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Abstract

The objective of the paper is to make a unicycle trace hypotroch-
oid like patterns using a simple range based control scheme. These
patterns have applications in surveillance, exploration, coverage, etc.
In this paper, the patterns have been characterised in terms of the
minimum and maximum radial distance from the center of the pat-
tern. We have shown that under the control scheme and given any
controller gain, the agent always achieves a hypotrochoidal pattern.
Further, we have shown the existence of controller gains necessary to
achieve any desired hypotrochoidal pattern starting from any initial
position. We have also analysed the conditions necessary for the gen-
erating patterns in presence of turn rate constraints of the unicycle.
The simulations have been performed for the proposed scheme and
the mathematical results have been validated.

1 Introduction

The generation of various mathematical patterns has drawn the interest
of the research community over several decades as these patterns appear in
the nature all around us. For example, growth of a tree, snowflakes, spirals in
self organising dynamic systems, spots and stripes in living beings, paths of
astronomical objects, etc., display intricate patterns. These patterns range
from very simple lines, triangles, circles and spirals to extremely complex
trochoids, cycloids, hypotrochoids and so on. Many control schemes have
been proposed for autonomous vehicles to generate patterns. These con-
trol schemes serve engineering applications such as surveillance, exploration,
coverage, etc [1].

The development of control laws to generate mathematical patterns has
been pursued actively over the past. The literature is rich in control strategies
which lead to intricate global formations using single or multiple autonom-
ous agents. When there are multiple agents, it is known as the formation
control problem. Advances in the area has been surveyed upon by Cao et
al.[2]. Several existing works in the literature look at the robots placing
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themselves into stationary formations of lines, circles or polygons (see [3]-
[4]). In certain other works, the agents get into rotationally or translation-
ally invariant dynamic formations resulting in patterns which are rectilinear,
polygonal, etc. (refer [5]-[9]). In another approach to formation control
problem, along with spatial arrangement of the agents, their trajectories also
form patterns, say spirals, epicycles, etc. (see [10]-[13]). Further, there also
exists literature which propose strategies to guide robots so that their tra-
jectories follow any pre-specified paths whether independently(single-agent)
or cooperatively(multi-agent) (see [14]-[16]).

The work presented in [11]-[13] is more common in spirit with the present
work. In [11] and [12], Tsiotras et al. have proposed an extension to the
standard feedback to address consensus problems for agents with single in-
tegrator kinematics. The control law incorporates a term proportional to the
direction perpendicular to the relative distance between the agents and their
neighbours which is embedded in terms of an error state multiplied with a
skew symmetric matrix. This results in improved flexibility on the achievable
rendezvous points and the formation of the intricate patterns. The analysis
for the patterns is presented for the case of three agents on the plane. In [13],
Juang has given the generalisation of the cyclic pursuit control scheme, for
agents with single integrator kinematics, by the addition of a rotation and
a stabilisation term. Further, it has been shown by the investigation of the
root distribution that one pair of imaginary axis eigen values results in cir-
cular formation at steady state whereas two pairs result in epicyclic motions
of the agents. Hence, restrictions on the parameters and initial conditions
have been elaborated which result in the desired epicyclic formations.

The present work focuses on generating patterns by using only one autonom-
ous agent which is assumed to be unicyclic with a single non-holonomic con-
straint. The unicycle could represent any autonomous system like aerial
vehicle, ground vehicle and so on. Deriving motivation from the work by
Tsiotras et al.([11], [12]) and Juang[13], we have proposed a generic control
scheme consisting of only a single term which is non-linearly proportional to
range (the distance between the agent and the centre point around which the
patterns are formed). The preliminary ideas of Section 2 have been presen-
ted in [17] in which a special form of the control scheme has been analysed.
Further results achieved with a specific set of initial conditions have been
shown in [18]. [19] discusses the controller gains to achieve desired patterns
for the linear form of the control scheme, while the agent is restricted to start
from within the annulus only. In this paper, we have given a more general-
ised form of the control scheme and the effect of control saturation on the
generated patterns.

