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Abstract— This work studies formation control of two space-
craft formation where communication architecture has a serial
network structure. The leader controls its absolute position
and absolute attitude with respect to an inertial frame, and
the follower controls its relative position and attitude with
respect to leader. Both absolute attitude and relative attitude
control systems are obtained directly in terms of the line-of-
sight observations between the spacecraft. The translational
dynamics of spacecraft are assumed to follow Keplerian orbital
dynamics. The closed loop system is shown to be almost global
asymptotically stable and a conservative region of attraction is
given.

I. INTRODUCTION

Spacecraft formation flying is extensively studied as dis-
tributing tasks over multiple spacecraft cooperating together
is more efficient, robust and less costly than a large monolith-
ic spacecraft of same capabilities. Thus spacecraft formation
flying is an enabling technology that can tremendously
improve capabilities of future space bound structures. How-
ever cooperative formation flying necessitates spacecraft to
maintain specific relative position and attitude configuration
with respect to each other, precisely ([1]).

There has been several works where precise relative
position control of spacecraft in formation are considered,
mostly making use of GPS [2]. However most of the existing
relative attitude control laws (for example [3]) follow a
common framework : It is assumed that absolute attitude
of each spacecraft is measured independently with respect
to a common inertial frame and are communicated to each
other so as to calculate relative attitude. As relative attitudes
are calculated indirectly, the accuracy is limited by attitude
sensors of either spacecraft.

Line-of-sight (LOS) vectors can be used as a convenient
way to measure relative attitudes. Line-of-sight (LOS) obser-
vations between spacecraft can be found by standard light-
beam focal-plane detector technology or by laser commu-
nication hardware as given in [4]. The notion of attitude
determination of a spacecraft from three independent vector
observations in the spacecraft’s own frame was proposed in
[5], where the authors gave TRIAD and QUEST algorithms
for attitude determination. Recently T. Lee and others in [6],
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[7] and [8] considered the relative attitude control without
constructing full attitudes of spacecraft and comparing them
to find relative attitude. In [6] the control law to achieve
desired relative attitude between two spacecraft is obtained
in terms of LOS unit vectors between the spacecraft and line-
of-sight(LOS) unit vectors from each spacecraft to a common
object in the respective body frames. [7] consider relative
attitude trajectory tracking control for multiple spacecraft.
However these works restrictive in the sense that the relative
positions among spacecraft, and therefore the lines-of-sight
with respect to the inertial frame, were assumed to be fixed.
In [9], [10] authors proposed a novel LOS based relative
attitude control law that allowed translational motion of
spacecraft during attitude manoeuvres. This paper extends
the concept to a two serially connected spacecraft formation
under gravity. In addition absolute attitude of leader is also
controlled along with relative attitude of follower w.r.t. leader
spacecraft.

In this work we consider a leader spacecraft and a follower
spacecraft orbiting earth under gravity. The leader spacecraft
controls its absolute position and absolute attitude with
respect to an inertial frame so as to track a desired attitude
and position trajectory. The follower spacecraft controls its
relative position and relative attitude with respect to the
leader. The absolute and relative control laws are developed
in terms of line-of-sight observations. The control system is
constructed in SO(3), thus avoiding singularities associated
with local parametrizations and ambiguity of quaternions.
The control law is shown to be almost global asymptotically
stable.

II. PROBLEM FORMULATION

A. Mathematical Preliminaries

Spacecraft attitude dynamics are modelled as rigid body.
Spacecraft attitude dynamics and translational dynamics are
assumed to be decoupled. State space of a rigid body attitude
dynamics is a compact manifold SO(3). However classical
approach of attitude control made use of local representations
like Euler angles and non unique representations like quater-
nions. It was only recently that rigid body attitude control
problems were analysed in SO(3). Some examples of rigid
body attitude control in SO(3) is given by [11], [12], [13]
and [14]. The manifold SO(3) is given by

SO(3) =
{
R ∈ R3×3|R>R = RR> = I, det(R) = 1

}
(1)

Due to topological properties of SO(3) no globally asymp-
totically stable equilibrium exists under continuous control
([15]). SO(3) forms a Lie group under the group operation
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matrix multiplication. Lie algebra of SO(3) is denoted as
so(3) and is given by

so(3) = {S ∈ R3×3 | S = −S>} (2)

