Chapterl: Quantum Mechanics

1 Schroedinger Equation

In classical mechanics, we talk about a particle say an electron with a position x and velocity
v. In quantum mechanics, particle state is represented by complex waves exp(ikz) or sum
of such waves > exp(ik;z). In complex wave exp(ikz), k is the wavenumber of the particle.
The wave evolves in time as exp(i(kz—w(k)t)), w(k) is the frequency of the wave and depends
on wavenumer k. The dependence w(k) is called the dispersion relation of the wave. First
postulate of quantum mechanics is that the energy of the wave is E = hw(k), where A is a
fundamental constant called Planck’s constant. Its units are angular momentum and in SI
units its value is 6.6 x 10734,

Consider a classical particle of mass m moving with velocity v in frame O’. It kinetic
energy is %va. If no work is done on the system with a force then this energy is conserved.
Furthermore this is conserved in all frames of reference. The kinetic energy in frame O
in which the frame O’ moves with velocity u is E(u) = im(v + u)?. For infinitesimal v,
E(u) ~ tmv? + mvu and since energy is conserved in this new frame mv = %€ is conserved.
This quantity % is called momentum. Using this interpretation of momentum, we can
calculate the momentum of the complex wave. For this, we develop a little bit of theory of

relativity.

1.1 Relativity

Consider lab frame O and a frame O’ , moving with respect to lab frame with velocity v.
Then the space time increment (Axz, At) in O, corresponds to (Az’, At’) in O'. The phase
increment of the light wave in both frames is the same.
Then

kAx — wAt = K Ax" — O A (1)
k(Ax — cAt) = K (Ax" — cAt). (2)

For light travelling in opposite direction
K (Az + cAt) = k(Az' + cAt). (3)

The two relations give



(cAt)? — Az? = (cAt)? — Az”. (4)
For Az’ =0, we have, Az = vAt and this gives

At
At = —— (5)
2
-5
This is called time dilation. Furthermore
k' 1-2
T ch (6)

Then combining Eq. (2. 3, 6), we get

(5] (%)

For a rod of length " in O’ we have (Az’, At') = (I',0), the | = Ax — vAt =1"1/1 — Z’—;
This is called length contraction.

For an object moving at velocity in the frame O’ at velocity u, for time At', we have
(Az', At') = (uAt', At'). Then from (Eq. 7), the relative velocity

Qle =
—aole

Az u—+v
= —_—— 8
CTA T 1+ 4 (8)

Consider a electron matter wave with frquency, wavewector (w, k) and (', k') respectively.
Then

The phase increment of the matter wave in both frames is the same.
Then

kAr — wAt = K Az' — WA (9)
w Ax w 1 12 Az | Az’
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This gives

Qle =
—ole



Rewriting this equation we get
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Then the energy

h
E() = hw(v) = ———(vk' + ). (13)
02
T2
Once again we use our interpretation of momentum and ask what is %ﬁf’) lo = hk'. There-

fore momentum of our complex wave w’, k’ is simply

hk'.
Thus we have two basic results in quantu2m mechanics the energy is iw and momentum hk.
Now from classical mechanics I = 2-. Then we get fw = % or w = % Thus my
complex wave ¥(x,t) = exp(i(kx — wt)) satifies
o R? 0%
e = (——— ). 14
T ( 2m (91;2> (14)

This equation (14) is called Schréedinger equation. It is still true if we have
Yo, t) =Y ajexpli(kje — w(k;)t)).
J

as individual exponential satisfy these equation.

W (x,t) is called a wavefunction of electron, it is superposition of plane waves. This is a fea-
ture of quantum mechanics, we can be in superposition of states. It satisfies the Schréedinger
equation. All we are saying is that if we start with initial state ¢(z) = >, a; exp(ik;x),
these ways will evolve by their charateristic energies as ¢(x,1) = >, a; exp(i(k;z — w(k;)t))
and 1 (x,t) satisfies the Schroedinger equation.

Figure 1: Figure shows how V() is decomposed as piecewise constant potential.



Now how does my wavefunction evolve if I have a potential V. Then from classical

mechanics £ —V = %, implying hw —V = % or my wave satisfies
L oY 0?
h— = (—h—=— + V). 15
iht = (s + V) (15)

and again same is true if we have superposition of plane waves.

Now how does the evolution of 1(x) take place when we have V(x). Then we can break
¥ (x) into small pieces ¢; over which V' (z) is contant as V;. See fig 1. Then each ¢, sees a
potential V;. Its evolution will be same if V; was globally true. Then we can break ¢ into
exponentials and conclude it satisfies the equation

Lo O
ih T (_h_axz + Vi) . (16)
Then adding them all we get
L oY 0?