The proposed control law has been proved to offer the advantage of achiev-
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(a) (b)

Figure 1: Patterns generated by unicycle( (a) Type 1 (b) Type 2)

ing a hypotrochoid like pattern for every value of the initial condition and
the controller gain. The patterns generated by an agent under the proposed
scheme are shown in Fig. 1. It can be seen that the patterns are not closed
which make them suitable for applications like surveillance and exploration.
These patterns have been characterised in terms of the maximum and min-
imum radial distance from the centre point. It has also been shown that
there always exists either a single or a set of values of the controller gain
following which the agent can achieve any desired pattern while it can start
from any arbitrary initial position and heading direction. A point to be men-
tioned here is that, the unicycle does not need to know the equation of the
hypotrochoid or its tangents at any point. A constant controller gain can
achieve the desired pattern. Under constraints on the turn rate, the genera-
tion of patterns gets affected as some patterns might demand very high turn
rates. The paper analyses the effect of turn rate constraints on the pattern
generation and gives the necessary conditions to verify whether a pattern
can be generated or not or the pattern that can be generated with the given
controller parameters. The paper is organised as follows: In Section 2, the
patterns are characterised based on the initial conditions and controller gains
and in Section 3, the conditions on the initial conditions and the controller
gain are derived to achieve a hypotrochoid like pattern with desired specific-
ations. The results are verified through simulation in Section 4 and Section
5 concludes the paper with prospective future work.
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Figure 2: Engagement geometry between the robot and the target point

2 Analysing the patterns

This paper addresses the problem of guiding a mobile robot to trace
patterns like hypotrochoid on a plane as shown in Fig 1. The robot is assumed
to have a unicycle model with kinematics,

ẋ(t) = v cosα(t), ẏ(t) = v sinα(t), α̇(t) = u(t) (1)

where (x(t), y(t)) is the position coordinate of the robot at time t, v is the
constant linear speed, α(t) is the heading direction and u(t) is the control.
Let the pattern be centred at (xT , yT ) which is defined as the target point
T for the robot. With reference to Fig 2, let r be the Line-of-sight (LOS)
distance and θ be the LOS angle. Then, the control is designed as

u(t) = ηrµ(t) (2)

where η is the controller gain such that η 6= 0 is a constant and µ is a positive
constant. Denote φ = α− θ. Then,

ṙ = −v cosφ, rθ̇ = −v sinφ (3)

Computing dr/dφ and then rearranging gives (ηrµ+1+v sinφ)dr+vr cosφ dφ =
0. On solving, we get

rµ+2 +
(µ+ 2)vr sinφ

η
= K (4)

where K is determined from the initial conditions, r0(= r(0)) and φ0(= φ(0))
as,

K =

(
(µ+ 2)vr0 sinφ0

η
+ rµ+2

0

)
. (5)
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From (3) and (4), θ̇ = η(rµ+2−K)
(µ+2)r2

. When K ≤ 0, θ is strictly a monotonic
function of time. When K ≥ 0, similar comments can not be made about θ.

However, from (1) and (2), φ̇ = α̇ − θ̇ = η((µ+1)rµ+2+K)
(µ+2)r2

, which implies φ is

strictly monotonic in time. Then, from (3), the sign of θ̇ changes periodically
and thus θ is non-monotonic. Fig. 1 shows the patterns for K ≥ 0 and
K ≤ 0, respectively. A careful observation of the figures shows that the
trajectory of the robot forms loops in both the cases. One loop has been
manually highlighted with black coloured dots in each of the patterns to
differentiate between the type of the loops. For K ≤ 0, the target point is
always inside the loop whereas for K ≥ 0, it is always outside. This implies
that θ̇ is monotonic when K ≤ 0 and non monotonic otherwise. We define
the pattern formed when K ≥ 0 as Type 1 pattern (Fig. 1a) and when K ≤ 0
as Type 2 pattern (Fig. 1b). The applications like boundary surveillance can
be served better by Type 1 patterns. Whereas, for applications where the
agent is required to monitor the target point along with the boundary, Type
2 pattern is more suitable over Type 1.

The hypotrochoidal patterns are bounded in an annulus and, hence, the
outer and inner radii of the pattern are denoted by Rmax and Rmin, respect-
ively. Then r ∈ [Rmin, Rmax] and we say that the pattern is formed in the
region [Rmin, Rmax].

Lemma 1. Rmin occurs when

φ =

{
π/2 sign(K) = sign(η)

3π/2 sign(K) = −sign(η)
(6)

and Rmax occurs when

φ =

{
3π/2 η > 0,

π/2 η < 0
(7)

independent of the value of K.

