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Abstract— Multi robot exploration and mapping solves the
problem of coordinated coverage and map building of an
unknown environment using a group of mobile robots. The
proposed approach aims to solve the problem for unknown
environment with a limited communication between two robots
by providing decision power to individual robot. The strategy
proposed in this paper aims for traversing each and every
edge. The representation of the unknown tree structure is
incrementally built and merged. The problem considered in this
work does not consider any possibility of intercommunication
between the robots. The communication between the robots is
available with the help of active beacons dropped by the robots
during the traversal. The robots commence the exploration from
same place and store the explored edge connectivity information
as an incidence matrix. The incidence matrix information is
exchanged with the help of active beacons at the node. The
decentralized strategy proposed in this paper is a systematic
approach for completing the exploration. The exploration steps
needed for completion is always less than or equal to that of
existing strategies. The simulation results analysis are presented
for two robots and tree structures in this paper. The proposed
strategy can be extended for graphs in future.

Index Terms— exploration, mobile robot, incidence matrix,
mapping, decentralized strategy.

I. INTRODUCTION
Robotic exploration and mapping addresses the problem of

acquiring a graphical representation of the environment using
autonomous robots. Achieving a complete exploration and
mapping in lesser number of steps (with respect to a single
robot exploration) needs the robots to coordinate among
themselves and explore the environment in an efficient way.
The major challenges in multi robot exploration and mapping
over the single robot scenario are as follows: communication
between the robots, declaring completion of task, redundant
exploration and coordinating a set of robots working for the
same task.

The map of the environment is represented as graphs
(Voronoi diagram, Visibility graph), cells (occupancy grids)
or polygons. We investigate the multi robot exploration and
mapping algorithms on trees(graph without cycles). The
multi robot depth first search based exploration [1] on trees
and graphs has been achieved by establishing communication
between robots with the help of book keeping devices. The
exploration strategy changes if devices communicate with
each other [2]. A public bulletin board based node marking
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technique has been proposed in [3]. Each of the robots in the
group explore the environment and build the labelled maps.
These labeled maps are merged to obtain a global map.

A multi robot exploration strategy using breadth first
search for the directed graphs [4] has been developed so that
the robots independently follow the strategy and construct
their own directed graphs which are further merged. A ren-
dezvous based multi robot exploration strategy for undirected
graphs has been proposed in [5], where multiple agents start
the exploration from a root node and map the environment.
Rendezvous is requested after a specific time and the maps
are merged and updated. The rendezvous strategy with rank
based location selection has been proposed in [6]. A de-
centralized cooperative strategy [7] uses a local coordination
strategy to decide the task allocation and collision avoidance
for generating random graphs(SRG) for exploration. A multi
robot exploration strategy using breadth first search(BFS)[8]
has been presented to avoid repetitive edge exploration in
a graph. A distributed graph colouring technique for map
building[9] fills the visited nodes traversed by a robot with
a unique color to avoid redundancy in exploration.

In this paper, we present a two robot exploration and
mapping strategy for an unknown tree-like structured envi-
ronment. The map is incrementally built while traversing the
nodes of the tree by the robots. The proposed approach aims
to provide individual robot, the ability to take independent
decisions. Each robot independently controls its movement
for an efficient exploration avoiding redundancy. Each robot
independently builds the map and updates the map infor-
mation to the beacons maintained at visited nodes of the
partially explored portion. These partially generated maps
are incrementally merged and the global map is obtained.
The analysis presented in this paper is based on two robot
system. But, the proposed strategy is scalable to the multi
robot exploration and mapping on trees, as it does not
need any changes in the proposed two robot scheme. For
these situations where the number of available robots is
more than the available edges, the robots divide among
themselves equally and proceed further. All the robots start
the exploration from the same node as in the two robot case
and the incidence matrix update, edge selection, condition
for exploration completion remain the same. Therefore, the
proposed strategy is useful for map-building task by multiple
robots. This paper reports elementary work on the explo-
ration problem on trees considering equal weights for each
edge. The proposed algorithm is proved to complete the
exploration in finite steps. The number of steps is always
less than that of single robot exploration irrespective of the
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tree topology. To the best of our knowledge, the exploration
time is always saved by the proposed strategy as compared
to the existing multi-robot strategy. The simulation results
on example trees are presented to show the gain in terms of
number of steps.