Map ∧ : R3 → so(3) denotes the isomorphism from R3

to so(3). If x = [x1, x2, x3]T , x ∈ R3

x̂ =

 0 −x3 x2

x3 0 −x1

−x2 x1 0

 (3)

Further x̂ represents the skew symmetric matrix implement-
ing cross product, i.e. x̂y = x×y, ∀y. It’s inverse is denoted
as ∨ : so(3) → R3, implicitly we can define (x̂)∨ = x.
We define a map skew : R3×3 → so(3), as skew(A) :=
A−A>

2 . Now ∀A ∈ R3×3, (skew(A))∨ is defined. Also let
sym(A) := A+A>

2 , notice that A = sym(A) + skew(A).
The following result is useful. ∀ a1, a2 ∈ R3, and R ∈

SO(3),

R>â1R =R̂>a1 (4)

tr() is the trace of a square matrix, defined as sum of its
diagonal elements, ∀A1, A2 ∈ Rn×n. We refer to [16],

tr(A1A2) =tr(A2A1) (5)

tr(A>1 A2) =tr(A>2 A1) = tr(A1A
>
2 ) (6)

tr(A1A2) =tr(A>2 A
>
1 ) = tr(A>1 A

>
2 ) (7)

tr(A>1 A2) =

3∑
i=1

coli(A1) · coli(A2) (8)

tr(â1â2) =2(a1 · a2) (9)
tr(sym(A1)â1) =0 (10)

here coli(A1) is the i-th column of matrix A1. Also we
denote the 3×3 identity matrix by I . Also following lemmas
are helpful.

Lemma 1. tr() is the trace of a square matrix, defined as
sum of its diagonal elements, ∀R1 ∈ SO(3) and ∀ a1 ∈ R3

tr(R1(R>1 a1)∧) =2(skew(R1))∨ · a1 (11)

Proof.

tr(R1(R>1 a1)∧) =tr(R1R
>
1 â1R1) by (4) (12)

=tr(R1â1) by (5) (13)

=tr((skew(R1) + sym(R1)) ˆ(a1)) (14)
=2(skew(R1))∨ · a1 by (10) and (9)

(15)

Hence proved.

Lemma 2. Let A,B ∈ R3×3, Then(
2skew(AB>)

)∨
=(AB> −BA>)∨

=− (a× x)− (b× y)− (c× z) (16)

where a, b, c are column vectors of A and x, y, z column
vectors of B.

Proof. Let Γ = (AB>−BA>). Clearly Γ is skew symmet-
ric, thus has diagonal elements zero. Non diagonal elements
of Γ are obtained to be

(Γ)12 =(a1x2 − a2x1) + (b1y2 − b2y1)

+ (c1z2 − c2z1) (17)
(Γ)13 =(a1x3 − a3x1) + (b1y3 − b3y1)

+ (c1z3 − c3z1) (18)
(Γ)23 =(a2x3 − a3x2) + (b2y3 − b3y2)

+ (c2z3 − c3z2) (19)

And by definition of ∨ map we have

(Γ)∨ =

 −(Γ)23

(Γ)13

−(Γ)12

 (20)

Now notice the standard expression of vector product given
by,  a1

a2

a3

×
 x1

x2

x3

 =

 a2x3 − a3x2

−(a1x3 − a3x1)
a1x2 − a2x1

 (21)

Substituting (17)-(19) in (20) and comparing terms with (21),
the identity (16) is evident.

B. Dynamics

In figure (1) spacecraft 1 is the leader spacecraft and
spacecraft 2 is the follower spacecraft. We consider two far
away objects or stars denoted by 3 and 4 whose relative
positions in inertial frame are available to spacecraft 1. Let
r1, r2, r3, r4 ∈ R3 be the position vectors of centre of mass
of leader spacecraft, follower spacecraft, the common object
3 and 4 respectively, in earth centric inertial frame (ECI).

s
21

s
12

Spacecraft 2

Spacecraft 1

Common object 3

Object 4

s13
s 2

3

s14

Fig. 1: Inertial LOS vectors ŝ12 and ŝ21, ŝ13 and ŝ14 between
centre of masses of spacecraft 1, 2 and external objects 3, 4
are shown in the figure.