Thus we have derived a fundamental equation of quantum mechanics. Wavefunction ()

has a probabilistic interpretation. ff [4)(x)|2dz gives the probability of finding the particles
in the interval [a, b]

Lets take sum of such complex waves with k; centered around ky. Then using Ak; =
k;j — ko, with Ak; € [-B, B], such that Ak is the spacing between successive Ak;, we have

o(z) = Z exp(ik;x) = exp(ikoz) Z exp(iAk;x) = 2 exp(ikox) Z cos(Ak;x) (18)
sin(Bz)

B sin(Bux)
Akx '

= QGXP(Zk’Oz)A—k Br

= 2exp(ikor) (19)

We summarize,

2 Wave Mechanics

lets Recap. The free electron wavefunction is ¢ = exp(ikz). The momentum is %8%. This

gives the kinetic energy € = % = %, which for e = hw gives,
hk?
k)= —. 20
wlk) =5 (20)

The dispersion is a parabola as shown below in figure 2 A.
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Figure 2: Figure A shows the dispersion w(k) vs k for a free electron. Figure B shows a
wavepacket centered at k.

Now, consider a wavepacket centered at ko shown the figure 2 A, B. The packet takes the
form

1 ) 1 ) )
o(x) = \/_N zj:exp(zk:jx), o(x,t) = \/_N zj:exp(—zw(k‘j)t) exp(ik;x), (21)

where w(k;) = w(ko) + w’'(ko) Ak; where Ak; = k; — ko. Denote v, = w'(ko) = ™2 as the
group velocity. Then

1
o(z,t) = —= exp(i(kor — w(ko)t)) Z exp(iAk;(z — vyt)). (22)
VN -
The function f(z) = \/LN > exp(ilk;x) = 2 >_;cos(Akjx), is centered at origin with

N
width oc (Ak)~! as shown in figure 2 B. Then

[o(, )| = |f(z — vgt)], (23)

the free electron wavepacket moves with a group velocity v,.
Now lets apply an electrical field E in the = direction at ¢ = 0. Then the Schroedinger
equation is
oY 1

oy 9,



The equation is satisfied by time varying wavevectors exp(ik(t)z), where k(t) = k — <&t

h )
h(k(t)?  h(k—<Et)?
2m — 2m

with energy (dispersion) w(k(t)) = , so that the wavefunction becomes

exp(—i/0 w(k(7)) dr)exp(ik(t)x).

The initial wavepacket ¢(z) evolves to ¢(x,t), where,

\/Lﬁzexp(mm, 6o, 1) Zexp / ki (7))dr) explik; (D). (25)

The group velocity

0 (1) = hk(t) _ h(k— 6—?); dvg(t) _ _eE (26)

m m dt m

The electron wavepacket simply accelerates the way we know from classical mechanics.
Being more pedagogical, we have

oat) = =P expl=i [ wlhy(0) ) esplik1)e)

_ \/Lﬁexp(—i /0 wiko(t)) ) expliko(t Zexp (i (z — / J(0)do)). (27)

The wavepacket evolves with instantaneous velocity v, (t).
The above method can be generalized to arbitrary potential. Consider the Schréedinger
equation

o W0
thor = (—2—@—6‘/( ). (28)

We approximate the potential V' by piecewise linear potential such that V(z) = V(x;) +
V'(x;)dz, where dx = x — x;, as shown in figure 3. We call these regions of linearized
potential, cells. We can rewrite the potential in a cell as V(z) = U(x;) + V'(z;)x

We assume that the wavepacket has large ky such that Ak ~ \/kg is large and therefore
for the wavepacket, Az ~ (Ak)~! is small so that it fits well within one cell. Then in this
cell, the Schroedinger equation takes the form

A )

"or = Comon

T —eV'(x;)xr — eU(x;)). (29)



V(x)

Figure 3: Figure shows linear approximation of potential V(x). The wavepacket ¢(x) is
confined to a cell.

Since the wavepacket is confined to a cell, it evolution would be same if the potential we
have was not only true in the cell but globally true. This is because the wavepacket doesn’t
know what the potential is outside the cell, its confined to the cell. Then lets solve the
Schroedinger equation with this potential assumed globally true and see how wavepacket
evolves.

Then as before for the Schréedinger equation is solved by wavevector ¢ = exp(ik(t)z).
Let z(t) denote coordinates of center of wavepacket, then

by 6fov(l"7' dr 9 t
R R
The group velocity
efo—dT v eV'(x
vy(t) = h(k + m ); dcghft) _ vgn(t))_ @)

This is classical mechanics. Therefore at high energies where kg is large and wavepacket
is well confined, i.e., over the packet width, the second order change of potential is small,
V" (x)Ax < V'(z). A linearized potential is a good approximation and evolution in quantum
mechanics mimics classical mechanics.

3 Particle in a Square Well

In this section we solve Schroedinger equation with a special potential. The Schroedinger
equation has the form



oy

H(z) is the Hamiltonian of the system, it is an operator. If we can find eigenfunctions of H
call ¢; with energies E;. Then the eigenfunction ¢; evolves as exp(—i%’t)d)i(x). Given initial
wavefunction ¢(z) = Y, a;¢;(x), we have ¥ (x,t) = >, o exp(—i£2)¢;(x). Therefore all the
challenge is in finding ¢;(z). These are called stationary states, eigenfunctions, etc.