The remainder of the paper is organized as follows:
Section II describes the terminology used in the proposed
strategy. Section III presents the two robot exploration
and mapping algorithm on trees along with the proofs for
exploration completeness. Section IV presents the simulation
results. Conclusion is presented in Section V.

II. TERMINOLOGY

The map is a representation of an environment. An il-
lustration of an environment populated with obstacles and
its map is shown in Figure 1. Obstacles are shown with
boxes having hatched lines. The map can be modelled as
a graph with tree structure where free paths and its junctions
represent edges and nodes of the graph respectively. The
nodes are represented by ni ∀ i = 1,2, . . ., n and edges are
represented by mj ∀ j = 1,2, . . ., m for a tree with m edges
and n nodes. Solid lines represent the edges traversed by the
robot Ra or Rb. This illustration considers that the robot Ra

moves along nodes n1 − n2 − n1 − n3 and takes edge m4

whereas the robot Rb moves along nodes n1, n3, n4, n3 and
takes m4 edges at a given time instant.

The exploration of an environment refers to visiting each
and every node and edge of the graph whereas map-building
of the environment refers to obtain the connectivity infor-
mation between the edges(free path). The map building is
complete when information about each and every connected
path of each and every node is obtained.
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Fig. 1. Tree representation of an environment

The terminology of graph theory used in this paper is
borrowed from [10]. It is presented here with the help of
Figure 1.

• Node: A node n is a terminal point or an intersection
point of edges in a graph. Figure 1 shows nodes as ni

for i ∈ {1, 2, 3, . . . , n}.
• Edge: An edge m is a connecting path between two

nodes. The edges are represented by mj for j ∈
{1, 2, 3, . . . ,m} in Figure 1.

• Tree: A connected graph without a cycle is a tree. For
a tree n = m+ 1.

• Radius: It is the maximum tree distance between the
root node and any other node in the tree(sometimes
referred to as height of the tree).

We next define terminology used for describing the proposed
strategy.

• unexplored edge(mu): An edge that has been identified
but not yet traversed by any robot at a given time
instance is termed as unexplored. The edge m4 contains
the node information at one end, but it is not yet
traversed. Therefore, these edges are unexplored ones.

• out edge(mo): The edge which has been traversed by a
robot but its source node information is only available
and destination node is unknown. For example, at node
n3 when robot Rb takes the decision of going along
edge m3, the destination node information of edge
m3 at node n3 is unavailable. Therefore, edge m3 is
represented as an out edge at node n3.

• completed edge(mc): The edge which has been tra-
versed by a robot whose source as well as the desti-
nation node information are known.

• incidence angle(θij): It is the angle subtended by an
edge mj at a node ni in counter clockwise direction
measured with respect to the global North direction. For
example, angle θ12 shown in Figure 1, is the incidence
angle made by edge m2 at node n1.

• Incidence matrix I: The incidence matrix of a directed
graph is an n × m matrix I where n and m are the
number of nodes and edges respectively. Each element
dij of the matrix I is defined as follows:

dij =

 −1 if the edge mj leaves node ni,
1 if it enters node ni,
0 otherwise.

Its definition is modified in our proposed strategy in the
following way: Each element dij of matrix I is defined
as,

dij =

 −θij if that edge is mo or mc,
+θij if that edge is entering edge or mu,

0 otherwise.

At a node, the rows in the incidence matrix represent the
explored nodes in the tree and the columns represent the
edges. θ ∈ [0, 2π) represents the incidence angle made
by the edge at a node measured in counter clockwise
direction with respect to the global North direction. The
type of edge is easily identified by the column vectors
of the matrix I . A completed edge is represented by
a column having two elements, an unexplored edge by
a column having only one positive element and an out
edge by a column having only one negative element.

• Iupdated: The updated incidence matrix obtained after
the merging and ordering. In correspondence to Fig-
ure 1, the updated incidence matrix obtained at node
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n3 is given by,

Iupdated =


−θ11 −θ12 0 0
−θ21 0 0 0
0 θ32 −θ33 θ34
0 0 −θ43 0

 .

• IR: The incidence matrix available with a robot R.
• IN : The incidence matrix available at a node N .
Next section III explains the proposed two robot explo-

ration and mapping strategy.

