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Abstract. Adaptive gradient-descent optimizers are the standard
choice for training neural network models. Despite their faster con-
vergence than gradient-descent and remarkable performance in prac-
tice, the adaptive optimizers are not as well understood as vanilla
gradient-descent. A reason is that the dynamic update of the learning
rate that helps in faster convergence of these methods also makes
their analysis intricate. Particularly, the simple gradient-descent
method converges at a linear rate for a class of optimization prob-
lems, whereas the practically faster adaptive gradient methods lack
such a theoretical guarantee. The Polyak-t.ojasiewicz (PL) inequality
is the weakest known class, for which /inear convergence of gradient-
descent and its momentum variants has been proved. Therefore, in
this paper, we prove that AdaGrad and Adam, two well-known adap-
tive gradient methods, converge linearly when the cost function is
smooth and satisfies the PL inequality. Our theoretical framework
follows a simple and unified approach, applicable to both batch and
stochastic gradients, which can potentially be utilized in analyzing
linear convergence of other variants of Adam.

1 Introduction

In this paper, we consider the problem of minimizing a possibly non-
convex objective function f : R* — R,
min f(z). €))
z€RC
Among other applications, non-convex optimization appears in train-
ing neural network models. It is a standard practice to use adaptive
gradient optimizers for training such models. Compared to gradient-
descent, these methods have been observed to converge faster and do
not require line search to determine the learning rates.

AdaGrad [7] is possibly the earliest adaptive gradient optimizer.
To address the gradient accumulation problem in AdaGrad, the Adam
algorithm [11] was proposed. Adam and its variants have been
widely used to train deep neural networks in the past decade. Despite
the success of these adaptive gradient optimizers, we lack an under-
standing of why these methods work so well in practice. The theory
of convergence of the adaptive optimizers has not been completely
developed. Since these methods work better than simple gradient-
descent or its momentum variants, it is natural to expect a similar
or better convergence guarantee of adaptive optimizers compared
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to gradient-descent. One such theoretical difference between these
two classes of methods is linear convergence. Specifically, gradient-
descent and its accelerated variants, such as the Nesterov accelerated
gradient or Heavy-Ball method, are known to exhibit /inear conver-
gence for a class of cost functions [16]. On the other hand, most of
the adaptive gradient optimizers lack such a guarantee.

Linear convergence guarantees of gradient-descent, its acceler-
ated variants, coordinate descent, and AdaGrad-Norm [22] (among
the adaptive gradient methods) have been proved for the class of
smooth and possibly non-convex cost functions that satisfy the
Polyak-Lojasiewicz (PL) inequality [10]. The PL inequality is the
weakest condition among others, such as strong convexity, essen-
tial strong convexity, weak strong convexity, and restricted secant
inequality, that leads to linear convergence of gradient-descent and
its accelerated variants to the solution of (1) [10]. The objective func-
tions in standard machine learning problems like linear regression
and logistic regression satisty the PL inequality. For solving over-
parameterized non-linear equations, [13] establishes a relation be-
tween PL inequality and the condition number of the tangent kernel,
and argued that sufficiently wide neural networks generally satisfy
the PL inequality. Motivated by linear convergence guarantees of
gradient-descent and its aforementioned variants under the PL con-
dition and the applicability of PL inequality on a set of machine
learning problems, we investigate linear convergence of AdaGrad
and Adam under the PL inequality.

To present our results, we define the following notations and make
a set of assumptions as stated below. Let the gradient of f evaluated
at z € R? be denoted by Vf(z) € R? and its i-th element be
denoted by V; f(z) for each dimension ¢ € {1,...,d}.

Assumption 1. The minimum f. of f exists and is finite, i.e.,
|min, cpa f(x)| < oo.

Assumption 2. f is twice differentiable over its domain R® and is
L-smooth, i.e., AL > 0 such that ||V f(x) — V f(y)|| < Lz — y||

forallz,y € R

Assumption 3. f satisfies the Polyak-Lojasiewicz (PL) inequality,
ie, 31 > 0 such that 1 |V f(2)||* > I(f(x) — f.) forall x € R?.

Assumption 3 has been justified in the preceding paragraph. As-
sumption 1-2 are standard in the literature of gradient-based opti-
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mization. An implication of Assumption 2 is that [2]

F) ~ F@) <y =) V@) + 5 o=yl Yo,y € R @)

Next, we review the AdaGrad [7] algorithm and its existing con-
vergence guarantees. AdaGrad and Adam are iterative methods. At
each iteration k = 0, 1, . . ., AdaGrad maintains an estimate x, of the
solution of (1) and an auxiliary state y;. that determines the learning
rate. x3 and y;, are updated as