Lets take a potential as show in figure 4 which is —V in region /1 and zero elsewhere.

Figure 4: Figure shows a potential well of depth V.

We solve for

Ho = Eo.
We first do it in region /1 that gives
n* 92
(—%@ -V)¢ = E¢ (33)
h2 82
—%@ﬁb = (E+V)¢ (34)
then the solution is exp(ikx) and exp(—ikx) where k = —VQW;EJFV)

In region I we have solution is ¢; = exp(k1x), where k; = —V_?IT”E FE should be negative as
solution should die to 0 at —oo. In region /11 we have solution is ¢35 = exp(—kjx), as solution
should die to 0 at co In region 2, we can say we have a solution ¢9 = A exp(ikz)+B exp(—ikx)
we match it to solution in I and /1. Then we have

¢i(—a) _ ¢5(—a) ¢h(a) _ ¢h(a)
p1(—a)  ¢a(—a)’ d3(a)  da(a)

(35)

From this we get

= %29 (36)



which gives A = B from which we get for zy, = Y22V

h Y
ki = ktan ka; (37)
Let z = ka and zy5 = & Qb@v’ with 2z < zg from which we get
tanz = v/ (z0/2)%? — 1 (38)
f1(2) fa(2)
A
z
- E]
B |53

P4

i

Figure 5: Figure A shows plots of fi(z) and fy(z). The energies are depicted in fig B.

When nm < z < (n + 1), we get n intersections as shown in fig 9A . These are bound
solutions. The energies are depicted in fig 9B. Until now we taked about bound states. when
total energy £ < 0. They are like a ball stuck in pit and keeps going back and forth as in
Fig. A in 6. There are other states as shown in Fig. A in 6 when E > 0, then ball rolls
from left crosses the pit and moves to right. Lets find quantum mechanical analog of these
scattering states.

Since E > 0, we have k; = ¥2"E_ Assume a incident wave (ball) from left exp(ik;z), part
of which is reflected R exp(—ikz) and part trnasmiited on right hand side T exp(ikz). Then
we have wavefunction exp(ik1z) + Rexp(—ikiz) in region I and Aexp(ikz) 4+ Bexp(—ikx)



NS .

Bound States Scattering states

Figure 6: Figure A shows bound states. Figure B shows scattering states

in region /7 and T exp(ikx) in region 3. We have 4 boundary conditions

) Aexp(—ika) + Bexp(ika).

Texp(ikia) = Aexp(ika) + Bexp(—ika).
ki(exp(—ikia) — Rexp(ikia)) = k(Aexp(—ika) — Bexp(ika)).
k1T exp(ikia) = k(Aexp(ika) — Bexp(—ika)).

exp(—ikia) + Rexp(ikia

On solving we get

exp(—i2kia)

T = e .
cos(2ka) — i+ sin(2ka)
k?* — k3
R = —i o L sin(2ka)T.

All energies E > 0 are allowed as scattering states.

4 Infinite Square Well

Figure shows an infinite square well which has zero potential in the center and infinite
potential V' = oo outside. Let the eigen energy of ¢ be FEy then (E) = E,. But then ¢
cannot have an presence outside center region else (E) = oco. Therefore ¢ is confined to
center region. ¢ has to be continuous (else its double derivative is co? which cannot satisfy
the Schroedinger equation). Then we look for

0%
~uz = Bt
which gives ¢,, = cos(%.%) with energies E, = % or ¢, = sin(™*), with E, = "ZQQ.
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Figure 7: Figure shows an infinite square well.

5 Harmonic Oscillator

Consider Harmonic Oscillator with Hamiltonian

H= % + %ka. (39)
1/2 k x"2
k
st
x
A B

Figure 8: Figure A shows a spring-mass system, a harmonic oscillator. Fig. B shows the
quadratic potential

Let wg = %, be the natural frquency of the oscillator. Then the Hamiltonian takes the
form

2 2
p 1 2 9 1 p 1 2
om Tt = he( e 4 pmer”) (40)
We can further write it as
t 1
H = hwy(a a+§>, (41)

where

11



b .
= 1/ =X +iP 42
¢ 2mhwg ! (42)

P WO . p .
a = =X — ZP, 43
on 2 (43)
where as before p = 2:2 and we use the commutation relation [2,2] = 1 or [p,z] = —ih.
Then we get
[aa'] = hwp. (44)

Now as before we want to find eigenfunctions of H. The reason for writing H in terms of
operator a,a' is that it helps to find these eigenfunctions. Lets see how. If ¢ is an eigenvector
with eigenvale F, then a¢ and a'¢ are both eigenfunctions with eigenvalues E — hw, and
E + hwy respectively.