Proof. From (3), r attains its maximum and minimum values when ṙ = 0
which implies φ ∈ {π/2, 3π/2} since φ ∈ [0, 2π). So the following cases are
considered,
Case 1: When (η > 0 and φ = 3π/2) or (η < 0 and φ = π/2), the LHS of
(4) can be represented as

f(r) = rµ+2 − (µ+ 2)vr

|η|
(8)
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Figure 3: Solution of (4) for φ = π
2 and φ = 3π

2

which is a depressed polynomial equation with f(0) = 0, limr→∞ f(r) = ∞,

f ′(0) < 0 and f ′(r) changing sign at |r|= ( v
|η|)

1
µ+1 . A plot of f(r) is given in

Fig. 3. For f(r) = K, there is only one sign change in the coefficients of the
equation when K > 0 and two sign changes when K ≤ 0. Therefore, from
Descartes sign rule[20], there exists one real positive root, say rf , (point B
in Fig. 3) when K > 0 and two real positive roots, say rf̄1 and rf̄2, (points
C and D in Fig. 3), when 0 ≥ K ≥ Kmin. It is evident that if rf̄1 < rf̄2,

then Rmax = rf̄2 and Rmin = rf̄1. Using f ′(r) = 0, Kmin = −(µ + 1)( v
|η|)

µ+2
µ+1 .

This is the minimum value K can have for any initial condition. This can
also be validated using (5).
Case 2: When (η > 0 and φ = π/2) or ( η < 0 and φ = 3π/2), the LHS of
(4) can be represented as,

g(r) = rµ+2 +
(µ+ 2)vr

|η|
(9)

with g(0) = 0, g′(0) > 0 and limr→∞ g(r) = ∞, which is plotted in Fig. 3.
The coefficients of the equation g(r) = K change sign only once for K > 0
and do not change sign for K ≤ 0. Hence, K > 0 gives only one real positive
root, say rg (point A in Fig. 3) and K ≤ 0 yields no real positive root.

It is trivial to show that for K > 0, rf > rg and, hence, Rmax = rf and
Rmin = rg. Therefore, Rmax is obtained from (8) irrespective of the value of
K and hence, we get (7). Similarly, Rmin is obtained from (8) when K ≤ 0
and from (9) when K > 0 and hence (6) is satisfied.

Remark 1. For any η, v and µ, K ∈ [−(µ+ 1)( v
|η|)

µ+2
µ+1 ,∞). Given an Rmax,

a unique K can be found from (4). However, the same is not true when Rmin
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is given. It is seen from Lemma 1 that if Rmin ∈ [ v|η|
1

µ+1 ,∞), only then a

unique K is obtained. For Rmin ∈ [0, v
|η|

1
µ+1 ], always two values of K exist,

one positive and one negative, corresponding to Type 1 and Type 2 patterns.

The case when η, v and µ are given, it should be noted that any arbitrary
values of Rmax and Rmin cannot be obtained. We study the range of Rmax

and Rmin for different cases.

Corollary 1. For any initial condition, a robot with kinematics (1) and con-

trol (2) generates Type 1 patterns with Rmax ∈ [( (µ+2)v
|η| )

1
µ+1 ,∞) and Rmin ∈

[0,∞) and Type 2 patterns with Rmax ∈ [( v
|η|)

1
µ+1 , ( (µ+2)v

|η| )
1

µ+1 ) and Rmin ∈
[0, ( v

|η|)
1

µ+1 ).

Proof. From the proof of Lemma 1, the minimum value of Rmax = ( v
|η|)

1
µ+1

occurs when K = Kmin(point E in Fig. 3) and the minimum value of Rmin = 0
occurs when K = 0. The maximum value of both go to infinity as K →∞.

When Rmax ∈ [( v
|η|)

1
µ+1 , ( (µ+2)v

|η| )
1

µ+1 ], the generated pattern is Type 2 as K ≤
0. When Rmax ≥ ( (µ+2)v

|η| )
1

µ+1 , the resulting patterns are Type 1 as K ≥ 0.

Corollary 2. Rmax and Rmin of a pattern decrease as µ increases, keeping
all the other parameters constant.

Proof. From (9), we have ∂g(r)
∂r

= (µ + 2)(rµ+1 + v
|η|) which implies that the

slope of g(r) increases as µ increases. Then from the proof of Lemma 1, Rmin

decreases with increasing µ when K > 0. Similarly, from (8), ∂f(r)
∂r

= (µ +
2)(rµ+1− v

|η|) which indicates that its slope increases with µ when rµ+1 > v
|η|

and decreases otherwise. Since, Rmax ∈ [ v|η|
µ+1,∞) from Corollary 1, then

Rmax decreases with increasing µ. Also, when K < 0, Rmin is evaluated from
(8) and Rmin ∈ [0, v

|η|
µ+1]. Thus, Rmin also decreases with increasing µ.