Let (i, j) ∈
{

(1, 2), (2, 1), (1, 3), (2, 3), (1, 3), (1, 4)
}

. We
denote the line-of-sight unit vector observed from the i-
th spacecraft to the j-th spacecraft and represented in the
inertial frame as sij . This is given by

sij =
(rj − ri)
‖(rj − ri)‖

(22)
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Measurements are however made in each spacecraft’s own
body frame. We define lij as the line of sight unit vector
observed from the i-th spacecraft to the j-th spacecraft,
represented in the i-th body fixed frame. This is given by

lij = R>i sij = R>i
(rj − ri)
‖(rj − ri)‖

(23)

We assume
(A1) The centre of masses of the spacecraft 1, common

object 3 and the common object 4 are not collinear or
coinciding (r3(t)−r1(t))× (r4(t)−r1(t)) 6= [0 0 0]>,
∀t > 0.

(A2) The centre of masses of the spacecraft 1, spacecraft 2,
and common object 3 are not collinear or coinciding
(r2(t)− r1(t))× (r3(t)− r2(t)) 6= [0 0 0]>, ∀t > 0.

(A3) Desired angular velocities Ωdi (t) and desired velocities
vdi (t) are bounded.

Assumption (A1) and (A2) are necessary because collinear-
ity prevents complete attitude determination from LOS mea-
surements. Spacecraft 1 measures line-of-sight unit vector
from itself towards spacecraft 2 and communicates the same
to spacecraft 2. Line-of-sight unit vectors from spacecraft
2 towards spacecraft 1 and towards object 3 are measured,
and along with line-of-sight communicated from spacecraft
1 used to control relative attitude between spacecraft 2 with
respect to attitude of spacecraft 1. All line-of-sight vectors
are measured between centre of masses of spacecraft.

1) Position Dynamics: Equations of motion of the i-th
spacecraft orbiting earth under gravity, for i = 1, 2 are given
by

ṙi = vi (24)

v̇i = − µri
‖ri‖3

+ ui (25)

where ri ∈ R3 is the position vector and vi ∈ R3 is the
velocity vector of the centre of mass of spacecraft i in ECI
frame, ui ∈ R3 is the force applied per unit mass and µ =
3.98658366 × 1014m3s−2 is the gravitational parameter of
earth.

2) Attitude Dynamics: Equations of motion of the atti-
tudes of i-th spacecraft, for i = 1, 2 are given by

Ṙi = RiΩ̂i (26)
JiΩ̇i = JiΩi × Ωi + τi (27)

where Ji ∈ R3×3 is the moment of inertia, Ωi ∈ R3 the
angular velocity, and τi ∈ R3 the control torque in of i-th
spacecraft in its body fixed frame.

We define Q21 as the relative attitude of spacecraft 2 with
respect to the attitude of spacecraft 1, i.e.

Q21 := R>1 R2 (28)

The time derivative of relative attitude Q21 is obtained to be

Q̇21 =−R>1 R1Ω̂1R
>
1 R2 +R>1 R2Ω̂2

=− Ω̂1Q21 +Q21Ω̂2

=Q21Ω̂21 (29)

where we define Ω21 to be

Ω21 := Ω2 −Q>21Ω1 (30)

here we have made use of (4).
3) Desired Dynamics: Let rd1(t) be the desired orbit

profile of the leader spacecraft and let rd21(t) be the desired
relative position trajectory of follower spacecraft with respect
to the leader spacecraft.

ṙd21 = vd21 (31)

Using (31) desired position dynamics rd2(t) and velocity
dynamics vd2(t) are defined to be

rd2(t) := r1(t) + rd21(t) (32)

vd2(t) := v1(t) + vd21(t) (33)

Let the desired time varying attitude of the leader be given
by Rd1(t). Then it satisfies kinematic relation,

Ṙd1 = Rd1Ω̂d1 (34)

Here Ωd1(t) is the desired relative angular velocity. Let
Qd21(t) be a desired relative attitude trajectory of spacecraft 2
with respect to the attitude of spacecraft 1, and is given as a
smooth function of time. Then it satisfies kinematic relation,

Q̇d21 = Qd21Ω̂d21 (35)

Here Ωd21(t) is the desired relative angular velocity. We
choose Ωd2(t) to be smooth trajectories that satisfy,

Ωd21 = Ωd2 − (Qd21)>Ω1 (36)

C. Error Variables

The attitude error of leader spacecraft is defined to be

X1 := (Rd1)>R1 (37)

The time derivative of X1 is given by

Ẋ1 =
d

dt
((Rd1)>R1)

= −(Rd1)>Rd1Ω̂d1(Rd1)>R1 + (Rd1)>R1Ω̂1

= −Ω̂d1(Rd1)>R1 + (Rd1)>R1Ω̂1

= −Ω̂d1X1 +X1Ω̂1 (38)

