted by d. The spacecraft i has access to
relative LOS unit vectors b̂ij, relative velocity vij, distance between the spacecraft d, and
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own angular velocity Ωi and b̂ji which is communicated from spacecraft j. The derivatives
of these quantities expressed in terms of vij, b̂ij, d will be helpful for analysis. Time
derivative of d, when d 6= 0 is given by

d

dt
(d) =

1

2
(b̂12 · v12 + b̂21 · v21) (9)

Note that ∀ u, v ∈ R3, and R ∈ SO(3),

u · v = (Ru) · (Rv) (10)

By making use of (10), the time derivative of LOS direction vector b̂ij, {i, j} ∈ {(1, 2), (2, 1)}

d

dt
(b̂ij) = b̂ij × Ωi +

1

d
vij −

1

2
(b̂12 · v12 + b̂21 · v21)b̂ij (11)

We make use of following assumption are used in the paper.

(A1) Two LOS unit vectors namely b̂12 and b̂21, and distance between spacecraft d are
available to each spacecraft. In addition, each spacecraft i has access to the relative
velocity vector in own body frame vij, and own angular velocity Ωi.

(A2) The initial inertial positions of the two spacecraft do not coincide, i.e. r1(0) 6= r2(0).
Mathematically we cannot define LOS unit vector if r1 = r2. If r1(0) 6= r2(0) our
control law ensures that r1(t) 6= r2(t) for all t > 0.

2 Control Objective

We consider two spacecraft having dynamics given in (2)-(3) and which are able to com-
municate LOS unit vectors with each other. Now the control objective is to achieve,

1. Formation keeping: in other words keeping a desired distance d0 between the two
spacecraft: lim

t→∞
‖(r1(t)− r2(t))‖ = d0,

2. Velocity synchronization: lim
t→∞
‖v1(t)− v2(t)‖ = 0,

3. Attitude alignment along LOS vector: lim
t→∞
‖b̂12(t) + b̂21(t)‖ = 0 and lim

t→∞
Ω1(t) = 0,

lim
t→∞

Ω2(t) = 0

Here the first objective is to maintain constant distance between the two spacecraft. Sec-
ond objective is to maintain formation by keeping the inertial LOS vector constant. Third
control objective attempts to align attitudes of the two spacecraft along the inertial LOS,
such that LOS unit vector is same in both spacecraft’s body frames. Thus it is aligning
payloads of the two spacecraft point at the same direction along the inertial LOS direction.

3 Combined Attitude and Position Control

Each of the control objectives given above can be represented as minimization of a pos-
itive semi definite error function. We make use of three such error functions alignment
error function, distance error function and velocity synchronization error function.
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Alignment Error Function

We make use of an alignment error function of the form

Ψ1 =
1

2

∥∥∥b̂12 + b̂21

∥∥∥2

(12)

This error function is similar to that used in [6] and [7]. Now from elementary calculation
we have

Ψ1 =
1

2

∥∥∥b̂12 + b̂21

∥∥∥2

=
1

2

[
b̂12 · b̂12 + b̂12 · b̂21 + b̂21 · b̂21 + b̂21 · b̂12

]
=

1

2

[
2 + 2b̂12 · b̂21

]
=
[
1 + b̂12 · b̂21

]
Clearly Ψ1 ≥ 0 and 0 ≤ Ψ1 ≤ 2. For b̂12 = −b̂21 we have Ψ1 = 0 and for b̂12 = b̂21 we have
Ψ1 = 2. The time derivative of the error function is obtained to be

Ψ̇1 = (b̂21 × b̂12) · Ω1 + (b̂12 × b̂21) · Ω2 +
1

d
b̂21 · v12 +

1

d
b̂12 · v21 −

1

d
(b̂12 · b̂21)

(
b̂12 · v21 + b̂21 · v21

)
(13)

The time derivative of error function has additional terms compared to [6] as we consider
relative translational dynamics of spacecraft too. The detailed calculation is given in the
Appendix.