III. THE TWO ROBOT EXPLORATION AND MAP
BUILDING STRATEGY

This paper presents an initial work on exploration and
mapping strategy using two robots, which is scalable for mul-
tiple robots. The proposed strategy assumes that the graph
information is unknown a priori. The robots start exploring
the environment from the same place termed as root node
and build the individual maps of the environment. Robots
carry unlimited number of beacons which store the explored
graph information at the visited nodes. The proposed strategy
aims for an efficient decentralized approach with no direct
communication between the robots.

The partially developed map information is exchanged
through the node beacons dropped by a robot visiting a
node for the first time. The visiting robot and node beacon,
update their map information by merging the new definition
of the incidence matrices. The incidence matrix stores the
map information. The updated incidence matrix also helps in
taking decision for efficient exploration avoiding redundancy
in the following way.

The unexplored and explored portions of the graph should
be uniquely identified for avoiding redundancy. Therefore, a
unique identification among the edges, an edge assignment
scheme is proposed. The edges are now classified as follows:
1) unexplored edges(mu), 2) out edges(mo), 3) completed
edges(mc). These edges are identified using modified inci-
dence matrix. The source nodes of unexplored and out edges
are known, but the destination node is unknown. Therefore,
these edges are identified as columns with a single non-zero
element in incidence matrix. The column with a negative and
a positive elements in incidence matrix would correspond to
a completed edge.

The map update operation at each visited node through
incidence matrix update is explained next. The robot iden-
tifies the visited node as a new node by the absence of a
beacon at the visited node. If it is a new node, then the
robot places a beacon and updates the information of beacon
with its incidence matrix. If the node contains a beacon, then
the incidence matrices with the robot and beacon are merged
and the incidence matrix is updated. The columns of updated
incidence matrix are ordered in the following way:

I = [Mc,Mo,Mu(others),Mu(own)],

where Mc is the set of columns corresponding to the com-
pletely traversed edges (mc) , Mo is the set of columns
corresponding to the out edges, (mo), Mu(others) is the set

of columns corresponding to the unexplored edges obtained
from an incidence matrix of node and Mu(own) is the set
of columns corresponding to the unexplored edges obtained
by a robot itself. Note that the Mu(own) and Mu(others)
classification is applicable to the updated incidence matrix of
the robot. The updated incidence matrix of the node does not
remember this classification, the structure of the incidence
matrix would classify the type of edge. Once the matrices are
updated(merged and ordered), the edge for next exploration
is selected according to the proposed algorithm explained
next. The proposed strategy dictates the robot to choose an
edge based on the following priority.

1) Highest priority: unexplored edges identified by the
robot mu(own). This kind of edge is available at the
robot’s current node or at the nodes traversed by the
robot.

2) Second priority: unexplored edges identified by other
robot mu(other). This kind of edge is unavailable at
the current node and a path is to be planned to reach
the source node of this edge.

3) Least priority: out edge mo. This kind of edge is taken
by the other robot and its source node is known, but
destination node is unknown. This could be available
at the robot’s current node or at any other visited node.

This priority assignment enables a systematic exploration of
the given environment. The robots first completely explore
their own portion of the tree by traversing the unexplored
edge mu(own) and then help the others by choosing the
edges mu(other) or mo to complete the exploration.

Algorithm 1 describes the pseudo code for the proposed
two robot exploration and mapping strategy on trees.

Algorithm 1 Two robot Exploration and Mapping Algorithm
1: Consider starting point as the root node nr for the tree

T (M,N). Do following at each node.
2: if (new node) then
3: place a beacon and update I .
4: else
5: generate(merge and order) Iupdated.
6: end if
7: IR = Iupdated,
8: Mnext = right most column of IR.
9: if (Mnext corresponds to the set Mc) then

10: declare that the exploration is complete.
11: else
12: traverse the edge Mnext.
13: go to step 2.
14: end if

We next show that the proposed exploration strategy
completes the exploration.

Let T be a tree having a total of m edges with x branches
originating from the root node each having m1, m2, . . ., mx

edges respectively. Since total number of edges in the tree
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is m, we have
x∑

i=1

mi = m.

The following theorem 3.1 presents the result that the

Fig. 2. Example tree

proposed two robot exploration strategy always completes
the exploration in finite number of steps.

Theorem 3.1: The proposed two robot strategy takes ex-
actly m steps to complete the exploration on trees regardless
of the tree topology.