To see this
fiwg (a'a + %)agb = ahwy(a'a — %)gb = (E — hwp)ag. (45)
huwo(a’a + %)angS = a'hwy(a’a + g)qb = (B + hwo)a'é. (46)

Therefore a and a are called lowering and raising or annhilation and creation operators
respectively. Observe energy has to be positive so we cannot keep lowering the energy. It
means there is a ¢y such that

agb(] - 07 (47)
which gives
8¢0 mwy
-0 . 48
o oh Lo (48)
This can be integrated to get a unique solution
r’*mw
do(x) = C exp(———), (49)
4h
with energy ﬁ% All other eigenfunctions can be derived by raising ¢ as
r’mw
¢1=a'dy = D zexp(~—5=). (50)

hwo

with energy 2 These eigenfunctions are called Hermite polynomials

12
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Figure 9: Figure shows first two Hermite polynomials.

6 Hydrogen Atom

In polar coordinates r = /22 + y? and ¢ = tan_l(%),
Then

o _ o 0 _ 0 snod
or  Oxdr Oxdp or r 0¢
0 or 0 0¢ 0 ., 0 cos¢ 0
— = 7+ 5 =sing— —
oy Oyor Oy 0o r r 0¢
0? 0? ”? 10 1 0
et = as ot S5
ox?  Oy2  0Or2 ror  r2i¢?
PG PP 10 10
022 0x2  Oy2 022 Or2  ror  r20¢?
Using R = V22 + 12 and 6 = tan™'(%).
0? 0? 0? 0? 2 0 1 0 cotf 0 1 0
e
022  0x2  Oy? OR?  ROR R?00? R? 00  RZsin®0 0¢?
~ R20R" OR’  R2sinf 00 00" " R2sin?0 0¢?

To Schroedinger Eigenvalue Eq. reals

, 0 19 )

R .1 0 :
or) " Frsma o " a0

o B oR 26

13

1
N R?sin? 6 (‘9752

0

)+ (E=VR)} 0.



0, 5,0 0 0 1 0 2mR?
{(@(R @>+Sin0% %)+sin208¢2)+ h?
We write the solution ¢ = f(R)Y (6, ¢).
0 0 1 0

(sin Qﬁ(sm 0%) + sin? 6 W

—_

(sin 6 (B~ V(R)} = 0.

—_

FI(I+1)Y(8,0) = 0. (51)
by

Writing Y (6, ¢) = ©(0)e™?, we get

0

1 ) _ 1
00 sin® 6

L2
sin 6 06

(sinf

m? 4+ 1( +1))0(6) = 0.
by

For x = cos#, the above equation reads

m2

1 — 22

The solution O] exits for integer [, m satisfying 0 < |m| <. For m >0

(1—2%)0" —220" + (I(1 +1) — )O = 0.

P O | O L
Or'(@) = (1= %) W@;? - 1)
with
07" (z) = (~1)" (O (o).
Then the equation for R gives
0 af 2mR?
—(R*==) =(l(l+1 V(R)—FE
(R0 = 1+ 1)+ TS (v(R) - )y
Let u = Rf, then
n? 0%u h?
—_—— ——Il(l+1)u=F
2m OR? +(V+ 2m R? (T4 1) o
where V' = %. This is one-dimensional Schroedinger equation. Guess a solution of
the form w(r) = R'"'e"a. Then twice differentiating R'™ cancels the centrifugal part.
R
Differentiating R"*! and e @, cancels V, when %l:—ol = 4;260 , l.e,
(I + 1)h*47eg h?
o me? ’ 2ma?

14



However, we donot have to cancel V' immediately. We can add another term

_R _R
u(r) = R e w0 + ¢ R 2e w0

Then centrifugal part of second term ¢; can cancel the part of first term obtained by dif-
ferentiating R+ and 6_%. For this ¢; has to be choosen correct. Now we cancel V' by
differentiating R'*? and ¢ .

Then in general

d
u(r) = R w0 (1+ 3 R,
j=1
with n = [+ d + 1, the principle quantum number. Then
R n e?

mag 4meg

ag X N

and

Cj—1 N j(21+]+1)

;i 2(l+j—n)ay’

This gives ag and finally

h? 1
EF=—, EFx-—.
2mad’ i
6.1 Angular Momentum
L=rxnp.

Lx =YpPz — ZPy, Ly = ZPzx — TPy, Lz = TPy — YPx-

Using [p., x] = —ih, etc, we have

L? = L3+ Ly+ LY = R2(p; +p + p2) = (wpe + ypy + 2p- — ih)” + 1.

A quick calculation shows

, 0
TPz +Ypy + 2p. = —th@.