The relative attitude error between spacecraft 1 and 2

X21 := (Qd21)>Q21 (39)

The derivative is given by

Ẋ21 =
d

dt
((Qd21)>Q21)

= −(Qd21)>Qd21Ω̂d21(Qd21)>Q21 + (Qd21)>Q21Ω̂21

= −Ω̂d21(Qd21)>Q21 + (Qd21)>Q21Ω̂21

= (−Ω̂d21 +X21Ω̂21X
>
21)X21

= (−Ωd21 +X21Ω21)∧X21
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Here we have made use of lemma 1. Now

X21Ω21 = (Qd21Q
>
21(Ω2 − (Q21)>Ω1) = X21Ω2 −Q>21Ω1

(40)
Applying (40) we obtain that

Ẋ21 = (−Ωd21 +X21Ω2 −Q>21Ω1)∧X21 (41)

Angular velocity errors eΩi , i = 1, 2 are defined to be

eΩi
:= Ωi − Ωdi (42)

We define absolute position and velocity error variables
ζ1, ν1 respectively for spacecraft 1 as

ζ1 :=r1 − rd1 (43)

ν1 :=v1 − vd1 (44)

Relative position and velocity error variables ζ2, ν2 are
defined as

ζ2 :=r2 − rd21 − r1 (45)

ν2 :=v2 − vd21 − v1 (46)

D. Control Objectives

The control objectives are to achieve,
1) Achieve tracking of desired position trajectory for

the leader spacecraft lim
t→∞

(r1(t)) = rd1(t) and

lim
t→∞

(v1(t)) = vd1(t),
2) Achieving desired relative position trajectories be-

tween leader and follower lim
t→∞

(r21(t)) = rd21(t) and

lim
t→∞

(v21(t)) = vd21(t),
3) Achieving desired absolute attitude of leader spacecraft

lim
t→∞

(R1(t)) = Rd1(t),
4) Achieving desired relative attitude between leader and

follower spacecraft lim
t→∞

(R1(t))>R2(t) = Qd21(t),
5) Achieving desired angular velocities, lim

t→∞
Ω1(t) =

Ωd1(t) and lim
t→∞

Ω2(t) = Ωd2(t)

III. RELATIVE ATTITUDE DETERMINATION

We make use of LOS vectors measured in respective body
frames, l12, l21, l13 and l23 to determine relative attitude. We
refer to section 2.2 of chapter 12, [17].

l123 :=
(l12 × l13)

‖l12 × l13‖
=
R>1
(
(r2 − r1)× (r3 − r1)

)
‖(r2 − r1)× (r3 − r2)‖

(47)

l213 :=
(l21 × l23)

‖l21 × l23‖
=
R>2
(
(r1 − r2)× (r3 − r2)

)
‖(r1 − r2)× (r3 − r2)‖

(48)

In addition we have

(r2 − r1)× (r3 − r1) = (r2 − r3 + r3 − r1)× (r3 − r1)

= (r3 − r1)× (r3 − r2)

(r1 − r2)× (r3 − r2) = (r1 − r3 + r3 − r2)× (r3 − r2)

= −(r3 − r1)× (r3 − r2)

Since because of assumption (A1), we have (r3−r1)×(r3−
r2) 6= [0 0 0]> and l123 and l213 are well defined. If we

define s123 = (r3−r1)×(r3−r2)
‖(r3−r1)×(r3−r2)‖ , then l123 = R>1 (s123) and

l213 = −R>2 (s123), Observe that s123 = s12 × s13.
Construct a matrix with unit vectors l12, l123 and l12×l123

as the column vectors.

P1 := [l12 (l123) (l12 × l123)]

=
[
R>1 s12 R

>
1 (s123)R>1 (s12 × s123)

]
=R>1 [s12 (s123) (s12 × s123)] (49)

Similarly we can construct a matrix with unit vectors l21,
l213 and (l21 × l213) as the column vectors

P2 := [l21 (l213) (l213)× l21]

=−
[
R>2 s12 R

>
2 (s123)R>2 (s12 × s123)

]
=−R>2 [s12 (s123) (s12 × s123)] (50)

Note that columns vectors of both P1 and P2 form orthogonal
bases, and thus P1 and P2 are orthogonal matrices. Hence

P−1
1 = P>1 P−1

2 = P>2 (51)