Proof: The robots Ra and Rb start the exploration from
the root node and explores the tree shown in Fig.2. Let Ra

visits the branch having m1 number of edges and Rb visits
the branch having m2 number of edges.

The proof of the theorem can be explained using following
lemmas.

Lemma 3.2: There exists at most one branch at the root
node where both the robots enter and all the remaining
branches are taken by one robot only.

Proof: The robots Ra and Rb incrementally explore the
branches of the tree originating from the root node. Once all
the edges in the respective branches are completely explored,
the strategy always makes the robots to choose an unexplored
edge instead of entering an out edge taken by the other robot.
This process repeats until the unexplored edge count at the
root node becomes zero, which can happen in exactly the
following two possible ways:

1) Both the robots return to the root node at the final step
and find that the unexplored edge count is zero. This
scenario results in the exploration completeness at the
root node itself. So, the number of branches where both
the robots entered is zero.

2) Let the robot Ra finished its portion of the tree and
returned to the root node where as the robot Rb is
still exploring an unfinished branch. In this case, the
robot Ra chooses to enter the branch which is taken by
the robot Rb only when there are no other unexplored
edges available at the root node. Hence all the x − 1
branches originating from the root node are explored
by a single robot(and are blocked for the other robot
to enter) and there exist exactly one branch where both
the robots can enter.

From the above two cases, we can conclude that there exist
at most one branch at the root node where both the robots

enter and all the remaining branches are taken by one robot
only.

Lemma 3.3: A robot can find at most one out edge at a
node.

Proof: Whenever a robot returns to a parent node,
the parent node will have at least one completed edge
from where the robot has returned. The parent node may
have few more edges. The robot that has returned always
selects an unexplored edge if available according to the
proposed strategy. The robot would return back to this parent
node from the selected unexplored edge after completing
exploration of all the connected edges through this explored
portion. Since the proposed strategy is applied on two robots,
the parent node can have only one out edge which was
selected by the other robot in past.

Lemma 3.4: Both the robots finish the exploration at the
same step.

Proof: Let us consider that a robot Ra has completed
exploration on its portion of the tree and returned to the root
node and found no unexplored edge, whereas the robot Rb

is still exploring the branch with mx edges. The robot Rb

is connected to the root by a sequence of nodes n1, n2, . . .
,nl−1, nl, . . . , np, with np being the current position of Rb

and n1 the root node. Now, the edge m12 is the only out
edge available for the robot Ra to enter at the root node.
Thus, every edge along the node traversal of Rb is an out
edge available for the robot Ra as long as the robot Rb not
returned through that edge.

Let mll−1 be the last edge on the path n1, . . ., np that
is finished by Rb in either direction. So, the tree portion
connected to this edge is completely explored by the robot
Rb and the strategy prevents Ra to enter this portion of the
tree. So, the robots find the available unexplored and out edge
information from the updated incidence matrix and proceed
in pursuit of these edges. This repeats until size[Mu] =
size[Mo] = 0 at a node. Hence, the robots meet at a node at
the same time and declare that the exploration is complete.

Lemma 3.5: Each edge in the tree is traversed exactly
twice by both the robots either bidirectionally by a single
robot or in the same direction twice by both the robots.

Proof: In the single robot DFS strategy, a robot
exploring a branch of m1 number of edges takes 2m1 steps to
completely explore the branch and to return to the root node,
by traversing each edge exactly twice in either direction. For
the tree topology considered in Fig.2, from Lemma3.2 there
exists at least x−1 branches which are explored by a single
robot. So, each edge in the x− 1 branches at the root node
are traversed exactly twice by a robot. From Lemmas 3.3
and 3.4, for the branch with mx number of edges because
both the robots are now traversing the same edge, every edge
is traversed at most twice. Hence, each edge in the tree is
traversed exactly twice by the robots.

From Lemmas 3.2 and 3.5, the x− 1 branches at the root
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node of the tree are explored in

s = 2
x−1∑
i=1

mi

steps. Lemma 3.3 prove that the branch with mx edges is
also explored in 2mx number of steps by the robots. So, the
total number of steps taken by the robots to complete the
exploration is,

s =
1

2

[
2
x−1∑
i=1

mi + 2mx

]

=
x∑

i=1

mi

= m.

