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POISSON REDUCTION

¢ .G X P — P Lie group acting canonically on a Poisson manifold

(Pa{a}P>:
{Focbg,Hoq)g}P:{F,H}Poq)g, \V/QEG, F,HECOO(P).

Assume that the orbit space P/G is a smooth manifold and the quo-
tient projection = : P — P/G a surjective submersion (e.g., G-action
is proper and free, or proper with all isotropy groups conjugate).
Then there exists a unique Poisson bracket {-,-} p,; on P/G relative
to which 7 is a Poisson map. The Poisson bracket on P/G is given
in the following way. If ', 0 € F(P/Q), then For, Hor € F(P) are G-
invariant functions and, due to the fact that the action is canonical,
their Poisson bracket {Fon, Hor}p is also G-invariant. Therefore,
this function descends to a smooth function on the quotient P/G;
this is, by definition, {F, H}p/G and we have, by construction,

{Fow,ﬁow}pZ{F,ﬁ}P/Gow.
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LIE-POISSON REDUCTION

P = T*G and the G-action the lift of left translation. Then Jp :
ag — TFLg (ag) € g* drops to a diffeomorphism (T*G)/G — g* and
the quotient bracket pushes forward to the Lie-Poisson bracket

If H:T*G — R is a left G-invariant function its restriction h := H |
satisfies H = hoJg. The flow F; of Xy on T*G and the flow, F}
of X on g* are related by Jpo Fy = Fl o Jp.

For the right action use Jy, : ag € TG — T Ry (ag) € g* and + in
front of the Lie-Poisson bracket.

This is the basic example of a dual pair.

Find F;: First solve o = adj}, u, u(0) given, then g = gg—z, g(0) =e
o
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HAMILTON’S PRINCIPLE

¢ a manifold, called configuration space
70 : TQ — @ its tangent bundle, called state space

Recall the “phyS|cs definition” of the tangent bundle:

t€[0,1] <> ¢i(t) € Q, i = 1,2, equivalent €& 41(0) = ¢»(0) = ¢,
g1(0) = ¢»(0) in a local chart (hence all local charts) at g.

An equivalence class is, by definition, a tangent vector vq = (¢, q) to
@ at gq. All such tangent vectors form the tangent space T;(Q). Then
one proves: T43(Q) is a vector space of dimension equal to dim and
70 TQ = UyeTy® 3 vg — q € Q is a vector bundle.

L :T@Q — R a smooth function, called the Lagrangian. It is given
by physical considerations. For classical mechanical systems, ()
is a Riemannian manifold, L(vq) = %|lvgl|2 — V(q), 5|lvgl|? is the ki-
netic energy, V : (Q — R is the potential energy.
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The action G(L) : Q2(Q; q0,91) — R

t1
S(L)(a()) = [ La(®),q(1) dt

to
of the Lagrangian L : T'QQ — R is defined on the space of paths
with fixed endpoints

Q(Q; 90, q1) = {a(-) € C*([to, 11], Q) | q(to) = g0, 4(t1) = a1}-

Here one has to specify regularity of the path - formally it is cl.

q(t, \), (t,\) € [to,t1] X [—¢€, €] is a deformation of q(t) € Q2(Q; q0,q1)
if Q(aA) S Q(Q;QO7q1)v for all A S [_578] (SO Q(t'w>\) — {5, 1= 07 1)
and q(t,0) = q(t).

0
0q(t) = —+ OQ(W\) €ETynQ@, 6q: [to,t1] = TQ

is the variation of the deformation q(¢, \); note éq(¢;) = 0 for ¢ =
0, 1.
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Under good regularity conditions on the curves q : [tg,t1] — Q,
Q(Q;q0,q91) is a smooth manifold, so one can ask what are the
critical points of the action &(L).

Hamilton’s Principle: dS(L)(¢(:)) =0 <~ dtng(q q) = qLZ-(q, q)

4S(L)(a()) - 8a() i= - S(L) (V)| _

Remark: This has intrinsic sense if one introduces the second order
tangent bundle T(2Q — Q := JZ(R,Q), the 2-jets of curves from
R — @ based at 0 € R (Bourbaki). Explanation of this concept:

t € [0,1] A q;(t) € Q, 1 = 1,2, are equivalent IR q1(0) = ¢»(0) =
q, ¢1(0) = ¢2(0) € T,Q, and ¢1(0) = ¢»(0) in a local chart (hence
all local charts) at gq.