Now substituting for

15



1 0,6 ,0 1 9,. ,0 1 0

2 2 2 — —h - 2 i 0_ - 2
Pot Py + P (e or) T Bsmeoe 00 T mawgae) Y
1 0 0 1 0
L? = —R? 0 —_— ).
(sm Rl g™ 5’9) R2sin% 4 8(]§2> (53)
Then from Eq. 51,
L*Y (0, ¢) = hAI(1+1).
and 8
We denote the eigenfunction as Y},
Observe easily verifiable commutation relations
Ly, L,| =ihL,, [L,,L,|=1ihL,, |[L,,L;]=14hL,. (54)

Define L= = L, —iL, and L™ = L, +iL,. L™ is called lowering operator and L* is called
raising operator.

(L2 L*] =0, [L.,L*]=+hL*. (55)

Then note [L?, L*]Y},, = 0 implies L?L*Y},, = h?l(l + 1)L*Y},, hence L*Y},, is a linear
combination of Y}, for different m. Now [L,, L*]Y},, = L*Y}, implying L,L"Y},, = h(m +
1) LYy, implying LY}, = @Y 1. Similarly LY, = b, ,—1. Then observe LY, =0
and L7Y; _; = 0. Furthermore

[LT,L7] = 2hL.. (56)
Furthermore we get
LYL™+ L LT =2(L* - L?). (57)
Then we get
LYL™ = L*—L?+hL, (58)
L Lt = L~ L?—hL.. (59)

For normalized Y}, we get

16



b = BI(141) —m(m — 1) (60)
= I+ 1) —m(m+1) (61)

We talked about orbitals with principle quantum number n and integer angular momen-
tum number [ and z angular momentum [, with |m| <[ < n — 1. Here [ was integer. In
principle it can be half integer and is ascribed to an intrinsic angular momentum called spin.

We use the quantum number s instead of [. In particular s = 1 is called spin % a property

2
of electron. We then have two values of s, = :I:%. Then an electron as two set of quantum

numbers [,m and s, s..

orbital

electron

Figure 10: Fig. shows an atomic orbital and an electron with an inner orbital that consitutes
its spin angular momentum

7 Fine Structure and Spin orbital coupling

We talked about spin. Lets try to understand the physics of it. You are familiar with earth
spinning on its axis. This gives earth a angular momentum. Now imagine our earth was
charged. Then spinning will give earth a magnetic moment. Imagine a loop of wire carrying
current (circulating charge), then it has a magnetic moment M = I.A, where [ is the current
and A area of the loop, from your basic physics. Now imagine a charge ¢ going around in a
loop of radius r, with angular velocity w. Then it makes ;= rotations per sec. The current

17
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is then £* and its magnetic moment is pg = = 5L (muor) where [ = mor is the angular
T 2m 2m

momentum. Then pg = 5L, the ratio v = 5L is called the gyromagnetic ratio, it relates
angular momentum to magnetic moment. For reasons coming from relativity we infact have
V=

There is coupling between electron spin and orbital angular momentum. There is coupling
Hamiltonian of the form

Hi =alL-S. (62)

Let us see how this coupling arises. When electron is at a certain point on its orbital it
has a velocity v and momentum p. From perspective of the electron the nucleaus is moving
in the opposite direction with same magnitude of velocity. Then from Biot Savart law the
moving nucleaus produces a magnetic field on the site of electron given by

po Gopxr _cuo L

= = : 63
4T mr3 4 mr3 (63)
The energy of the electron in this field is
Bops—nB-§=-M | g (64)
Hs=1  4drm?2r3 '
Thus a = 4;2#2‘;3.

In presence of this Hamiltonian our orbitals will change. let us compute how the orbitals
change and what are the new energies.

LTS~ 4+ L~S*
L-S=L.S, +L.S, + L,S, = L.5. + e (65)
For this define a new operator
JP=(L+S)?*=L*"+S*+2L-S. (66)
J,=L,+8, J*=L*+5*% (67)

Given [ and s, we start with the state [, = [ and s, = s. Denote this state by (I, s). This
state is an eigenstate of the operator L - S with eigenvalue [, s and hence it is an eigenstate
of J? with eigenvalue j(j + 1) with j = [+ s. Now as before we can apply lowering opertor.
From last section J~(4,5.) = b(j, j.—1) with b= hv/j(j + 1) — j.(j. — 1), so by applications
of J~ we decrease j, until it is —j. Hence we have constructed 2j or 2j+1 orbitals depending
on if j is integer or half integer.

Observe J~(I,s) = (I — 1,s) + (I,s — 1). There is another orthogonal state e; = (I —
1,s) — (1,8 — 1) which is eigenfunction of J, with eigenvalue [ + s — 1 and hence must be an

18



eigenfunction of J?. We eigevalue of J? cannot be j(j + 1) as we have exhausted all these
vectors as JTe; = 0. Only possible value of J? is (j — 1)j, we gain apply lowering operators
and go from j, =7—1,...,—(j — 1).