Yk+1, = Yh,i + |sz($k)|2 , (3a)
Thtl,i = Thyi — hM~ (3b)
VYk+1,i + €

Here, h > 0 is a stepsize, and € > 0 is a small-valued parameter
to avoid division by zero. The original AdaGrad paper [7] proves
O(VK) regret bound for convex f, where K is the number of itera-
tions, assuming the stochastic gradients and the estimates of minima
are uniformly bounded. Under the same boundedness assumptions,
for strongly convex f, AdaGrad’s regret bound analysis [6] imply a
O(log(K)/K) convergence rate [4]. Following [7], there are sev-
eral works on the convergence of AdaGrad. The notable among them
include [12, 5, 20, 18]. Among them, [18] most recently proved
O(1/K) convergence rate of AdaGrad for non-convex f, without
the bounded gradient assumption. To the best of our knowledge, lin-
ear convergence of AdaGrad has not been proved in the literature.
On the other hand, the gradient-descent algorithm is known to have
linear convergence when f is smooth and satisfies the PL inequal-
ity [10]. So, we ask the question of whether the adaptive gradient-
descent methods, such as AdaGrad and Adam, can have guaranteed
linear convergence for the same class of optimization problems.
Among the variants of AdaGrad, [22] proves linear convergence
of the AdaGrad-Norm (norm version of AdaGrad) in the stochastic
settings under strong convexity of f and in the deterministic setting
under PL inequality. The AdaGrad-Norm algorithm, described as

k1 =y + IV f (@),
_ V()
VUkt1 + €

differs from the coordinate-wise update in AdaGrad (3a)-(3b), which
is more commonly used in practice [18]. So, the analysis in [22]
does not trivially extend to AdaGrad. Furthermore, in the determin-
istic settings, if yo is initialized as a small value, AdaGrad-Norm
is shown to have a sublinear rate until a finite number of iterations
where yj, crosses a certain threshold [22]. In the same settings, we
prove that AdaGrad has a linear rate for each iteration £ > 0. [15]
proved a O(log K) regret bound of the SC-AdaGrad algorithm, with
Yk+1,; replacing | /yk+1,; in the denominator of AdaGrad (3b) and
a coordinate-wise €x, when f is strongly convex and the gradients
and the estimates of minima are uniformly bounded. The SAdaGrad
algorithm, a double-loop algorithm with AdaGrad in its inner loop,
has a convergence rate of O(1/K) for weakly strongly convex f [4].
For two-layer networks with a positive definite kernel matrix, [21]
proves linear convergence of the AdalLoss algorithm if the width
of the hidden layer is sufficiently large. Compared to the aforemen-
tioned works on the analysis of AdaGrad and its variants, we prove
linear convergence of the original AdaGrad (3a)-(3b) when f is L-
smooth and satisfies the PL inequality.

Next, we review the Adam algorithm [11] and its existing conver-
gence results. At each iteration k£ = 0,1,..., Adam maintains an

Tk+1 = Tk

estimate x, of the solution of (1) and two moment estimates y; and
vy, that determine the learning rate. These estimates are updated as

Ukt1,s = Biepn,i + (1 — Bix) Vi f(zx), (4a)
Vi1, = Bovii + (1 — Bo) [Vif (zi)|?, (4b)
HE+1,4
i = i —h—————. 4
e e e € )

Here, S1k, B2 € [0, 1) are two algorithm parameters. For non-convex
optimization in stochastic settings, [23, 8] have proved O(1/VK)
convergence rate of Adam and a family of its variants when the
stochastic gradients are uniformly bounded. [9] proved O(1/K)
convergence rate of double-loop algorithms with Adam-style up-
date in its inner loop in the stochastic settings under PL inequal-
ity and bounded stochastic gradients. Without the bounded gradi-
ents assumption, [24] proved O(log(K)/+/K) convergence rate of
Adam for non-convex optimization in stochastic settings. [19] proved
a O(log K) regret bound of the SAdam algorithm, with v41,; re-
placing ,/Vi11,; in the denominator of Adam (4¢) and a vanishing
€k, when f is strongly convex and the gradients and the estimates of
minima are uniformly bounded. [1] proved exponential convergence
of a continuous-time version of Adam under the PL inequality. How-
ever, [1] assumes that the continuous-time version of the momentum
parameters 31 and (2 converge to one as the stepsize h converge
to zero. Also, the exponential convergence guarantee in [1] does
not extend to discrete-time, as discussed by the authors. From the
above literature review, we note that a linear convergence of Adam
in discrete-time has not been proved. We prove linear convergence
of the discrete-time Adam algorithm (4a)-(4c) in the deterministic
settings when f is L-smooth and satisfies the PL inequality.

We aim to present a unified proof sketch for AdaGrad and Adam
in this paper, which can potentially be utilized for variants of Adam
in the future. Thus, our convergence analyses of AdaGrad and Adam
both follow a similar approach. It is well known that the difficulty
in obtaining a convergence rate, or even showing asymptotic conver-
gence, of the adaptive gradient methods stems from both numerator
and denominator of x1 — xx being dependent on the gradient (and
its history) and, thus, the first order component in (2) does not ad-
mit a straightforward descent direction, unlike the vanilla gradient-
descent. The existing analyses of adaptive methods usually tackle
this challenge by adding and subtracting a surrogate term, leading to
an additional complicated term in the error.