Equivalence classes, denoted by (q,q,q), are called second order
Jets at q € Q; all such jets is denoted by T( )Q Define

T(2>Q = Uge QTCJ(Q)Q
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Tcgz) T2 Q 3 (q,4,§) — g€ Q is a fiber (not a vector) bundle.

Global version of Hamilton’s Principle: 3! ££(L) : T Q — T*Q
bundle map over @, the Euler—Lagrange operator, such that, for
any deformation ¢(¢,\), keeping the endpoints fixed, we have

AS(L)(a()) -d4() = [ TELLI(a(0), d(0), (1)) - Sa(t)d,

In standard local coordinates, ££(L) : T(2)Q — T*Q has the form

: oL d OL :
EL(L);(q,q,9)dq" = | —(q,q9) — ———(q,q) | dq".
(L)i(q,q,9) dg (aqz(q q) dtaq@(q q)) q
Convention: In second term on the right hand side formally apply

the chain rule then replace dq/dt by ¢ and dq/dt by q.

t

So d&(L)(¢g(-)) = 0 <= the Euler-Lagrange equations hold:

d 0L OL

aa—qi(qa@ — 8—qi(q’q>




Symmetries induce conserved quantities, the momentum maps.
This enables one to eliminate variables. The best situation is when
one has dim@ functions that Poisson commute on T*(Q and are
functionally independent, i.e., their differentials are linearly inde-
pendent almost everywhere. Then the system is completely inte-
grable and can be solved, in many cases explicitly (algebraic geome-
try methods if applicable, or finding explicit action-angle variables).

QUESTION: What happens if symmetries are present? Clearly
there is a problem since (T'Q)/G is not a tangent bundle.

There is a general answer: (TQ)/G =4 T(Q/G) & AdQ (Cendra,
Marsden, Ratiu, Memoirs of the AMS 2001).

There is no time to do the full theory, so we shall do only the
case () = a Lie group and G = certain subgroups various forms
associated to it. Then we shall discuss many concrete applications.
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EULER-POINCARE REDUCTION

Left (right) invariant Lagrangian L : TG — R,

l:=Llg:g—R. For g(t) € G, let £() = g()~1g(t) (9()g(t)~1 € g).
Equivalences:

(i) EL(L)(g(t),g(t),g(t)) = 0.
(ii) The variational principle

t1
5 [ L(g(), 9(1)dt =0
to

holds, for variations with fixed endpoints.

(iii) The Euler-Poincaré equations hold: d@—é +ad

(iv) The Euler-Poincaré variational principle
t1
5/ 1(£(8))dt = O
to
holds on g, for variations 6§ = n + [£,7n], where n(t) is an arbitrary

path in g that vanishes at the endpoints, i.e n(tg) = n(t1) = 0.
PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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There is a unique map €P : gdbg — g* such that for any deformation
E(t,N) = g(t,\)"1g(t,\) € g induced by a deformation g(¢,)\) € G
of the curve ¢g(t) keeping the endpoints fixed, thus dg(t;) = O for
1 = 1,2, we have

5 [ iceenae = [ (EPE@. ). a

for 6¢(t) 1= %502, _ = 1(®) £ [€(t),n()] €P(l) is the

Euler-Poincaré operator:

. ol ddl
EP(E,6) = ad} £ F oo

where on the right hand side the time derivative is taken formally
using the chain rule and d¢/dt is replaced at the end of the compu-
tation everywhere by &.

Legendre transformation: g > & — pu = 8/ € g*. If invert-
ibile define the Hamiltonian hA(u) = (u, &) — I(§) on g* and then

’glhe Euler-Poincaré equations become the Lie-Poisson equations

=+ ady, /s, 1
PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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Geometry has been replaced by analysis! Extend the method of the
Calculus of Variations to such variational principles. I am not aware
of any serious analysis results for such variational principles.

Reconstruction

Solve the Euler-Lagrange equations for a left (right) invariant L :
TG — R knowing the solution of the EP equations.

e Forml:=L|g:g—R
e Solve the Euler-Poincaré equations: %g—é = iadzg—é, £(0) = &o

e Solve linear equation with time dependent coefficients (quadra-

ture):  g(t) = g(@)&(®) (g(t) = &()g(t)), g(0) =e

e Given gg € G the solution of the Euler-Lagrange equations is
V(1) = gog(t)&(t) (V(t) = &(t)g(t)go), initial condition V(0) = goéo
(V(0) = £og0)-
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Proof of Euler-Poincaré theorem
(i) and (ii) are equivalent by classical mechanics.