Now we consider J2(l,s) = (I—2,8)+ (I —1,s—1) + (I, s — 2), which has J, = [+ s—2.
We have constructed two eigenvectors J* = j(j+ 1) and J? = (j —1)j. We can form a third
eigevector, we can show it has J? value (j —1)(j —2), we can again apply lowering operators
and construct eigevectors with J2. Instead of writing J? we say this .J which in this case has
value 7 — 2.

We start with one term (I,s). Then J~(I,s) has two terms, J~2(l,s) has three terms.
This process continues till smaller of [, s say s becomes —s. Then lowering doesn’t increase
number of terms. Then starting with j =1+ s we go until j = [ — s. Thus all states can be
indexed by j =1+ s,...,l — s and for a given j we have j, = j,..., —j. Thus starting with
state |,1,)]s, s — z) we have formed state

G, d=) = ) sl )]s, s2), (68)
l2,82
where as just told, j =1+ s,...,l — s and for a given j we have j, = j,..., —7.
In the basis |j,j.), we have L - S is diagonal with eigenvalue ](]H)_l(l;l)_s(sﬂ). The
coeffecients ¢, 5, are called Clebsch Gordon coeffecients. Fig. (11) shows how n = 2, p
orbital gets split due to fine structure.

, =312
n=
=1 (p orbital) T~ =12

Figure 11: Fig. shows how n = 2, p orbital gets split due to fine structure.

As we can see in the figure. A energy level n = 1,1 = 1 in presence of L - .S coupling gets
split into two set of orbitals j = % with (j, = g,...,—%) and j = % with (j, = %,...,—%)
with different energies. This is called fine-structure. If we estimate how big this is it is
fjgjﬁ; 0~ 10%eV ~ 103G Hz. Tt arises because the angular momentum of the orbital and
the spin of the electron talk to each other.

Electron has a spin, so does the nucleus of the atom. It is called nuclear spin. We denote
nuclear spin with I like we denote elctron spin with S. We assume that we again have an

interaction between nuclear spin and electron orbital and spin angular momentum as

o =

I-(L+8)=1-J (69)

What was between L and S is between I and J so we can define the total angular momentum
F=I+J (70)
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Given i and j the coupling gives f taking values between i + j, ..., |i — j|. Thus a j orbital
gets split into f orbitals. This is called hyperfine splitting. The eigenvalues of I -J takes one

f(fﬂ)_j(gﬂ)_i(iﬂ). Thus if we estimate how much this is, it is 8 = ; iﬁ‘%s ~1GHz,
TMeMp

where m,, is proton mass which is 10® heavier than electrom mass.

values

A Na

Figure 12: Fig. A shows hyperfine levels for sodium. Fig. B shows hyperfine levels for
Cesium

8 Two Level Systems

Consider orbitals ¢; and ¢, with energy E; and Es. Suppose I apply a Electrical field along

x direction E, coswt. Then there is associated potential V(x) = —exE,. Let
(01[V(@)¢nl) = 0, (da|V(2)[2) = 0 ([V(2)|¢) = d (71)
Then if we have U(t) = a(t)p1 + b(t)ps, then we have Schroedinger equation as
Ldlal| E d cos wt a
m% [ b } - [ d cos wt E, } [ b } (72)
d{a| —i E d cos wt a
@[b]_f[dcoswt E, }[b] (73)

Let AE = El - E2 = h(.do, then
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dla i AL 2d cos wt a|_ —t wWo 2A cos wt a (74)
dt | b 92k | 2dcoswt —AFE b| 2 | 2Acoswt —wp b
= —i(wg 0, +2A coswt o,) [ Z } (75)
where d = hA and

110 1 110 —i 111 0
=31 o) v=37 o] ==30 4] (70)

are the Pauli matrices with commutation relation

0,0y =0, |[0y,0,] =i0,, [04,0.] =10, (77)
Let z = [ Z } and the above equation is
dx ,
== —i(wy 0, +2A coswt o)z (78)

Let us first consider a special case when w = wy and now we have y = exp(iw,t)z, then we
have

dy

= —i2A coswot (coswpto, + sinwptoy)y = —i{ Ao, + A(cos 2wpto, + sin 2wotoy) by (79)

We assume A < wy. Then terms rotating at 2wy average out giving the evolution

dy

Remember
exp(—ifn - o) = cos =1 — 2isin N o (81)
Then the solution is
At o At At
o . _ | cos5 usin 1 _ | cos 5
y(t) = exp(—iAt 00 )y(0) = { isin% cos% } [ 0 1 [ isin% 1 (82)

when At = 7, we get {é}_}{(]]

1
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We start from initial state ¢; (we are in orbital ¢;) and we end up in orbital ¢,. By
exciting the system with a oscillating field whose frequency is same as the energy difference
between the orbitals we can transfer the state of orbital 1 to orbital 2 and viceversa. This is
our first and main idea of quatum control.