Distance Error Function

We define a distance error function Ψ2 of the form

Ψ2(r1, r2) =
(
‖r1 − r2‖ − d0

)2
= (d− d0)2 (14)

The distance error function is positive semi definite and Ψ2 = 0 only when ‖r1 − r2‖ = d0.
The derivative of Ψ2 is given by

Ψ̇2 = 2
(
d− d0

)
ḋ =

(
d− d0

)
(b̂12 · v12 + b̂21 · v21)

Velocity Synchronization Error Function

Similar to above velocity synchronization can be considered as a minimization of an error
function. We define a velocity synchronization error function Ψ3 of the form

Ψ3(v1, v2) =
1

2
‖v1 − v2‖2 (15)

The velocity synchronization error function is positive semi definite and Ψ3 = 0 only when
‖v1 − v2‖ = 0. Additionally the time derivative is given by

Ψ̇3 = (v1 − v2) · (u1 − u2)
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From (10) we can write

(v1 − v2) · u1 = −R>1 (v2 − v1) · (R>1 u1) = −v12 · (R>1 u1)

(v2 − v1) · u2 = −R>2 (v1 − v2) · (R>2 u2) = −v21 · (R>2 u2)

and thus

Ψ̇3 = −v12 · (R>1 u1)− v21 · (R>2 u2) (16)

A linear combination of error functions Ψ1, Ψ2, Ψ3 and rotational kinetic energy of the
two spacecraft is used as a Lyapunov-like function to prove stability results.

3 Control Law

We now propose a combined attitude and position control law as follows:

τ1 = −kΩ1Ω1 − k1(̂b21 × b̂12) (17)

τ2 = −kΩ2Ω2 − k1(̂b12 × b̂21) (18)

R>1 u1 = kv1(v12)− k2

(
d0 − d

)̂
b12 − k1

d

(
b̂21 −

(̂
b12 · b̂21

)̂
b12

)
(19)

R>2 u2 = kv2(v21)− k2

(
d0 − d

)̂
b21 − k1

d

(
b̂12 −

(̂
b12 · b̂21

)̂
b21

)
(20)

where control gains kΩ1 , kΩ2 , kv1 , kv2 , k1, k2 > 0. In the torque equations (17)(18) the first
terms correspond to dissipation, and the remaining term is chosen to minimize the error
function Ψ1. In position control laws (19),(20) terms are chosen to minimize error functions
Ψ3, Ψ2 and Ψ1 respectively. Since we assume that the two spacecraft have no access to
inertial coordinates, the control needs to be expressed in the local frame. Position control
input ui expressed in ith spacecraft’s body frame is R>i ui.

Proposition 3.1. Consider the system of equations under the control laws given in (17)-
(20) and let the assumptions (A1)-(A2) be satisfied. Then following results hold

(i) There exist two equilibrium configurations given by

Q1 = {(R1,Ω1, R2,Ω2, r1, v1, r2, v2)|Ω1 = Ω2 = 0, v1 = v2, ‖r1 − r2‖ = d0,

R>1 (r1 − r2) = R>2 (r1 − r2)} (21)
Q2 = {(R1,Ω1, R2,Ω2, r1, v1, r2, v2)|Ω1 = Ω2 = 0, v1 = v2, ‖r1 − r2‖ = d0,

R>1 (r1 − r2) = −R>2 (r1 − r2)} (22)

(ii) Undesired equilibrium configuration Q2 is unstable.

(iii) Desired equilibrium configuration Q1 is asymptotically convergent. A conservative
region of attraction is given by

Ψ1(0) < 2 (23)
2∑

i=1

λmax(Ji)‖Ωi(0)‖2 + Ψ2(0) + k2(‖v1(0)− v2(0)‖2) < 2k1 − Ψ1(0) (24)

where λmax(Ji) is the largest eigen value of Ji.
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Proof. : We make use of the LaSalle invariance principle and Chetaev’s instability theo-
rem for the proof.

(i) Consider a Lyapunov like function

V = k1Ψ1 + k2Ψ2 + Ψ3 +
1

2
Ω1 · (J1Ω1) +

1

2
Ω2 · (J2Ω2) (25)

Clearly V ≥ 0, and V = 0 only when v1 = v2, ‖r1 − r2‖ = d0, Ω1 = Ω2 = 0 and
b̂12 = −b̂21, i.e. (R1,Ω1, R2,Ω2, r1, v1, r2, v2) ∈ Q1. Now taking the time derivative we
have

V̇ = k1

[
(b̂21 × b̂12) · Ω1 + (b̂12 × b̂21) · Ω2 +

1

d
b̂21 · v12 +

1

d
b̂12 · v21

]
− k1

d
(b̂12 · b̂21)

(
b̂12 · v21 + b̂21 · v21

)
+ k2

(
d− d0

)
(b̂12 · v12 + b̂21 · v21)