Our approach involves splitting the denominator in Tx41,; — Tk,s
into two cases, depending on whether the denominator is always less
than one or crosses one after a finite iterations. In the former case, the
analysis from (2) becomes equivalent to that of the vanilla gradient-
descent or its momentum-variant, without any adaptive stepsize. In
the latter case, the challenge is that the denominator of 11,5 — Tk,
is not apriori bounded and, hence, the argument used in gradient-
descent does not trivially apply (ref. (6) later). To address this chal-
lenge in this case, our analysis involves two broader steps. In the first
step, the condition on the denominator allows us to prove decrement
in the cost function over the iterations, simply for AdaGrad and af-
ter a more involved argument for Adam due to its momentum in the
numerator of Tx41,; — Zk,;. In the next step, we use the telescopic
sum, followed by a simple argument to prove the boundedness of
the denominator. Once we have a bounded denominator, the analy-
sis again becomes similar to the former case. Finally, in the general
case, where the numerator of x41,; — T, ; crosses one only along
a subset of the dimensions {1, ...,d} and stays less than one along
the rest of the dimensions, the linear rate is proved by the weakest
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(maximum) of the linear rates obtained in the previous two cases.
To not make our exposition too burdensome, we analyze AdaGrad
and Adam first in the determinsitic setting, followed by analysis of
AdaGrad with stochastic gradients. Due to space limit, we do not
present the analysis of Adam with stochastic gradients, which can be
done by following the technique presented in this paper.
The key contributions of our paper are as follows.

e We prove linear convergence of the discrete-time AdaGrad (3a)-
(3b) and the Adam algorithm (4a)-(4c) in the deterministic setting
when f is L-smooth and satisfies the PL inequality. To the best
of our knowledge, the linear convergence guarantees of these two
methods do not exist in the literature. We do not require convexity
or boundedness of the gradients. Our analysis of linear conver-
gence is existential in the sense that we prove linear convergence
of the optimizers, but do not characterize the coefficient of conver-
gence explicitly in terms of the problem and algorithm parameters.

e Our analyses of AdaGrad and Adam follow a similar approach,
with the difference lying in the additional arguments for Adam
due to its momentum term of the gradients. We split the conver-
gence analysis into two broad cases depending on the magnitude
of the denominator in zx41,; — Tx,; and leverage the condition for
each such case to present a simple convergence analysis. Thus, our
proofs of AdaGrad and Adam are simpler than the existing works.
Moreover, the presented proof methodology, as outlined earlier,
provides us with a unified recipe for analyzing other adaptive gra-
dient methods. The novelty of our technique lies in addressing the
denominator of xy11,; — Zx,;, which is not bounded apriori, in a
simpler way, by proving its boundedness.

e Considering the practical scenario, we prove linear convergence
in expectation of AdaGrad with stochastic gradients to a neighbor-
hood of the minima. The analysis with stochastic gradients follow
the same outline described above in the deterministic setting.

Although we prove existence of a linear convergence rate for Ada-
Grad and Adam, a limitation of our analysis is that it does not charac-
terize the exact coefficient by explicitly relating it with the algorithm
parameters and the problem constants. However, at least for Ada-
Grad, such explicit relation can be obtained by a closer look into our
analysis, which is difficult for Adam due to the additional momentum
term. Due to limited space, we do not present the analysis of Adam
with stochastic gradients, as it can be done by following the steps in
the proofs of Theorem 2 and Theorem 3.

2 Linear convergence of AdaGrad

Theorem 1. Consider the AdaGrad algorithm in (3a)-(3b) with ini-
tialization yo = Og and xo € R? and the parameter € € (0,1). If
Assumptions 1-3 hold, then there exists h > 0 such that if the step
size 0 < h < h, then (f(xra1) — fo) < p(f(zx) — f+) for all
k >0, where p € (0,1).

Proof. Consider an arbitrary iteration k& > 0. Under Assumption 2,
from (2) we have

L
f@rr) = flan) < (i —aw) V(@) + 3 ks = |
Upon substituting above from (3b),

J(wrg1) = fn)
d

\Vif ()] | Lh® _|Vif(2i)l®
< -h—F . 5
Zl ( VYk+1,i + € 2 {\/?JICTM—FEP 5

7

Case-I: First, we consider the case when yx11,; > (1 — 6)2 for all
1 €{1,...,d} forall k > T, where T < co. Recall that {ys;} is
a non-decreasing sequence for all ¢. Consider any iteration k > 7.