From (49) and (50),

[s12 (s123) (s12 × s123)] =−R2P2 = R1P1 (52)

We can determine the relative attitude Q12 := R>1 R2 using
(50), to be

Q21 = R>1 R2 = −P1P
>
2 (53)

Similarly we construct vectors s134, and s1334 in the
following fashion,

s134 =
s13 × s14

‖s13 × s14‖
(54)

s1334 = s13 × s134 (55)

l134 =
l13 × l14

‖l13 × l14‖
(56)

l1334 = l13 × l134 (57)

Now let matrices Pl1 and Pl2 be

Pl1 = [s13 s134 s1334] (58)
Pl2 = [l13 l134 l1334] (59)

now as before we obtain that

R1 = Pl1P
>
l2 (60)

The attitude determination scheme is not explicitly used
in the control law. We make use of the scheme to show that
our control law indeed achieves tracking of desired relative
attitude trajectory.

IV. ERROR FUNCTIONS

We make use of error functions to design the control law.
Error functions are chosen such that minimizing of error
functions will achieve the control objectives.
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A. Attitude Error Functions

Trace and modified trace functions are very commonly
used in attitude control design. Some examples from the
literature include [14], [18] and [11]. For Q1, Q2 ∈ SO(3),
tr(Q>1 Q2) = 1+2 cos(θ), where θ is the angle of single axis
rotation between Q1 and Q2. tr(Q>1 Q2) obtains maximum
value when Q1 = Q2. Define

Ψ1(R1, R
d
1) :=tr(I − (Rd1)>R1) (61)

=tr(I + (Rd1)>Pl1P
>
l2 ) = tr(I −X1)

(62)

Ψ2(R1, R2, Q
d
21) :=tr(I − (Qd21)>R>1 R2) (63)

=tr(I − (Qd21)>Q21) (64)

=tr(I + (Qd21)>P1P
>
2 ) = tr(I −X21)

(65)

It can be seen that Ψ1,Ψ2 ≥ 0. The critical points of function
tr(I −N1) where N1 ∈ SO(3) are given by (from [14])

X ∈ {I, diag[1,−1,−1], diag[−1,−1, 1],

diag[−1, 1,−1]}

Also at N1 = I , the tr(I −N1) function is at its minimum
and at other critical points it achieves the maximum value of
4. Taking derivatives we have (from lemma A.1, [13]), we
have Ψ̇1 = −tr(Ẋ1). Substituting (38) we obtain,

Ψ̇1 = −tr(Ẋ1) = −tr(−Ω̂d1X1 +X1Ω̂1) (66)

= tr(X1Ω̂d1)− tr(X1Ω̂1) (67)

= −2(skew(X1))∨ · Ω1 + 2(skew(X1))∨ · Ωd1 (68)

= −2(skew(X1))∨ · (Ω1 − Ωd1) (69)
= −2(skew(X1))∨ · eΩ1

(70)

Here we have made use of (5) and (9). Similarly,

Ψ̇2 =tr(−Ẋ21)

=tr((−Ωd21 +X21Ω2 −Q>21Ω1)∧X21)

=tr((−Ω̂d21 +X21Ω̂2X
>
21 − (Q>21Ω1)∧)X21)

=tr(X21(Ω2 − Ωd21 − (Q>21Ω1))∧) = tr(X21êΩ2
)

=2(skew(X21))∨ · eΩ2

The last expression is obtained by applying lemma 1, (9)
and (7). Remember coli(A1A2) = A1coli(A2), A1, A2 are
square matrices and coli(A1) indicate i-th column of matrix
A1. From the attitude determination scheme we have,

2skew(X1) =2skew((Rd1)>Pl1P
>
l2 ) (71)

=2skew
(
((Rd1)>Pl1)P>l2

)
(72)

2skew(X21) =− 2skew((Qd21)>P1P
>
2 ) (73)

=− 2skew

((
(Qd21)>P1

)
P>2

)
(74)

Now making use of lemma 2 with A = (Rd1)>Pl1 and B =
Pl2 we have

(2skew(X1))∨ =− ((Rd1)>s13)× l13 − ((Rd1)>l134)× l134

− ((Rd1)>(s1334))× (l1334) (75)

Similarly making use of lemma 2 with A = (Qd21)>P1 and
B = P2 we have

(2skew(X21))∨ =((Qd21)>l12)× l21 + ((Qd21)>l123)× l213

+ ((Qd21)>(l1223))× (l2113) (76)