− v12 · (R>1 u1)− v21 · (R>2 u2) + Ω1 · τ1 + Ω2 · τ2

Substituting control terms from (17)-(20) we have

V̇ = −kΩ1‖Ω1‖2 − kΩ2‖Ω2‖2 − (kv1 + kv2)‖v1 − v2‖2 ≤ 0

We have V bounded from below and V̇ ≤ 0, which gives that lim
t→∞
V(t) exists by

monotonicity. Now by LaSalle’s invariance principle, system dynamics converge
asymptotically to the largest positively invariant set in

E =
{

(R1,Ω1, R2,Ω2, r1, v1, r2, v2)|V̇ = 0
}

(26)

from which we have Ω1,Ω2 → 0 and (v1 − v2) → 0 as t → ∞, and r1 − r2, R1, R2

asymptotically goes to largest invariant set in E. Largest invariant set in E is given
by M = {(R1,Ω1, R2,Ω2, r1, v1, r2, v2)} ⊂ E which satisfies conditions

b̂21 × b̂12 = 0 (27)

R1

(
k2(d− d0)b̂12 −

k1

d

(
b̂21 − (b̂12 · b̂21)b̂12

))
= 0 (28)

R2

(
k2(d− d0)b̂21 −

k1

d

(
b̂12 − (b̂12 · b̂21)b̂21

))
= 0 (29)

From (27) we have b̂12 = ±b̂21. Consider the case where b̂12 = b̂21, we have b̂12 · b̂21 =
1, substituting in (28) and (29) we get

R1

(
k2(d− d0)b̂21 −

k1

d

(
b̂21 − b̂21

))
= 0 =⇒ k2(d− d0)R1b̂21 = 0 =⇒ d = d0

R2

(
k2(d− d0)b̂21 −

k1

d

(
b̂21 − b̂21

))
= 0 =⇒ k2(d− d0)R2b̂21 = 0 =⇒ d = d0
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Similarly for the second case where b̂12 = −b̂21, we have b̂12 · b̂21 = −1, and

R1

(
k2(d− d0)(−b̂21)− k1

d

(
b̂21 − b̂21

))
= 0 =⇒ k2(d− d0)R1(−b̂21) = 0 =⇒ d = d0

R2

(
k2(d− d0)b̂21 −

k1

d

(
− b̂21 + b̂21

))
= 0 =⇒ k2(d− d0)R2b̂21 = 0 =⇒ d = d0

Thus the largest invariant set in E is given by M = Q1 ∪Q2 where

Q1 = {(R1,Ω1, R2,Ω2, r1, v1, r2, v2)|Ω1 = Ω2 = 0, v1 = v2, ‖r1 − r2‖ = d0,

RT
1 (r1 − r2) = RT

2 (r1 − r2)} (30)
Q2 = {(R1,Ω1, R2,Ω2, r1, v1, r2, v2)|Ω1 = Ω2 = 0, v1 = v2, ‖r1 − r2‖ = d0,

RT
1 (r1 − r2) = −RT

2 (r1 − r2)} (31)

(ii) For the undesired configuration Q2 given by v1 = v2, ‖r1 − r2‖ = d, Ω1 = Ω2 = 0 and
R>1 (r2 − r1) = −R>2 (r1 − r2), we have V = 2k1. Define

W = 2k1 − V (32)

At undesired configuration Q2, we have W = 0. Now we can choose an arbitrar-
ily close region to Q2 (by choosing R1, R2 and r1 − r2) where the function W > 0.
Since Ẇ = −V̇ > 0, there exists at any arbitrarily small neighbourhood of the unde-
sired equilibrium, a solution trajectory that will escape, which gives that undesired
equilibrium is unstable ([8], Theorem 3.3).

(iii) When conditions in (23)-(24) are satisfied, V(0) < 2k1. Since V̇ ≤ 0, we have

0 ≤ V(t) < V(0) < 2k1 (33)

This guarantees that the undesired equilibrium configuration is avoided and system
dynamics converge to desired configuration Q1.

Undesired equilibrium configuration may have stable manifolds to itself. But the set of
all stable manifolds of undesired equilibrium configuration will have dimension less than
the tangent space of the configuration space and thus will be of measure zero. Now
compared to [6], the current work makes use of no third body and considers relative
dynamics between the two spacecraft. Not having a LOS unit vectors to a third body
compromises complete attitude alignment. But the proposed control law achieves attitude
alignment along inertial LOS direction. This means that payloads of the two spacecrafts
can point at same direction along inertial LOS direction, which is an important requirement
in missions such as two spacecraft space telescope. Additionally the proposed control
law controls the relative translational dynamics of the spacecraft along with rotational
dynamics.
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(a) Distance between two sopacecrafts (b) Velocity alignment error fiunction Ψ3 and attitude
alignment error function Ψ1