Then, |,/Yr+1,: + e| > /Yk+1,; + €. From (5), then we have

Lh\ < |Vif(zx))?
o) = fla) < - (1- 5 > 9l

If0 < h < %, from above we have f(zr41) < f(zk). Since
{f(zx) : kK > T} is a decreasing sequence and, under Assump-
tion 1, bounded from below by f., the sequence converges with

limg— oo f(2) < co. Next, upon summation fromt = T'tot = k
on both sides of (6), due to telescopic cancellation on the L.H.S.,

k d 9
f(arir) - flor) < —h (1 _ @) Sy W)
which means
i L\ g~ [9if (@)l
o=t (1-F) L L S

< klggo(f(IT) = f(#r41)) < flzr) = foo

So, limg oo Zsz %%ﬁ is bounded, which implies that
] 2
lim M =0, V. @)
k—oo \/Yk+1,i + €

Thus, either limy o0 [Vif(zk)] = 0 or limg oo \/Yrt1,: = 0.
Consider the case limy— 00 /Uk+1,6 = o00. From (7), we have

\Vif(zi)|” = o(y/¥riri + €), which implies % =

o((y/Uri1i + €7%5). So, if limg_yoo /Uht1: = 00, We have

; Vif(z)l _ : ; IVif(@)l® _
limg— oo Ni==w=Tl 0. Since both limg ;oo Tt = 0 and
limg o0 % = 0, it is possible only if limg o0 |V f(zx)| =
0. So, we have proved that limy_, o | Vs f(2x)] = 0 is true. Under

Assumption 3, then we have limy_, o f(2r) = f«. The above ar-
gument further shows that limg_oo \/Yk+1,; = 00 is possible only
in the trivial case where the function is at the minimum point. In
the non-trivial case, therefore, VYk+1,i + € is bounded. Then, for
0<h < 2,3M € (0,00) such that \/yr11,,+€ < M Vi. From (6),

flanen) = o) < =37 (1= 5 ) IV @) .

Under Assumption 3, from above we have

h Lh
Flanen) = o) <~ (1= B 2ts00) - 1)
Upon defining ¢1 = h (1 — £*) 2L we rewrite the above as

f(@es1) = flzr) < —er(f(ze) = fr),
which means
f@rg1) = fo < (L —c)(f(zr) = f4), VE 2 T. ®)

Moreover, 0 < h < 2 implies that ¢c; > 0and 0 < h < 3l implies

thatc; < 1.So, (1 —¢1) € (0,1) for0 < h < min{2, 31 }.
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Case-II: Next, we consider the case when yi+1,; < (1 — 6)2 for all
it €{1,...,d}forall k > 0. Then, ,/yr+1,; +€ < 1. Also, yo = 04
and (3a) implies that y ; > 0Vk, <. From (5), then we have
Lh
flenr) = flzr) < —h (1- o5 IV £ (ax)]”

Under Assumption 3, from above we have

lanen) = flon) < =0 (1= 25 ) 207G - 1)

Upon defining c2 = h (
f@rs1) = fo < (1 —c2)(f(zr

(0,1) for0 < h < mm{ < ,21l}

Case-III: Finally, we consider the case when, for each ¢ €
{1,...,d}, 3T; € [0,00) such that yp41,; < (1 — €)? for k < T;
and yry1,0 > (1 — €)? for k > T;. Then, 3T = max{T1,...,Ta}
such that yx11,, > (1 —€)*foralli € {1,...,d} forall k > T. For
k > T, the analysis in Case-I directly applies. For k < T', from the
analysis in Case-I- and Case-II, it follows that

@) = fo < maxf(L = 1), (1= e2)(f) — £2), (10)
where max{(l - 61) (1 —c2)}for0 < h <min{2, 2, %» 20
Sincee < 1, 5~ < £

We conclude that, for 0 < h < min{=- 2¢2 , 21 )57
(f(zrg1) = f+) < max{(l —c1), (1 — 02)}(f(5€k) -

where max{(1—eci1), (1—c2)} € (0,1). The proofis complete with
p=max{(1—c1),(1 —c2)}and h = mln{26 M, L3 O

— QLT};) 21, we obtain that

)= [, VE>0. (9

Moreover, (1 — ¢2) €

1

Since p € (0, 1), Theorem 1 implicates that the sub-optimality gap
(f(zk) — f«) of the AdaGrad algorithm (3a)-(3b) linearly converges
to zero at the worst-case rate p, for small enough stepsize h.

3 Linear convergence of Adam

Theorem 2. Consider the Adam algorithm in (4a)-(4c) with initial-
ization 1o = vo = 04 and xo € R? and the parameters Py, Bo €
[0,1), € € (0,1) . If Assumptions 1-3 hold, then 3By, € (0,1) such
that for Bix, € [0, Bx) there exists h > 0 such that if the stepsize
0 < h < h, then (f(zrt1) — f+) < p(f(zk) — fi) forall k >0
where p € (0, 1).