Corollary 3. A robot will trace only Type 1 pattern if r0 ≥
(

(µ+2)v
|η|

) 1
µ+1

.

Proof. For a pattern to be Type 2, K should be negative. This requires
sinφ ≤ 0 as rest of terms in (5) are positive. So for any given φ0, we need

K = r0
µ+2 − (µ+2)v

η
r0| sinφ0| ≤ 0. This implies r0 ∈

[
0,
(

(µ+2)v| sinφ0|
|η|

) 1
µ+1

]
.

Using sinφ0 = −1, we get the maximum range of r0. Beyond this maximum
value of r0, K will always be K > 0 irrespective of the value of φ0 resulting
in a Type 1 pattern.
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When r0 ∈
[
0,
(

(µ+2)v
|η|

) 1
µ+1

]
, the robot will trace Type 1 pattern if

sinφ0 > − r0µ+1|η|
(µ+2)v

else, it will trace Type 2 pattern. Next, we discuss some
interesting cases which arise out of the choice of certain initial conditions and
controller parameters.

Corollary 4. When K = −(µ+ 1)( v
|η|)

µ+2
µ+1 , the pattern generated is a circle

of radius ( v
|η|)

1
µ+1 centred around the target point.

Proof. K = −(µ+1)
(
v
|η|

)µ+2
µ+1

= Kmin corresponds to point E in Fig. 3 where

Rmax = Rmin = v
|η|

1
µ+1 .

Corollary 4 corresponds to the condition on K which is necessary to
achieve a circle. Further, we show the translation of the condition on K in
terms of initial position and heading angle such that the trajectory of the
agent is again a circle.

Corollary 5. If r0 = v
|η|

1
µ+1 and if φ0 = 3π/2 when η > 0 else φ0 = π/2,

then the pattern generated is a circle of radius v
|η|

1
µ+1 .

Proof. From (5), K = −(µ + 1)
(
v
|η|

)µ+2
µ+1

for the given initial conditions.

Hence the proof follows from Corollary 4.

If the pattern is required to cover an entire disk of a certain radius, then
it becomes mandatory that Rmin = 0. The obvious solution to the problem
is to start at r0 = 0 with any arbitrary heading angle. But sometimes it
may not be possible to start such that r0 = 0. So, Corollary 6 covers the
conditions to be imposed on any initial conditions to achieve a pattern within
a disk.

Corollary 6. If r0 =
(

(µ+2)v
|η|

) 1
µ+1

and if φ0 = 3π/2 when η > 0 else φ0 =

π/2, then the pattern covers a disk of radius
(

(µ+2)v
|η|

) 1
µ+1

.

Proof. For the given initial conditions, from (4) and (5) rµ+1 − (µ+1)v
|η| r +(

(µ+1)v
|η| r0 − r0

µ+2
)

= 0 The solution gives Rmin = 0 and Rmax =
(

(µ+2)v
η

) 1
µ+1

which implies that the entire disk of radius
(

(µ+2)v
η

) 1
µ+1

is covered by the

pattern.
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3 Generating the patterns

This Section addresses the problem of how to generate a pattern in a given
region when we have the flexibility in the choice of η. The results obtained in
this section are crucial from the point of view of applications. For example,
when monitoring a landmark it is required for the agent to maintain a certain
proximity with the landmark and hence a certain Rmin. For surveillance, the
agent needs to maintain a certain Rmax and so on. The first Lemma of the
section considers the case when the maximum radius (Rmax) of the pattern
has been specified.

Lemma 2. Given r0, φ0 and Rmax with Rmax ≥ r0, a robot traces Type 1
pattern if and only if

η =


Rmax+r0 sinφ0
Rmax

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≥ −
(

r0
Rmax

)µ+1

−Rmax+r0 sinφ0
Rmax

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≤
(

r0
Rmax

)µ+1 (10)

and Type 2 pattern if and only if

η =


Rmax+r0 sinφ0
Rmax

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≤ −
(

r0
Rmax

)µ+1

−Rmax+r0 sinφ0
Rmax

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≥
(

r0
Rmax

)µ+1 (11)

Proof. When r0, φ0 and Rmax are given, from (4), (5) and Lemma 1, K =

Rµ+2
max −

(µ+2)vRmax

|η| = rµ+2
0 + (µ+2)vr0 sinφ0

η
from which we get two values of η

as η1 = Rmax+r0 sinφ0
Rmax

µ+2−r0µ+2 (µ+2)v and η2 = −Rmax+r0 sinφ0
Rmax

µ+2−r0µ+2 (µ+2)v and the corres-

pondingK asK1 = Rmaxr0
Rmax

µ+1 sinφ0+r0µ+1

Rmax+r0 sinφ0
andK2 = Rmaxr0

Rmax
µ+1 sinφ0−r0µ+1

−Rmax+r0 sinφ0
.