Finally we obtain

Ψ̇1 = eΩ1
·
(
((Rd1)>s13)× l13 + ((Rd1)>l134)× l134

)
+ eΩ1

·
(
((Rd1)>(s13 × s134))× (l13 × l134)

)
Ψ̇2 = eΩ2

·
(
((Qd21)>l12)× l21 + ((Qd21)>l123)× l213

)
+ eΩ2

·
(
− ((Qd21)>(l1223))× (l2113)

)
B. Angular Velocity Error Function

We chose angular velocity error function of the form

ΨΩ(Ω1,Ω2,Ω
d
1,Ω

d
2) =

1

2

2∑
i=1

(Ωi − Ωdi )
>Ji(Ωi − Ωdi )

=
1

2

2∑
i=1

(eΩi
)>JieΩi

(77)

Clearly ΨΩ is positive definite about error variables (Ω1 −
Ωd1) and (Ω2 − Ωd2). Now

d

dt

(
1

2
e>Ωi

JieΩi

)
=(eΩi

)>
(
(JiΩi)× Ωi + τi − e>Ωi

JiΩ̇
d
i

)
=e>Ωi

((
Ji(eΩi

+ Ωdi )
)
× (eΩi

+ Ωdi )
)

+ e>Ωi
(τi − JiΩ̇di )

=e>Ωi

(
Ji(eΩi

+ Ωdi )× (Ωdi ) + τi − JiΩ̇di
)

Thus we have

Ψ̇Ω =

2∑
i=1

e>Ωi

(
Ji(eΩi

+ Ωdi )× (Ωdi ) + τi − JiΩ̇di
)

(78)

Also by definition of eΩi
we have eΩi

+ Ωdi = Ωi Thus

Ψ̇2 =

2∑
i=1

e>Ωi

(
Ji(Ωi)× (Ωdi ) + τi − JiΩ̇di

)
(79)

C. Position Error Function

We choose translational tracking error functions to be

Ψr1 =
1

2
(r1 − rd1)>K1(r1 − rd1) +

1

2
(v1 − vd1)>(v1 − vd1)

=
1

2
ζ>1 K1ζ1 +

1

2
ν>1 ν1

Ψr2 =
1

2
(r2 − r1 − rd21)>K2(r2 − r1 − rd21)

+
1

2
(v2 − v1 − vd21)>(v2 − v1 − vd21)

=
1

2
ζ>2 K2ζ2 +

1

2
ν>2 ν2

where K1, K2 are symmetric positive definite matrices.
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Ψ̇r1 =(v1 − vd1)>
(
K1(r1 − rd1)− µ

‖r1‖3
r1 + u1 − v̇d1

)
(80)

Ψ̇r2 =(v2 − v1 − vd21)>
(
K2(r2 − r1 − rd21)

− µ

‖r2‖3
r2 + u2 − (v̇1 − v̇d21)

)
(81)

V. FORMATION CONTROL

In this section we describe our control law and prove the
stability results.

A. Control Law

u1 =− kv1(v1 − vd1)−K1(r1 − rd1) +
µ

‖r1‖3
r1 + v̇d1 (82)

u2 =− kv2(v2 − v1 − vd21)−K2(r2 − r1 − rd21)

+
µ

‖r2‖3
r2 + (v̇1 − v̇d21) (83)

τ1 =− kΩ1
eΩ1
− k1

(
(Rd1)>s13 × l13 − (Rd1)>s134 × l134

− (Rd1)>s1334 × l1334

)
−
(
J1(Ω1)

)
× Ωd1 + J1Ω̇d1

(84)

τ2 =− kΩ2eΩ2 − k2((Qd21)>l12)× l21 − k2((Qd21)>l123)× l213

+ k2((Qd21)>(l1223))× l2113 −
(
J2(Ω2)

)
× Ωd2 + J2Ω̇d2

(85)

where the control gains

k1, k2, kΩ1
, kΩ2

, kv1 , kv2 > 0

and K1, K2 re positive definite symmetric matrices.