Proof. Under Assumption 2, from (2) we have

f(@rs1) — f(=

Upon substituting above from (4c),

L
k) < (Trgr — k)| VF(zR) + 3 [ETE—

f(@ri1) — fzk)
d 2 2
[3 Lh 7
<3 _pPer1iVif(zk) n k41, ) ap
i=1 VVkt1,i € ‘\/Vk+1,i+6|
Case-I: First, we consider the case vg1+1,; > (1 — 6)2 for all ¢ €
{1,..., = Vk+1’i
+/Vk+1,i + €. From (11), then we have
f(@r1) — fzr)
_hz (ukﬂ AVif(ze)  Lh |peral® ) W
Vk+1,i + € 2 /Uky1,:+e

f*)7 Vk 2 07

Upon substituting jix+1,; above from (4a) and rearranging the terms
in the numerator,

f(@rt1) — fwr)

< hzd: —Bik)(1—hE(1=B1k)) Vi f(zk) > —hE B |1k
=1

1 Vit
—h L Bk (1—hL(1—Bux)) ki Vi f (1)
NZ=vEr:
(1=61) (1= B1x) (L =P 5 (1=B1x)) |Vif (z1)

T Z N

hZ —Buk)(L—hE (1= B1)) [V f (k)|
VVkt1,i + €

) hz _ >+ Bie(l — hL(1 — i) puni Vi f ()
2 Nl ’

for any 0, € (0,1). We define two set of indices I = {i|i €
{1,...,d}, pr,; # 0} and its complement I’. Then, we rewrite the
above inequality as

h%ﬁm |Mk,i

J(xrs1) — flox)

hZ (1—0) A= Bur) (1 —hE (1 Bur)) Vi f (xx)]?

el \/m+€

_ hz —Bak)( ffﬁl—flek)) Vi f ()|

iel v ?
Ly —h& BT il * + Bk (1 — RL(L — Bix))pn,i Vi f (k)

pyi Vk+1,i T €

— Buk) (L — hE (1 — Buk)) Vi f (k)

7h§1, VVk+1,i + € ' (13

For 51 < land h < Ta—F) B , the last term on the R.H.S. in (13)
is negative. So, for ¢ € I, we want to show that

Gk(l—ﬁlk)(l—hg(l

L
> hgﬁ%k ‘,U/k,i|2 + Bie(1—hL(1

—Buk)) Vi f (z)|?

—Bik)) |pk,iVif (k)] , (14)
for some 6, € (0,1) and some h > 0, which would imply that

f(zrs1) — f(zx) < 0, from (13). Consider any ¢ € I. We note
that (14) is equivalent to

01— B14) [V (@) * — Bus eV T ()| > b 6
g (1= Bu) (01— Bue) IVif (00)® = 260k i Ve ()]
which is implied if

01— B10) IV T (@) — B Vi o)) = o B2 e

L
+hi (1= ) (Ox(L = Bu) [Vf (wr)]” = Bu ki Vi f (1)) -
1s)
For the case |pk,| = oo, we choose S1x = 0 and h < 2 so

that (15) holds. Otherwise, for the case |uk,;| < oo, if the L.H.S.
in (15) is positive, then (15) holds for

h<PE (16)
qk
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where we denote

k= 0k (1 — Bug) [Vif (@i)|® = Buk e Vif(xx)]
qk = g(l — Bik) (0x(1 = B1k) Vi f(zk)|* = Bik ki Vi f (zk)|)

L
+ 55%1@ e, -

Now, the L.H.S. in (15) being positive is equivalent to

Bk |pk.l

0 > S Ll (17)

5T T B [V ()
Since |pkr,i| < oo, we choose Bix < o] so that

i
" TG0l
Bik Fk,i .

Bix € (0,1) and TH v a1 < 1. Such a choice of

%] ) So, for

_Bik
Bir allows us to choose 0 € =B Vi f Gl

and 0, € (75““ k.|

e \vif<zk>|71>’ we have

B <
that the L.H.S. in (15) is positive. Moreover, since |ux,i| <
00, both numerator and denominator in the R.H.S. of (16)
are O On(1—PB1x) |Vif(zr)|” =Bk |e,iVi f @r)]). So, the RH.S.
of (16) is positive. So, we can choose h > 0 satisfying (16) so
that (15) holds. We conclude that, 38,0, € (0,1) such that for
Bk € [0,Bk) and i, € (Ox, 1) there exists h1 € (0, 00) such that
for h < hi, (15) holds, which implies that (14) holds for ¢ € I.
Upon substituting from (14) in (13), we have

flzrsr) — flow)

hZ (1= 0k)(1 — Bux) (1 — hE (1 — Bux)) Vi f (i)
Y 1— k) (1 = hE (1 = Bay)) | Vi f (i) ”

iel’ VVietLi €

hz )1 = Bre) (L — hE (1 — Bu)) [Vif (zk)|®
—hZ )1 = i) (L — hE (1= Bu)) Vi f (zk) [

cr Vk+1,i + €

LIV ()|

—h(1 = 0x)(1 = Bux)(1 — ;mﬂ

<0. (18)

Under Assumption 1, we follow the argument in the proof of Theo-
rem 1 after (6), and obtain