If jw — wp| > A, we donot get good transfer (we say we are detuned from the transition)
. 'To see this observe in

dy
dt

= —i2A coswyt (coswto, + sinwtoy)y

= —i{A((cos(wot + wt) + cos(wot — wt))o, + ((sin(wot + wt) + sin(wet — wt))oy,) ty

: . 1 .
All terms oscillate fast and we average to 0. We start in l 0 } and stay , i.e., we start from

initial state ¢; (we are in orbital ¢1) and we stay in orbital ¢;.

In reality we donot have only two orbitals but many orbitals but if we choose our frequency
w as difference of energies of two orbitals ¢; and ¢; and are detuned from other transitions,
we will transfer between ¢; and ¢;.

31
We can formalize this, let us assume that we have >, a;(t)¢ , let z = | : | then the
Qp
Schroedinger equation is of the form
P E; d;; cos(wt) . (83)
h : d;jcos(wt) E;
Choose w = 221 Then if we proceed by transformation
Ey, 0 0 O
(it S0 0 ) (84)
) p 2 0 0 E

Then we have
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N R I
y= F : dij

2

2 +B(1) |y (85)

where B(t) is rapidly oscillating matrix as all other transitions are detuned from w and B(t)
averages out and we select a transition between ¢ and j provided ofcourse there is a dipole
transition between ¢ and j.

8.1 Atomic Clocks and Ramsey Spectroscopy

Atomic clocks are used a time/frequency standards. They help to keep the frequency of
a clock very constant. This is done my using the frequency difference between two energy
levels as standard. For example in fig. 12 the energy difference between F' = 3 and F = 4
levels of Cesium which is wg ~ 9.19GH z is used as a standard for atomic clocks. The basic
idea is that if the frequency w with which I irrediate my system is exactly this wp, I will get
a good transfer, else I won’t get a good transfer, so I can adjust my w so that I get good
transfer then I know my w = wy. This way [ make sure if my w drifts, I can readjust it.
Ramsey spectroscopy is way to make the transfer very sensitive to difference in w—wy. To
understand how this works consider again two levels and recall the two level system equation

dr _
dt

Now we have y = exp(iw,t)z, then we have

—i(wg 0, +2A coswt 0,)x (86)

d
d—‘?; = —i((wo—w)o,+2A coswt (coswto,+sinwtoy)y = —i{(wo—w)o,+Ao,+A(cos 2woto,+sin 2wotoy) by
(87)
We assume A < w. Then terms rotating at 2w average out giving the evolution
d .
= —il(wo —w)o + Ao,y (88)

Suppose w is not exactly wp, yet |w —wg| < A. Then we switch on A for time T such that
AT = 7, it is called a 7 pulse, then we switch off A and let system evolve for 7 units of time
and then again do a § pulse . This is depicted in fig. (13). if there is no 7 then ofcourse we

1 } . In presence of 7, the evolution of Eq. (88)

jest have a m pulse and transfer [ é } — { 0

is the following
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4] 4 [ s 1] e[ 1)

4 (cos(w — wo)r [ 0 } + %sin(w — wo)7 [ | ])

]

Overlap on the target state \/(cosg(u) — wo)T + 3 sin*(w — wp)7. When (w — wp)7 = 0 we

have perfect transfer else it is less than 1 and depends on the difference (w — wy).

T T T

us

Figure 13: Fig. A shows the Ramsey pulse sequence § — 7 — 3

9 Perturbation Theory

In quantum mechanics, we are faced with situation that we have a Hamiltonian and we
calculate its eigenvalues and eigenvectors (energies and orbitals) and then we perturb the
Hamiltonian slightly, this could be say application of electric or magnetic fields. We want to
know how does the eigenvalues and eigenvectors change when perturbation is small.

To make matters more concrete suppose I have matrix Hy whose eigenvalues and eigen-
vectors I have calculated and I change Hy — Hy+ AH; where X is a small perturbation. We
want to know how does the eigenvalues and eigenvectors change. To fix ideas consider

10
w5

its eigevectors are { (1) } and { (1) } with eigenvalues 1 and —1 respectively and I perturb
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1 0 01
Hﬁ[@ _1]+>\[1 0}
We can calculate the eigenvalues and eigenvectors they are v/1 + A2 and —v/1 + A2 with
. cos X —sin\ . ;A
eigevectors [ sin V } and [ cos V } respectively where A" = ;5. We can expnad the new

eigenvalues and eigenvectors in terms of A as

2 2
\/1+/\2:1+%—%+...

similarly we can expand

(2] [0]- 2]

what do we find, the new eigenvalues and eigenvectors can be expnaded as a power series
in perturbation parameter \.