It can be verified that η1 > 0, η2 < 0, K1 ≥ 0 when sinφ0 ≥ −( r0
Rmax

)µ+1

and K2 ≥ 0 when sinφ0 ≤ ( r0
Rmax

)µ+1. Therefore, the necessary condition
to get Type 1 pattern is that K ≥ 0 which will be true if η satisfies (10).
Similarly, for Type 2 pattern K ≤ 0 which is achieved when η satisfies (11).
To prove the sufficiency condition, we need to show that in order to get Type
1 pattern, that is, K ≥ 0, η is as given in (10) and otherwise it is as given in
(11). This is also true from the preceding argument.

The corresponding value of Rmin for Lemma 2 can be calculated as the
root of either (8) or (9) depending on the value of K. Next, when Rmin is
specified beyond which the pattern should be formed, the result is stated in
the following Lemma. The proof is similar to Lemma 2 and so is omitted.
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Lemma 3. Given r0, φ0 and Rmin with Rmin ≤ r0, a robot traces Type 1
pattern if and only if,

η =

{
Rmin+r0 sinφ0
Rmin

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≥ −Rmin

r0
−Rmin+r0 sinφ0
Rmin

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≤ Rmin

r0

(12)

and Type 2 pattern if and only if,

η =

{
Rmin+r0 sinφ0
Rmin

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≤ −Rmin

r0
−Rmin+r0 sinφ0
Rmin

µ+2−r0µ+2 (µ+ 2)v, when sinφ0 ≥ Rmin

r0

(13)

The corresponding value of Rmax for Lemma 3 is given by the solution of
(8) using the value of K obtained in Lemma 3.

Remark 2. From Lemma 2 and 3, we observe that Type 2 pattern will not

exist if −Rmin

r0
≤ sinφ0 ≤ Rmin

r0
or −( r0

Rmax
)

1
µ+1 ≤ sinφ0 ≤ ( r0

Rmax
)

1
µ+1 . This

is pictorially represented in Fig. 2 as the shaded region. If the heading is
inside the shaded region, Type 2 patterns are infeasible. Such restrictions
do not exist for Type 1 patterns. We have not analysed the cause for such
restrictions since we have paper limitation and our main aim is to design the
controller in the most general situation.

Next, we consider both Rmax and Rmin are given.

Corollary 7. A robot traces a pattern in the region [Rmin, Rmax], if and only
if,

η = ±Rmax ±Rmin

Rµ+2
max −Rµ+2

min

(µ+ 2)v. (14)

Proof. The proof follows from (4) and Lemma 1 and is in the line of Lemma
2 and 3. Hence the details are omitted.

There are four possible values of η in (14). From (4), we have

K =


RmaxRmin(Rµ+1

max+Rµ+1
min )

Rmax+Rmin
≥ 0 η = ± Rmax+Rmin

Rµ+2
max−Rµ+2

min

(µ+ 2)v

RmaxRmin(−Rµ+1
max+Rµ+1

min )

Rmax−Rmin
≤ 0 η = ± Rmax−Rmin

Rµ+2
max−Rµ+2

min

(µ+ 2)v.
(15)

Hence, two of the controller gains result in Type 1 patterns and two others
result in Type 2 patterns. Corollary 7 does not consider the initial conditions
in calculating the controller gain. However, any initial condition does not
result in covering the desired region since (4) and (5) may not be satisfied
simultaneously. We will address this later in the paper. Next, we find the
relation between Rmax, Rmin and instantaneous r and φ.
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Lemma 4. Given Rmax, Rmin and any arbitrary instantaneous r, a robot
traces a Type 1 pattern if and only if,

sinφ = ±Rmax(Rµ+2
min − rµ+2) +Rmin(Rµ+2

max − rµ+2)

r(Rµ+2
max −Rµ+2

min )
(16)

and a Type 2 pattern if and only if,

sinφ = ±Rmax(Rµ+2
min − rµ+2)−Rmin(Rµ+2

max − rµ+2)

r(Rµ+2
max −Rµ+2

min )
. (17)

Proof. From Corollary 7, we get the possible η values and the corresponding
K is given in (15). The necessary condition is obtained by applying (15)
in (4) to find the values of instantaneous φ given by (16) and (17). The
sufficiency condition is obtained by using the values of φ from (16) and (17)
in (4) and then calculating K to find its sign.