V@l
k—oo \/Upi1,: + €

Under Assumption 3, following the argument in the proof of
Theorem 1 after (7), we have limg_ oo Vf(zr) = 04, and
limg 00 f(7x) = fi, and AM € (0, 00) such that /D1, + € <
M Vi. From (18), then we obtain

f(@ria) = f(z)
(1= 0)(1 ~ Bu)(1 — %

=0, Vi. 19)

< —

(L= Bu) IV f @)

==

Under Assumption 3 and defining c1x, = h(1 — 0%)(1 — Bix)(1 —
hZ(1 — Bix))2L, from above we get

f@rt1) = fo < (1= c1e)(f(zw) = f+), Vb > T. (20)

Moreover, 0 < h < ﬁ implies that c1, > 0and 0 < h < %
implies that ¢1 < 1. So, (1 — ¢1) € (0,1) for 0 < h <
min{m7 %, hi}.

Case-II: Next, we consider the case when vy 11; < (1 — €)? for all
i€ {l,...,d}forall k > 0.Then, \/Vk11;+¢€ < 1. Also, vp = Oqg
and (4b) implies that v, ; > 0Vk, i. From (11), then we have

F(wry) —

Lh?
Z (—hMHl,Nif(wk) t 5 |Mk+1,i|2> -

‘We note that the above inequality is similar to (12) where , /U 11,;+€
in (12) is replaced by 1 and L is replaced by E% So, we follow the
proof above in Case-1, and instead of (18), we obtain that

F(@pt1) — flx)

d
~h(1 = 0)(1 = Bu)(1 — Aoy (1= Bur)) > Vif(an)l?

L

7z (1= Bu) VS @0)l*. @1)

—h(1 —0k)(1 — B1x)(1 —

Under Assumption 3 and defining cor, = h(1 — 0x)(1 — Bix)(1 —
hsts = (1 — B1x))2l, from above we get

F@ien) = fo < (1= con)(flar) — f), VR > 0. (22)

The rest of the proof follows the same argument as in the proof of
Theorem 1. O
Remark 1. Bias correction: Since po = vo = 0, the moment

estimates [y, and vy, are biased towards zero at the early stages
of iterations. Thus, in practice, Adam is implemented with a bias
correction that accounts for this initialization of the moment esti-
mates at zero [11]. When bias correction is active, h in (4¢) is es-

[1_gk+1
P2 Since ﬁlk, 52

sentially replaced by h1_;37’“+1' € [0,1), we have

. gkt By ;
limp 0o - = land 0 < 7”“ < o0. Thus, in the case
1-phtl 1-phtl
of initial bias correction, the result presented in Theorem 2 is valid,
LT, .. T . 1—pltt
upon replacing h with the positive quantity h ming>qg ——=2—.
P P 8 p q ty > W

Remark 2. Like our proof above, some of the existing analyses of
Adam require a decreasing Py, including [3, 11, 17]. While there
are convergence results of Adam with constant (31, they do not prove
linear convergence.

Remark 3. We do not utilize the explicit update (3a) or (4b) of the
denominator y or v. Our proofs hold as long as yi,,; > 0 or vi; >
0. The specific form of (3a) or (4b) only implicitly appears in our
analysis in terms of its bound M. Therefore, Adam’s analysis trivially
extends to AdaBelief [25] and AMSGrad [17]. In RAdam [14], 3T <
oo such that p(k) is increasing for k > T and converges t0 poo.
Then, by definition, 0 < r(k) < oo. Then, following the argument in
Remark 1, our analysis of Adam easily extends to RAdam for k > T
by replacing h with h ming>r r(k).
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4 AdaGrad with stochastic gradients

In practice, neural networks are trained with stochastic or mini-batch
gradients at each iteration of the optimizer. So, in this section, we
present our analysis of AdaGrad in the stochastic setting. For sim-
plicity, we consider only one data point in each iteration. However,
our result is applicable to mini-batch with more than one data points.
For each data point D, we define the loss function [ : R — R as
(-, D) and its gradient g(z; D) = V.l(z; D). Our aim is to mini-
mize the empirical risk,

min f(z) := E¢ [I(z; De)] . (23)

z€ERI
At each iteration £ > 0, AdaGrad randomly chooses a data point
D, , based on the realization (x of the random variable ¢, and com-
putes its stochastic gradient g¢, (k) = g(zx; D¢, ). We let g; ¢, (k)

denote the i-th element of g¢, (k), for each ¢ € {1,...,d}. Instead
of (3a)-(3b), xx, and y;, are updated as
i (k
Thyns = aps — h-Loe B (24a)
VYk,i T €
Ykt1,i = Yea + |gic, ()7 (24b)

For each iteration k£ > 0 we define the following.

o Let E¢, [-] denote the conditional expectation of a function the
random variables (i, given the current xx and yx.

e Let E; [-] denote the total expectation of a function of the ran-
dom variables {(o, . .., (x} given the initial condition o and yo.
Specifically, Ex [-] = E¢,,....c, [, k> 0.

e For each ¢ € {1,...,d}, define the conditional vari-
ance of g; ¢, (k), which is a function of the random vari-
able (j, given the current x; and y, as V¢, [gic. (k)] =
E¢, [lgic. (k) = B¢, [9ic (OI°] = Eg [lgic.(B)°] —
Ec, [9:.¢. (R

We make two additional standard assumptions [2, 18] for stochas-
tic gradients as follows. Assumption 5 is regarding boundedness of
coordinate-wise affine noise variance [18].