Hence, the robots complete the exploration in exactly m
steps. So, for a tree case the proposed strategy is twice faster
when compared to the single robot depth first search(DFS)
regardless of the tree topology.
The next section gives a comparison of the proposed strategy
with the MR-DFS algorithm on trees.

A. Comparison with other strategies

The total number of steps required to complete the ex-
ploration using proposed strategy on trees is determined.
The two robot exploration and mapping algorithm takes
exactly m steps on trees to complete the exploration which
is twice as fast as the single robot DFS. We compared the
proposed strategy with the MR-DFS algorithm[1] on various
tree topologies. The benefit over the MR-DFS strategy[1]
from proposed strategy is compared using two extreme cases.

Fig. 3. Best and worst case tree topologies

• Case-1: For a tree of unit radius with even number of
edges at the root node, both the strategies take exactly
2m steps to complete the exploration. The tree topology
shown in Fig.3(a) gives no benefit over MR-DFS[1].

• Case-2: For a tree with a single branch and radius m,
the MR-DFS[1] algorithm takes 2m steps to complete
the exploration, whereas the proposed two robot strategy
takes exactly m steps to complete the exploration, which
is twice faster compared to the MR-DFS algorithm. The
tree topology shown in Fig.3(b) gives the maximum
benefit over the MR-DFS[1] algorithm.

The proposed strategy takes exactly m(number of edges in
the tree) steps to complete the exploration regardless of the
tree topology. The MR-DFS[1] has an upper bound of (m+

r + 2) steps(where r is the radius of the tree) to complete
the exploration. Hence, the proposed algorithm is better than
the MR-DFS algorithm in terms of the total number of steps
needed for completion.

Next section IV presents the simulated results of the
proposed two robot exploration and mapping strategy.

IV. SIMULATION RESULTS
The proposed two robot strategy has been simulated

in Matlab simulation environment and the obtained robot
traversals are explained for the tree structure shown in Fig.4
consists of thirteen nodes and twelve edges.

Fig. 4. Simulated Tree Exploration

Two robots Ra and Rb start the exploration from the root
node 1 and starts the exploration. Tables I and II give the
node traversal by each of the robots based on the strategy
for the tree shown in figure Fig.4.

For robot Ra, the node traversal as shown in table I.

Steps 0 1 2 3 4 5 6
Nodes visited 1 2 3 2 1 8 9

Steps 7 8 9 10 11 12
Nodes visited 10 9 8 11 8 12

TABLE I
EXPLORATION STEPS FOR ROBOT Ra

For robot Rb, the node traversal as shown in table II.

Steps 0 1 2 3 4 5 6
Nodes visited 1 4 5 6 5 4 7

Steps 7 8 9 10 11 12
Nodes visited 4 1 8 12 13 12

TABLE II
EXPLORATION STEPS FOR ROBOT Rb

For the tree traversal by the robots Ra and Rb shown in
Fig.4, the updated incidence matrix after 8th step at node 9
is given as,

I9 =

−θ12 0 −θ14 −θ18 0 0 0 0
−θ21 −θ23 0 0 0 0 0 0

0 −θ32 0 0 0 0 0 0
0 0 0 θ81 θ812 θ811 −θ89 0
0 0 0 0 0 0 −θ98 −θ910
0 0 0 0 0 0 0 −θ109

.
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The final updated incidence matrix obtained at node 12 is
of dimension 13×12 with no unexplored and out edges.
Therefore, the exploration is declared as complete. The
exploration is finished exactly in twelve steps, assuming each
edge has same weight(edge length).

V. CONCLUSION

The paper proposes an algorithm for two-robot exploration
and mapping using the modified incidence matrix approach
for an environment with tree like structures. The algorithm
uses incidence matrices to store the partially explored map
information to the beacons available at the visited nodes. This
map information ensures reduction in redundant exploration.
The proposed strategy is a decentralized approach, where
inter robot communication is not allowed which provides
robustness to the loss of communication or the loss of
individual robots. The algorithm has been analyzed on trees
and is proved to be better compared to the single robot
DFS and the existing multi robot DFS strategy[1] in terms
of the number of exploration steps. The proposed strategy
guarantees completeness for tree exploration. The proposed
incidence matrix structure represents the map of an environ-
ment after the completion of the exploration.
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