For a given Rmax, Rmin and r, there are four possible values of sinφ and
each one corresponds to one of the η in (14). Therefore, there are eight
possible values of φ.

Corollary 8. A robot traces a pattern in [Rmin, Rmax] if r0 ∈ [Rmin, Rmax].

Proof. In Lemma 4, φ will exist if and only if the right hand side of (16) and

(17) are bounded within±1. Let us denote Φ1 =
Rmax(Rµ+2

min −r
µ+2)+Rmin(Rµ+2

max−rµ+2)

r(Rµ+2
max−Rµ+2

min )

and Φ2 =
Rmax(Rµ+2

min −r
µ+2)−Rmin(Rµ+2

max−rµ+2)

r(Rµ+2
max−Rµ+2

min )
. For Φ1 ≥ −1, we get (Rmax −

r0)
(∑l=m+1

l=0 r0
l(RmaxRmin

µ+1−l +Rmin
µ+2−l

+ r0(Rmax
µ+1−l − Rmin

µ+1−l))
)
≥ 0 which will hold if Rmax ≥ r0 since the

terms inside the summation are always positive. For Φ1 ≤ 1, (Rmin −
r0)
(

(Rmax − r0)
∑l=m+1

l=0 r0
lRmax

µ+1−l

+(Rmax +r0)
∑l=m+1

l=0 r0
lRmin

µ+1−l
)
≤ 0 which will hold if Rmin ≤ r0 because

Rmax ≥ r0 (as shown in the previous condition) and the other terms are all
positive. Therefore, from (16), we must have r0 ∈ [Rmin, Rmax]. Similarly, for
Φ2 ≥ 1, we get (Rmax−r0)(Rmin − r0)

∑l=m+1
l=0 (Rl

max − Rl
min)rµ+1−l

0 ≤ 0 and
can be satisfied only when r0 ∈ [Rmin, Rmax].

Remark 3. The sufficiency of Corollary 8 requires conditions on φ0 which
are presented in Lemma 4.
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Table 1: Simulation results

r0 φ0 µ η K
Rmax Rmin ω1 ω2 α̇maxAnalytical Simulation Analytical Simulation

Case 1 1 150 1 0.5 16 5.73 5.73 0.53 0.53 1.58 2.74 2.86
Case 2 5 330 2 0.016 -2500 10.00 10.00 2.01 2.01 0.74 1.86 1.6
Case 3 10 45 1 -0.46 771 10.34 10.34 8.00 8.00 1.52 2.64 4.79
Case 4 20 -3.4 1 0.012 6485 38.00 38.00 5.00 5.00 0.24 0.42 0.45

Case 5
30 45 1 ηi =

−0.011,
ηf =
0.048

1700 20 20.04 5 5.08 0.49 0.84 0.95

2 45 1 ηi =
0.0127,
ηf =
0.029

2708 25 24.92 5 4.82 0.38 0.66 0.72

Case 6

1 150 2 0.05 201 7.53 7.53 0.5023 0.5023 1.08 2.71 2.84
1 150 3 0.05 251 4.85 4.85 0.5019 0.5019 1.58 5.29 5.70
1 150 5 0.05 351 3.06 3.06 0.5014 0.5014 2.32 11.75 13.19
1 150 10 0.05 601 1.95 1.95 0.5006 0.5006 3.29 31.49 37.76

Any arbitrarily chosen values of Rmax, Rmin, r0 and φ0 will not necessarily
satisfy Lemma 4 which implies that there does not exist a η to form the
pattern. However, we can circumvent this situation by using two values of η
and switching at an appropriate instant. This is discussed in the following
theorem.

Theorem 1. Given r0, φ0, Rmin and Rmax, a robot can trace a pattern
in [Rmin, Rmax] if the controller gain is switched at any instantaneous r ∈
[Rmin, Rmax] from ηi to ηf where ηi and ηf take one of the four possible val-
ues

ηi1 =(µ+ 2)v

{
Rmax

µ+2(r0 sinφ0 −Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

+
−Rmin

µ+2(r0 sinφ0 +Rmax) + rµ+2(Rmax +Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

}
ηf1 =(µ+ 2)v

Rmax +Rmin

Rmax
µ+2 −Rmin

µ+2 (18)

ηi2 =(µ+ 2)v

{
Rmax

µ+2(r0 sinφ0 +Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

+
−Rmin

µ+2(r0 sinφ0 +Rmax) + rµ+2(Rmax −Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