Assumption 4. At each iteration k > 0, the stochastic gradient is
an unbiased estimate of true gradient, i.e., E¢, [g¢c, (k)] = V f(zk).

Assumption 5. For each i € {1,...,d}, there exist two non-
negative real scalar values V1 ; and Va ; such that, for each k > 0,

Ve, [gi.c (B)] < Vi + Vo [V f (i
We define M = max; V1,; and Mg = max;(V2,; + 1).

Theorem 3. Consider the AdaGrad algorithm in (24a)-(24b) with
initialization yo = 0q and the parameter ¢ € (0,1). If Assump-
tions 1-5 hold, then there exists w € (0, 00) such that the following
statements are true.

(i) 3h > O such that if the step size 0 < h < h, then
Be, [f (@rr1)] = fox) < p(f (k) = fo) + w, forall k >0,
where p € (0,1) and w = O(M).

(if) Nimg oo |V f (i) |[* > dgh

(iii) Given arbitrary choices of the initial zo € R?,
w

i < —.
Jim B [f(@e)] < 72

Proof. Consider an arbitrary iteration £ > 0. Under Assumption 2,
from (2) we have

F@ngn) = f@n) < (wrrn —ax) | V() +

Upon taking conditional expectation on both sides and substituting
above from (24a),

3 [ETE [

e f(@r)] — fxr)

< hgl7<k(k) (o thQ ‘gfwfk(k”?
3-2(1@ [T e s B [ )
s~ (Vi @l | Lh? B lgia (0]
_Z< VBt 2 | e ) 2

where the last equality follows from Assumption 4. From the defini-
tion of conditional variance of g; ¢, (k) and Assumptions 4-5,

B¢, [19ice (B)1*] < Vi + (Vo + 1) | Vi f (2]
<M + Mg |Vif(zx)]*

Upon substituting from above in (25),

E¢, [f(zr+1)] — f(zx)

d 2 . 2
SZ( plVif @l | Lh? M 4 Mo |Vif(oe)] ) 6)
i=1 Vykl+6 2 ‘\/yk,i+€|

Case-I: First, we consider the case when yz; > (1 — €)? for all

1€ {1,...,d}forall k > T, where T' < oco. Consider any iteration
Yk,i ’> \/Uk,i + €. From (26), then we have
Ee, [f($k+1)} — f(=x)
(1 - Hlap)|v; 2_ LMy
hz )| f(wk)‘ 2 27
vV Yk,i +e€
For h < +5r= M , we have ( LJZIG h) > 0. Now, except at the trivial

point Vf(:ck) = 0g4, there exists at least one j € {1,...,d} for
which V; f(z¢) # 0. We consider the non-empty set I = {i|i €
{1,...,d},Vif(zx) # 0} and its complement I’. Then, we can
rewrite the R.H.S. above as

d
3 (1 - 55€h) |[Vif(ze)]* = £5%h
P} Yk, + €
_Z 1_L1\4Gh |Vf(.’l’k)| _%h Z LILIh
iel VUk,i + € jer VYk.j +e
Upon rearranging the terms above, we have
§~ (= 290 [V @) = Hh
— Yk, T €
[Vif(zg)l
2 Diel gmare
A T2V (NI A VA
il Uk, ite JEI g, te
Since ) jer % < 00, both the numerator and denominator in
»J
the R.H.S. of (28) are © (Zie, %) So, the R.H.S. of (28)

is positive. Then, h > 0 can be chosen to satisfy (28), for which

S (1= 240 (93 = 44
o VYk,i + €

> 0. (29)
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Then, (27) implies that E¢, [f(zr+1)] <  f(xk). Since
{E¢, [f(zk+1)] : k > T} is a decreasing sequence and, under As-
sumption 1, bounded from below by f., the sequence converges with
limy o0 E¢,, [f(2k41)] < co. Next, upon summation from ¢t = 7" to
t = k on both sides of (27), due to telescopic cancellation, we obtain
the total expectation

Eg [f(xr+1)] — f(27)

sz: EHEh) |Vif(z)]” — 55%h
t=T i= Vyt’l+6 .

Combining with (29), we have

k_d LMg ‘ > Lm
0< 1im 33 U= 2N Vi@l = 57k
b i VUit e
< lim (f(zr) = Ex [f(zr40)]) < flor) = fo.