Let e; be eigenvector of Hy with eigenvalue Ej;, after I perturb we can write the new
eigenvalues as a power series

E;, — Ei+\E +XE/+... (89)
ei — e+ A+ Nl + ... (90)

lets compute these corrections. We are saying

(Ho + MHp)(e; + Xe + 22! +...) = (B + AE + NE/ + .. ) (ei + e + X%/ +...) (91)
Now just match terms in powers of \. We get

Hoei = Eiei (92)

Hoe, + Hie; = Ee,+ Ele; (93)

First note e; + Ae} + A\%e/ + ... is a unit vector then this implies that e;Te is imaginary which
gives that

E! = el Hye, (94)

We can expand e; = ). ajje;, where ay; is imaginary as just argued. Then E. (93) gives,
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H() Z aijej -+ Hlei = Eiaz‘jej + E'ei Z Oéij(Ej — Ei)ej = (E, — Hl)ei (95)

J J
This gives for ¢ # j we have o;; = ﬁfig where we assume FE; are non-degenerate. Now
Hoe! + Hie. = Eie! + E'e; + Ele; (96)
This gives
E! =elHe; =) % (97)
i#] v

Eq. (94 and 97) give the first and second order change of energies. These are important
enough to memorize.

10 Zeeman Effect and Chemical shifts

When we calculated fine structure of hydrogen. We saw how starting from the orbitals we
get an additional Hamiltonian L - S which gives us the orbitals |j, 7.).

Now suppose we apply external magnetic field say along z direction. In presence of this
field we get an aditional Hamiltonain

H = wy(L. + 28.) (98)

where wy = %. Which we can write as

3
H=— %(Lz +S.)

Wo

Now observe L - S commutes with (L, +S,), so we can take as our Hamiltonian

3
H, :aL-SJr%(LZ—FSZ) (100)

with orbitals |, j,). On top of this is the perturbation

Recall Clebsch Gordon Coeffecients

G, 0=) = ) sl )]s, s2) (102)

2,82
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To calculate the first order change in energies F; — E; + (4, j.|H'|7,7.)

.. .. w
gl H 1. 32) = 5 Y et (52— 1) (103)

lz,52

First order change in the eigenvectors is |j, j.) — |4, J:) + > i3, 4L)

- (', 2 |H'|7,52) _ (le,sz C;z,sz (1, 1|(s, 52])(] le,sz Clo,s. (82 — LI )]s, 52)) (104)
Iz E; — E; E;, — E;

where Ej is energy of |5, j.).

Similarly we can calculate second order energy corrections.

Now consider the situation one has a closed shell (inert gas) configuration. Like 1s% or
15?25?2p%. Then sum of J, value on these orbitals is 0. Similarly for J, and J,. Then
suppose we have a nuclear spin then on nuclear spin site the field produced by closed shells
is zero. But if we apply a magnetic field, the orbitals get perturbed. Then it is no longer
true that field prduced by closed shells is zero. Thus when we apply a magnetic field, the
nuclear spin sees this magnetic field and an additional field due to perturbed orbitals. This
additional field gives the phenomenon of chemical shifts in NMR as seen in more detail in
next chapter.

11 Excercises

1. Show that if ¥y (z,t) and Wy(z,t) are two wavefunctions of Schréedinger equation then

d 0
E . \Ijg(l‘,t)*\lfl(l’,t) =0.

2. A particle at t = 0 is represented by the wavefunction

b)) = A -2, |al<a (105)
= 0, otherwise (106)

Find A. Find expected value of z, 2%, p, p? at t = 0.

3. Recall we said our problem is quantum mechanical when Debroglie wavelength A\ = %
is greater than characteristic length at which potential varies. In solid state potential
due to atomic nuclei varies at sacle of inter atomic spacing of say 3A°. Show that
at room temperatures (300K electrons in solids are quantum mechanical). You may
estimate the velocity of the electron from %mv2 = %kT.
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. Let U(xz,t) be solution to Schréedinger equation. Show that expected value (E) =
(U, HU) stays constant.

. A particle in an infinite square potential as described has initial wavefunction

U(z,0) = Asin® o, 0<a<a
a

Find A, U(z,t), (z) and (F).

. Find eigen-energies for a half harmonic oscillator with potential

1
V(z) = §kx2, x>0

and oo for z < 0.

Figure 14: Fig. shows a double well potential.

. For th double well potential shown in figure, find the ground state and first excited
state wavefunction ¢y and ¥; when b = 0, b ~ a and b > a. Plot the corresponding
energies Fy(b) and E;(b) as function of b.

. Construct the wavefunction of hydrogen in state n = 4,1 = 3,m = 3 and express ¥ in
terms of 7,0,4. Find (r). If we measure L7 + L7 on this wavefunction, what values
can be expect and with what probabaility.

. Consider the state of a spin % nuclei,

1—2i
)

Find A. If we measure S, what can we expect with what probability. What is (S,).
Answer same for S;,.S,,.
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10. The combined spatial and spin wavefunction of electron in hydrogen is

1 2
R21(EY10X_ + ﬁmeﬂ-

Find if your measure L? what can you expect and with what probability. Same for L.,
S2.S,, J? and J,.
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