}
ηf2 =(µ+ 2)v

Rmax −Rmin

Rmax
µ+2 −Rmin

µ+2 (19)
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ηi3 =(µ+ 2)v

{
Rmax

µ+2(r0 sinφ0 +Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

− Rmin
µ+2(r0 sinφ0 −Rmax) + rµ+2(Rmax +Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

}
ηf3 =− (µ+ 2)v

Rmax +Rmin

Rmax
µ+2 −Rmin

µ+2 (20)

ηi4 =(µ+ 2)v

{
Rmax

µ+2(r0 sinφ0 −Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

− Rmin
µ+2(r0 sinφ0 −Rmax) + rµ+2(Rmax −Rmin)

(rµ+2 − r0
µ+2)(Rmax

µ+2 −Rmin
µ+2)

}
ηf4 =− (µ+ 2)v

Rmax −Rmin

Rmax
µ+2 −Rmin

µ+2 (21)

Proof. Given Rmax and Rmin, from Corollary 7, we get four possible values
of ηf and from Lemma 4, we get four possible values of sinφ for any r ∈
[Rmin, Rmin]. There is a one-to-one correspondence between each value of ηf
and sinφ obtained from Corollary 7 and Lemma 4 respectively. Now, for
each sinφ, we can find η from (4) and (5) since r0, φ0 and r are known and
it will correspond to ηi. These are given in (18)-(21).

Theorem 1 allows the robot to start from anywhere in the plane with any
arbitrary heading direction and achieve the hypotrochoidal pattern in the
given region [Rmin, Rmax]. The pattern will be of Type 1 if (18) or (20) is
selected, else it will be of Type 2. If r0, φ0, Rmax and Rmin satisfy (4) and (5)
simultaneously, then ηi = ηf . In this work, we emphasise on designing the
control law to generate the desired pattern. It does not use any feedback to
ensure that there is no error in the desired and actual pattern generated.

In some applications, there are constraints on the maximum turn rate
of an agent. Such constraints give bounds on the maximum control input.
We analyse the effect of input bounds on the generation of patterns (Rmax

and Rmin) for any η and µ. Let the maximum turn rate a robot can have
be ωmax ≥ 0. Then, we should have |u| = |ηrµ| ≤ ωmax, ∀t > 0. Since
r ∈ [Rmin, Rmax], the turn rate constraint will always be satisfied if

|ηRµ
max| ≤ ωmax (22)

For given η and µ, as we vary φ0 and r0, we get different Rmax and Rmin.
When there is a constraint on ωmax, the achievable values of Rmax and Rmin

get narrowed as discussed below.
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Theorem 2. Given η and µ, the robot will trace

1. no pattern if ωmax < ω1

2. only Type 2 pattern if ω1 ≤ ωmax ≤ ω2

3. both Type 1 and 2 pattern if ωmax ≥ ω2

where

ω1 = vµ/(µ+1)|η|1/(µ+1), ω2 = ((µ+ 2)v)µ/(µ+1)|η|1/(µ+1) (23)

Proof. From (22), let the upper bound of Rmax be denoted by R̄max =(
ωmax

|η|

) 1
µ
. From Corollary 1, if R̄max <

(
v
|η|

) 1
µ+1

, which implies ωmax ≤
ω1 then, neither Type 1 nor Type 2 patterns are possible. Similarly, if(
v
|η|

) 1
µ+1 ≤ R̄max ≤

(
(µ+2)v
|η|

) 1
µ+1

, then only Type 2 patterns are possible

and if R̄max >
(

(µ+2)v
|η|

) 1
µ+1

, then both the patterns are possible.

Remark 4. When
(
v
|η|

) 1
µ+1 ≤ R̄max ≤

(
(µ+2)v
|η|

) 1
µ+1

, Rmax ∈
[(

v
|η|

) 1
µ+1

, R̄max

]
.

Corresponding bounds on Rmin can be obtained from (4) by solving Rµ+2
min −

(µ+2)vRmin

|η| =
(
ωmax

|η|

)µ+2
µ − (µ+2)v(ωmax)1/µ

|η|
µ+1
µ

. Let us denote it as R̄min. Then,

Rmin ∈
[(

v
|η|

) 1
µ+1

, R̄min

]
. When R̄max ≥

(
(µ+2)v
|η|

) 1
µ+1

, the bounds on Rmax

and Rmin are the same as stated in Corollary 1 for Type 2 patterns. However,

for Type 1 pattern, Rmax ∈
[(

(µ+2)v
|η|

) 1
µ+1

, R̄max

]
and Rmin ∈ [0, R̄′min] where

R̄′min can be obtained from (4) by solving Rµ+2
min + (µ+2)vRmin

|η| =
(
ωmax

|η|

)µ+2
µ −

(µ+2)v(ωmax)1/µ

|η|
µ+1
µ

.