To show that (iii) and (iv) are equivalent, need to compute vari-
ations §¢(t) € g induced on £(t) = g(¢t)~1g(t) € g by a variation
g(t,\) € G of g(t), i.e., g(t,\)|y=0 = g(t). Do the computation for
left translation.

So, need to differentiate g~ 1(¢,\)g(t, \) € g in the direction §g(¢) :=
%‘/\—o g(t,A) € Ty»nG. Define n(t) := g(t)~16g(t) € g. We have

d d 02g
52_(—1_) — (g lsa0-1) g+ o1
: a\? o a? A=0 <g 79 )g T ONOt|\_q
_d/ 1d 1. 1 1 9%
_° @ — _ 5 Ry
T at (g d>\9> N s T L R 5 —o

= 6 —n=I[¢n]

This proof is for matrix groups. Can be done totally abstractly.
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Proof that (iii) and (iv) are equivalent:
tq t1 ol
i), o= <—£ 5s> /to <5§,n+adgn>
t1 ol
_/ < ( > 4+ a dg 55,77> dt

for all smooth curves t — n(t) in g. This is equivalent to the Euler-

Poincaré equations
d (0l , 0l
dt \ 0& 0&

Comments on the proof: 1.) The constrained variations can
deduced for any Lie group. G Lie group, g its Lie algebra. Adopt
the standard convention wherein the Lie bracket of g is taken to
be the Jacobi-Lie bracket of left invariant vector fields. The left
(right) Maurer-Cartan forms Q(G;g) are

'Ug |_>TLg_1 . Ug — g_l'Ug, ’Ug - TgG, left
Vg |—>TRg_1 Vg 1= vgg_l, vg € TG, right.
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Let U C R? be an open set and let g : U — G be an embedding. Let
(t,\) be coordinates on U and dA and 9 the corresponding vector
fields in X(U). Define g := Tgo d and dg := Tg o dy. Finally, if
Ei=g g (=997 1) and n:=g 1og (=699~ 1), then

Or\§ = O £ [€, 7]

2.) Concretely, g(t,\) appears as a deformation of a given smooth
curve ¢g(t). These deformations are always assumed to be at least
immersions, which are locally embeddings around a point in G.

3.) The usual bracket of vector fields is the right Lie algebra
bracket, yet the formulas from Lie theory always use the left Lie
algebra bracket. Of course [£,7]; = —[&,n]lg. SO, for the right Lie
algebra, the above proposition states 905§ = 9n — [n, &] k.

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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4.) In continuum mechanicis applications, the group is Diff(vo|)(®)
whose /eft Lie algebra is X(g;y ) (D) endowed with minus the stan-
dard Jacobi-Lie bracket of vector fields. Often one takes various
subgroups of Diff(D): volume preserving diffeomorphisms for in-
compressible hydrodynamics, symplectic diffeomorphisms for plasma
physics, gauge groups for field theory, etc.

If o : U C R?2 — DIiff(D) is an embedding and ¢ = Ty 0 8;, do =
T o 8s, u(s,t) = ¢(s,t) o p(s,t)~1, and v(s,t) = dp(s,t) o p(s, )71,

we have
o o

—UuU = —v— (v,u i_|ie-

Is 9t [ ]Jacobl Lie

There is minus in front of the bracket precisely because there is a
-+ in the abstract theorem!

These are the Lin constraints (discovered by C.C. Lin in the 50s).
We will come back to these constraints when studying various con-
tinuum mechanics examples later.
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THE FREE TOP
The Lie algebra s0(3) and its dual

Underlying Lie group is the proper rotation group SO(3).

(s0(3),[,-]) = (R3, x) by the isomorphism

0 —ud w? ]
ui= (vl ud) eR3— b= o3 0 —ul | eso(3).
I —u? oyl O |

Equivalently, this isomorphism is given by

—~

iv=uxv forall uveRS3

Properties: for u,v,w € R3:

(uxv)™ = [{,¥] =: ady v

[, V]w = (u X V) X W

1 R
u-v= —5 trace(av).
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If AcSO(3), G eso(3) let Adyi:= AGA~L. Then
(Au)” = Ad 41 ;= AuAl
A(u x v) = Au x Av

for any u,v € R3 and A € SO(3). This relation is not valid if A
IS just an orthogonal matrix; if A is not in the component of the
identity matrix, then one gets a minus sign on the right hand side.