Following the argument as in the proof of Theorem 1, the above im-
plies that

FREh) [Vif (@)l = B 0,Vi.  (30)
Yk, + € o

So, either limy_oo(1 — Z2IGR) |V, f(24)[? = 0 or
limg o0 /Yk,i = oo. Consider the case limg—oo \/Tk,i
co. From (30), we have (1 — L];IGh)|V¢f(mk)|2 — %h
o Jla-EE v - |
o(\/Yk,i + €), which implies T =
(D((\/yT,Z + 6)_0‘5). So, if limg—oeo 4/Yk,i = 00, we have
JIa=24G 1 s (i) 2 L n]

Vk,ite
ment after (7) in the proof of Theorem 1, limy o0 /Yk,s = 00 im-

plies that limj—c0 (1 — £E<R) |Vif(zk)]* — Z2h = 0. So, in
either of the cases above, we have

(

lim
k—oo

LM
— LMy

limg_s 0o = 0. Following the argu-

L]Wh

. . 2 _ 2
klgr;o |sz(l'k)| - (1 — LJgG h)

=: g., Vi. (31)

From the above argument, it further follows that limy—, o \/Yr,: =
oo is possible only if limy o [|[Vf(zi)||*? = dg.. For
limy, o0 [V f(xx)]* > dg., then \/Yk,i + € is bounded. Then, for
0<h< ﬁ, h satisfying (29), and for limy_ o |V f (zx)|> >
dg., 3M € (0, 00) such that |/yx ; + € < BVi. Then, from (27),

Ee,, [f (@hs1)] — f(zk)
h LM 2 LMd
< -5 = "IN Vi @)® + =5

Under Assumption 3, from above we have

B¢, [f(@r41)] = f(z)
h LM¢g LMd
<—=(1- )+
<5 (1-E5En) atren - 1)+ g
Upon defining ¢1 = % (1 — %h) 2l and w = %h{ we

rewrite the above as
E¢, [f(zr+1)] — fx < (1 —c)(f(zw) —

Moreover, 0 < h < LM
plies thatc; < 1.So, (1—c1) €

fo) tw, VE > T. (32)

implies that c; > 0and 0 < h <
(0,1) for0 < h < min{—+— LMG, 25}'

Case-II: Next, we consider the case when y5; < (1 — ¢)? for all

it €{1,...,d} forall k > 0. Then, \/yr,; + ¢ < 1. Also, yo = 04
and (24b) implies that yx ; > 0Vk, i. From (26), then we have
Ec, [f(zr+1)] — flzx)
LMcgh LMdh
= (1= 500 v s? + E g

Under Assumption 3, from above we have

E¢, [f(zr+1)] — f(zx)

LMGh) 9A(f(e) — f.) +

< — _
<-n(1- 1k

Upon defining co = h (1 — LMGh) 21, we obtain that

LMdh?
2e¢2

Ee, [f(zet)] = fo < (L= c2)(f@r) — fo) 0. (33)

Moreover, (1 —¢2) € (0,1) for0 < h < min{ 22 1

LMg> 210
Following the same argument as in the proof of Theorem 1,

for 0 < h < min{>— TG AL}, h satisfying (29), and for
limy, o0 |V f (x)|1* > dge,

B¢, [f (@rr1)] = f() < p(f (@) = fu) +w, VE 20,
where p = max{(1 — ¢1),(1 — ¢2)}. Since p € (0, 1), upon
iterating the above from k to 0, by the law of total expectation,

limg—oo Ex [f(2r+1)] < lf—p. The proof is complete. O

According to Theorem 3, AdaGrad in (24a)-(24b) converges lin-
early in expectation to a neighborhood of minima f,, for small
enough stepsize h. The neighborhood of f. to which E [f(zk+1]
converges is O(M), i.e., proportional to the variance of stochastic
gradients evaluated at the minimum point. Furthermore, the gradient-
norm ||V f (% )||* converges to a limit greater than a value of O(M).

Remark 4. Following the steps in Theorem 2 and Theorem 3,
linear convergence in expectation to a neighborhood of min-
ima f. can be proved for Adam with stochastic gradients, i.e.,
limg 0 Bk [f (zr41)] < 1‘_”—p and limp,_ oo ||Vf(mk)\|2 > 0. It im-
plies that Adam with stochastic gradients not necessarily converges
to the minima. This implication of our analysis is consistent with the
result in [17] that Adam has non-zero regret at k — oo for some
online optimization problems.

5 Summary

We presented a framework that proves linear convergence of two
adaptive gradient methods, namely AdaGrad and Adam in discrete-
time, for minimizing smooth objective functions that satisfy the PL
inequality. Among the prior works on adaptive gradient methods,
only the AdaGrad-Norm algorithm and a continuous-time version of
Adam have provable linear convergence, for a class of optimization
problems. Thus, our work contributes towards reducing the theoret-
ical gap between vanilla gradient-descent and the more successful
adaptive gradient optimizers. The unifying approach in our frame-
work could be applicable in rigorously analyzing other adaptive gra-
dient optimizers.
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