4 Simulation Results

We simulate different scenarios with the initial conditions and the para-
meters used in simulation as given in Table 1. In all the cases, we assumed
that v = 5 units and µ as given in the table.
Case 1 : We assume that r0 and φ0 are given. For η = 0.05, from (4),
K = 151 implying a Type 1 pattern. The trajectory of the robot is plotted
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in Fig. 1a. The values of Rmax and Rmin calculated using Lemma 1 with (4)
and observed in simulation match exactly (refer to Table 1).
Case 2 : We assume that r0, φ0 andRmax are given. Then sinφ0 ≤ −( r0

Rmax
)µ+2

and from Lemma 2, η1 = −0.00133 and η2 = 0.016. According to lemma,
η2 will generate Type 2 pattern which can be verified from the trajectory
plotted in Fig. 1b.
Case 3 : We assume that r0, φ0 and Rmin are given. Then sinφ0 <

Rmin

r0
and

the possible η values are −0.4632 and 0.0019. From Lemma 3, η = −0.4632
gives K = 771.039 and, hence, Type 1 pattern which is validated in Fig. 4a.
Case 4 : We assume that Rmax and Rmin have been specified. From Corollary
7, we get η = ±0.01178 and η = ±0.00904. The initial conditions are given
by Lemma 4 and Corollary 8. So, r0 = 20 and φ0 = −3.3976 are chosen. For
η = 0.01178, K = 6484.90 resulting in a Type 1 pattern as shown in Fig.
4b. The Rmax and Rmin achieved through simulation verify the theoretical
results as shown in Table 1.
Case 5 : Here, Rmax and Rmin are given with r0 /∈ [Rmin, Rmax]. We have
considered two cases. In the first case, r0 ≥ Rmax. Theorem 1 implies that
switching of η is required at any arbitrary r ∈ [Rmin, Rmax]. Let r = 15.2,
then the trajectory with one of the possible set of controller gains given in
Table 1 is shown in Fig. 4c with the initial and final desired patterns being
given in different colours. In the second case, r0 ≤ Rmax. In this case, we
switch at r = 10, the trajectory of the agent is shown in Fig. 4d
Case 6 : Here, we vary µ keeping all the other parameters and initial condi-
tions same. The trajectories of the robot are shown in Fig. 5. In accordance
to Corollary 2, the Rmax and Rmin decrease with increase in µ. It is also
tabulated in Table 1.

In all the cases above, we have calculated ω1 and ω2 from (23) and also
noted the maximum turn rate of the robot in Table 1. For all Type 2 patterns
(that is, Case 2), ω1 ≤ α̇max ≤ ω2 and for all Type 1 patterns (that is, all
the cases except Case 2), α̇max ≥ ω2. This shows that if we have a turn
rate constraint, ωmax which satisfies α̇max ≤ ωmax, then ωmax must satisfy the
conditions given in Theorem 2.

5 Conclusion

Mathematical patterns appear abundantly in nature and have always
drawn the interest of the research community. In this paper, we have pro-
posed a simple non-linear control scheme that renders intricate hypotroch-
oidal patterns in a plane. The scheme uses a single agent, modelled as a
unicycle. The control input to the agent is non-linearly proportional to the
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(a) Case 3 (b) Case 4

(c) Case 5: r0 >
Rmax

(d) Case 5:
r0 < Rmin

Figure 4: Trajectory of the robot for different cases

(a) µ = 2 (b) µ = 3 (c) µ = 5 (d) µ = 10

Figure 5: The effect of µ

radial distance of the agent from the centre of the pattern. Under the control
scheme, it has been shown that given any controller gain and starting from
any initial position, the agent achieves a hypotrochoid like pattern. Also,
we have shown the conditions on the agent’s position and the controller gain
necessary to achieve a desired pattern which has been specified in terms of
either the minimum radial distance from the pattern’s centre or the maximum
radial distance or both. Further, we have provided the necessary restrictions
on the possible patterns that can be generated by the proposed control law
in the presence of turn rate constraints on the unicycle. As an extension to
this work, further analysis can be done to mathematically characterise the
hypotrochoidal parameters in terms of the controller parameters and the ini-
tial coordinates of the agent. Also we can look into the time stamping of the
pattern, that is, finding the time required to complete certain percentage of
the pattern.
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