B. Stability Results

Proposition 1. Consider transformed system with states
(X1, eΩ1

, X21, eΩ2
, ζ1, ν1, ζ2, ν2) defined in (37),(39),(42)

and (43)-(45) with system dynamics given by (24)-(27), and
(31)-(35). In addition let the position dynamics satisfy the
assumption (A1) and (A2). Now under the control law given
by (82)-(85), following properties hold:

(i) The equilibrium configurations of system are given by

M1 ={(I, 0, I, 0, 0, 0, 0, 0)}
M2 ={(N1, 0, N2, 0, 0, 0, 0, 0), N1, N2 ∈ N}
M3 ={(I, 0, N2, 0, 0, 0, 0, 0), N2 ∈ N}
M4 ={(N1, 0, I, 0, 0, 0, 0, 0), N1 ∈ N}

where

N = {diag[1,−1,−1],diag[−1,−1, 1],diag[−1, 1,−1]}

(ii) Undesired equilibrium configurations M2, M3, and
M4 are unstable.

(iii) The desired equilibrium configuration M1 is almost
global asymptotically stable and a conservative region

of attraction of M1 is given by

k1Ψ1(0) + k2Ψ2(0) < min(4k1, 4k2) (86)
ΨΩ(0) + Ψr1(0) + Ψr2(0) < min(4k1, 4k2)

− k1Ψ1(0)− k2Ψ2(0)
(87)

where λmax represents the largest eigenvalue.

Proof. We make use of the La Salle’s invariance principle
and Chetaev’s instability theorem for the proof.
(i) Consider the Lyapunov function

V =k1Ψ1 + k1Ψ2 + ΨΩ + Ψr1 + Ψr2

Clearly V ≥ 0, and V = 0 only when the desired
control objectives are satisfied. V is positive definite
with respect to variables I −X1, I −X21 eΩ1 , eΩ2 , ζ1,
ν1, ζ2 and ν2.
Now taking the derivative we have,

V̇ =k1Ψ̇1 + k1Ψ̇2 + Ψ̇Ω + Ψ̇r1 + Ψ̇r2

=k1

(
(Rd)>s13 × l13 + (Rd)>s134 × l134

+ (Rd)>s1334 × (l1334)

)
· eΩ1

+ k2

(
(Qd21)>l12 × l21 + (Qd21)>l123 × l213

− (Qd21)>l1223 × l2113

)
· eΩ2

+

2∑
i=1

e>Ωi

(
Ji(eΩi + Ωdi )× (Ωdi ) + τi − JiΩ̇di

)
+ (v1 − vd1) ·

(
K1(r1 − rd1)− µ

‖r1‖3
r1 + u1 − v̇d1

)
+ (v2 − v1 − vd21) ·

(
K2(r2 − r1 − rd21)− µ

‖r2‖3
r2

)
+ (v2 − v1 − vd21) ·

(
u2 − (v̇1 − v̇d21)

)
Substituting control terms from (84)-(85) we obtain,

V̇ =−
2∑
i=1

(
kΩi
‖eΩi
‖2 + kvi‖νi‖2

)
Thus V is bounded from below and V̇ ≤ 0, which
implies that lim

t→∞
V(t) exists by monotonicity. Now

by La Salle’s invariance principle (theorem 6.19, [?]),
system dynamics converge asymptotically to the largest
positively invariant set in V̇−1(0). To apply La Salle’s
invariance principle, we construct a compact invariant
set as follows

K =
{

(N1, eΩ1
, N2, eΩ2,ζ1,ν1,ζ2,ν2) ∈ SO(3)×

R3 × SO(3)× R3 × R12|V(t) ≤ V(0)
}

K forms an invariant set in SO(3) × R3 × SO(3) ×
R3 × R12. Now by La Salle’s invariance principle,
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system dynamics converge asymptotically to the largest
positively invariant set in subset of K where V̇ = 0.

V̇−1(0) = {(N1, 0, N2, 0, 0, 0, 0, 0) ∈ K|N1, N2 ∈ N∪I}
(88)

Largest invariant set in V̇−1(0), are obtained to be

M̄ =
{

(N1, eΩ1 , N2, eΩ2 , ζ1, ν1, ζ2, ν2)|N1, N2 ∈ I ∪N ,

eΩ1
= eΩ2

= ζ1 = ν1 = ζ2 = ν2 = 0
}

ThusM =M1∪M2∪M3∪M4 form the equilibrium
set.

(ii) Consider M2. Define

Wi = 4k1 + 4k2 − V (89)

At the undesired configuration M2, we have W = 0.
Now we can choose an arbitrarily close region to M2

where at least one of eΩ1 ,eΩ2 ,ν1 or ν2 is non zero. The
function W > 0. Now Ẇ = −V̇ > 0 (strictly greater
than zero because we chose eΩ1

,eΩ2
,ν1 or ν2 6= 0).