Figure 2: The error functions

4 Simulation Results

Numerical simulation is carried out with following initial conditions. Moments of inertia of
the two spacecraft are taken to be J1 = J2 = diag[2, 3, 5]Nm2. Let a = 1√

14
[1, 2, 3]>,

and à = 1√
3
[1, 1, −1]>. Following initial conditions are chosen for simulation: r1(0) =

[0, 0, 0]>, v1(0) = [3, 5, 8]> m/s, Ω1(0) = [2, −0.1, 0.5]> rad/s, and R1(0) = exp(πS(a))
where S(.) is the map from S(.) : R3 → so(3) defined in section 2 and exp is the matrix
exponential. Initial conditions for spacecraft 2 r2(0) = r1(0) + 10(a), v2(0) = [−5, 5, 11]>

m/s, Ω2(0) = [1, 0.7, 0.3]> rad/s and R2(0) = exp(0.99πS(à)). Also let the desired distance
between the two spacecraft to be d0 = 20 m. Initial conditions are chosen to be close to
undesired equilibrium configuration. The control gains are chosen to be kΩ1 = kΩ2 = 3,
kv1 = kv2 = 0.6, k1 = 0.5, k2 = 1. Figure (2) shows distance between satellites achieving
desired value and velocity synchronization error and alignment error going to zero. The
control inputs are shown in figures (3).

5 Conclusion

A combined position and attitude control law to achieve desired relative distance between
the two spacecraft, velocity synchronization and attitude alignment about the line joining
the two spacecraft is proposed. The control law makes use of only relative information
and is shown that the control law achieves desired configuration asymptotically from all
initial conditions except from a set of measure zero. The control law is demonstrated by a
numerical example.

This work can be extended in several new directions. One of the future scope is to
extend the control law to multi spacecraft formation where complete attitude alignment
among spacecraft and formation keeping making use of LOS unit vector measurements
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(a) Position Control Input for spacecraft 1 (b) Position Control Input for spacecraft 2

(c) Attitude Control Input for spacecraft 1 (d) Attitude Control Input for spacecraft 2

Figure 3: The control inputs applied to the two spacecraft. (First component: dotted,
second component: dashed, third component: solid)
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is desired. The idea of using LOS unit vectors for combined relative attitude and position
control can be applied to tracking control and even swarm keeping control. Another future
direction will be attempting similar control methodology, considering gravitational affects
on spacecraft dynamics.
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A Calculations

Derivative of distance function

We have d = ‖r1 − r2‖. For d 6= 0, we have

d

dt
‖d‖ =

d

dt

√
(r2 − r1) · (r2 − r1) =

(r2 − r1) · (v2 − v1)

d

=
1

2d

[(
R>1 (r2 − r1) ·R>1 (v2 − v1)

)
+
(
R>2 (r1 − r2) ·R>2 (v1 − v2)

)]
=

1

2
(b̂12 · v21 + b̂21 · v21) (A.1)

We have made use of (10) for representing the derivative in a nice way.

Derivative of LOS unit vectors

We have b̂ij = R>i
(rj−ri)

d

d

dt
(b̂ij) = Ṙi

> (rj − ri)
d

+
1

d
R>i (vj − vi)−R>i (rj − ri)

1

2d2
(b̂12 · v21 + b̂21 · v21)

= −R>i ṘiR
>
i (rj − ri) +

1

d
vij −

1

2d
(b̂12 · v21 + b̂21 · v21)b̂ij

= b̂ij × Ωi +
1

d
vij −

1

2d
(b̂12 · v21 + b̂21 · v21)b̂ij (A.2)

Derivative of Ψ1

We have Ψ1 = 1
2
‖b̂12 + b̂21‖2 = 1 + b̂12 · b̂21. Time derivative is given by

Ψ̇1 = b̂21 ·
(
b̂12 × Ω1 +

1

d
v12 −

1

2d
(b̂12 · v21 + b̂21 · v21)b̂12

)
+ b̂12 ·

(
b̂21 × Ω2 +

1

d
v21 −

1

2d
(b̂12 · v21 + b̂21 · v21)b̂21

)
= (b̂21 × b̂12) · Ω1 + (b̂12 × b̂21) · Ω2 +

1

d
b̂21 · v12 +

1

d
b̂12 · v21

− 1

d
(b̂12 · b̂21)

(
b̂12 · v21 + b̂21 · v21

)
(A.3)
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