Thus there exists at any arbitrarily small neighbourhood
of the undesired equilibrium, a solution trajectory that
will escape, which gives that undesired equilibrium is
unstable ([19], Theorem 3.3). Similarly it can be shown
that M2 and M3 are unstable.

(iii) V is positive definite and zero only at M1 and V̇ ≤ 0,
which gives us Lyapunov stability of desired equilibri-
um. Now for all the undesired equilibrium configura-
tions, we have Ψ1 or Ψ2 = 4. Under (86) and (87),

V(0) ≤ min(4k1, 4k2) (90)

Since V̇ ≤ 0, we have

0 ≤ V(t) < V(0) < min(4k1, 4k2) (91)

This guarantees that when initial conditions satisfy (86)
and (87) the undesired equilibrium configuration is
avoided and system dynamics converge to desired con-
figuration M1. Since other equilibrium configurations
are unstable, union of stable manifolds of M2,M3

and M4 is of lower dimensional than tangent space
of SO(3) × R3 × SO(3) × R3 × R12, and therefore,
its measure is zero. Any solution starting from outside
of this zero-measure set asymptotically converges to
the desired equilibrium configuration M1. Thus M1

is almost globally asymptotically stable.

VI. SIMULATION RESULTS

We consider the desired dynamics to be maintaining along
the track formation in a lower earth circular orbit, with
follower spacecraft trailing leader. We choose the desired
position dynamics of following form,

rd1(t) = ρ([cos(βt) sin(βt) sinφ sin(βt) cosφ ]>) (92)

rd21(t) = rd1(t+ 0.001)− rd1(t) (93)

where ρ = 7078.1km is the distance of spacecraft from
centre of earth, β =

√
µ
ρ3 is the angular velocity of the

desired orbit and φ = π
9 radians is the inclination of the

desired orbit. θ = 0.001 radians, is the angle by which
follower trails leader. The desired relative attitude dynamics
are chosen to be,

Rd1(0) = I; Ωd1(t) = [1 0 0]> (94)

where exp is the matrix exponential. The desired relative
attitude dynamics are chosen to be,

Qd21(0) = exp(πâ); Ωd21(t) = [0 − 1 0]> (95)

where exp is the matrix exponential. Moments of iner-
tia of the two spacecraft are taken to be J1 = J2 =
diag[2, 3, 5]Nm2. Let a = 1

14 [1 2 3] and ã = 1
3 [1 −

1 1]. Initial orientation of spacecraft 1 was chosen to be
R1(0) = exp( 4π

3 â), with initial angular velocity Ω1(0) =
[2, −0.1, 0.5]> rad/s. Initial conditions for spacecraft 2,
Ω2(0) = [1, 0.7, 0.3]> rad/s and R2(0) = exp(0.99πˆ̀a).

r1(0) = rd1(0) (96)

r2(0) = rd1(0.001) (97)

Initial velocities of both spacecraft are chosen to be zero.
The control gains are chosen to be kΩ1 = 3 kΩ2 = 5, k1 =
1.7,k2 = 2.7, K1 = K2 = diag[1 1 0.5] and kv = 5.
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Fig. 2: Variation of error functions with time
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Fig. 3: Angular velocity tracking errors of the two spacecraft.
(First component: dotted, second component: dashed, third
component: solid)

Figures in (2) shows error functions Ψ1, Ψ2 and ΨΩ

achieving zero. The torque and force inputs for leader and
follower spacecraft are shown in figures (4). Figure (3) shows
individual components of angular velocity errors eΩ1

and
eΩ2 going to zero. Figure (5) illustrates position and velocity
errors going to zero.
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Fig. 4: Torque and force inputs applied to the two spacecraft.
(First component: dotted, second component: dashed, third
component: solid)

VII. CONCLUDING REMARKS

A new set of absolute attitude tracking and relative attitude
tracking control laws that achieve desired attitude trajectory,
using LOS measurements for spacecraft in a serial network
is proposed. The attitude control law obtained in positerms
of LOS vectors shows tracking of desired attitude trajectories
even in presence of spacecraft dynamics under gravity. The
desired equilibrium configuration is shown to be almost
globally asymptotically stable under the proposed control
law. The control law is illustrated by numerical simulation.
The proposed work can be easily extended to multiple
spacecraft that communicates in a serial network.
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