The dual so(3)* is identified with R3 by the isomorphism II € R3 —
IT € s0(3)* given by II(i1) ;= IT-u for any u € R3. Then the coadjoint
action of SO(3) on s0(3)* is given by

Ad* _; II = AIL

The coadjoint action of s0(3) on s0(3)* is given by

—_—

ad= II =11 x u.

*
u

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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Continuum mechanical setup
Reference configuration: B ¢ R3 = {X = (X1,X2 X3)}: E{,E>, E3
Spatial configuration: § = R3 = {x = (a1,22,23)}; e1, e, e3
Configuration: orientation preserving embedding B — §
Motion: x(X,t) time dependent family of configurations

For the rigid body moving about a fixed point, the motions are
rotations: x(X,t) := A(t)X, where A(t) € SO(3).

Time dependent orthonormal basis anchored in the body moving
together with it: &, == AQ@)E;, ¢« = 1,2,3. Body or convected
coordinates: coordinates relative to &1,&5,&3.

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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€1

Eq A space fixed frame
A body fixed frame
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Note that the components of a vector V relative to the basis
E1,E>, E3 are the same as the components of the vector A(t)V
relative to the basis &1,&5,&3. In particular, the body coordinates
of x(X,t) = A(t)X are X1 X2 X3,

Euler angles:. encode the passage from the spatial basis eq,eo, e3
to the body basis &1,£5,&3 by means of three consecutive coun-
terclockwise rotations performed in a specific order: first rotate
around the axis e3 by the angle ¢ and denote the resulting position
of e; by ON (line of nodes), then rotate about ON by the angle
6 and denote the resulting position of ez by &3, and finally rotate
about &5 by the angle .

By construction: 0 < p,¢¥ < 2w, 0 < 0§ < w. Bijection between
(p,1,0) and SO(3). Not a chart since its differential vanishes at
=1 =0=0. So for 0 < p,yp < 2w, 0 < 6O <7 the Euler angles
(p,1,0) form a chart.

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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The resulting linear map performing the motion x(X,t) = A(#)X
has the matrix relative to the bases &1,&5,&3 and e, ep, e3 equal to

A=

COS 1 COS p — COS A Sinpsiny cosysinp 4+ cosfcospsiny  sin@siny
—SinY cosp — cosfsinpCcosy —sinysing 4+ cosf cospcosy sinbhcosy
sinf@sin ¢ —sinfcos cos 6

The material or Lagrangian velocity is defined by

ox(X, 1)
ot
The spatial or Eulerian velocity is defined by

V(X,t) = = A(t)X.

v(x,t) ;= V(X,t) = A®)X = A()A@)  1x.

The body or convective velocity is defined by

(X, t) = _8X§;, b _ AR TAWAGR) Ix

= AW IV(X,t) = At) " Iv(x, t).

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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VX, t) = R(t)—Lu(x, ) R(t

Eq V(X 1) = v(x, 1)

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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Kinetic energy

po density in the reference configuration. The Kkinetic energy at
time ¢t in material, spatial, and convective representation:

K@) = [ 0OV (X, 0)]2d*X

1 1 23
= A RV D P

=3 [ oGOV, D)%,
Define o) = A@)A®R) 1, Q@) = A@) TA®), then

v(x,t) = w(t) X x, V(X 1) = Q) x X,

SO w and () are the spatial and body angular velocities. The
expressions of w and € in Euler angles are

[ Hcosp +1sinepsing ] [ fcosy + psinysing
w= | fsing — ¢ cospsinb Q = | —0siny + ¢cosysing
© + 1) Cos 6 | ] © COS O + |
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1 1
So K1) =3 [ (Ol x X|PX =: Z(Q(1), Q1))
which is the quadratic form of the bilinear symmetric map on R3
(a, b)) 1= /Bpo(X)(a ¥« X)-(bxX)d3X =1Ia-b,

where I : R3 — R3 is the symmetric isomorphism (relative to the
dot product) whose components are I;; :=IE; - E; = (E;, E;)), i.e.,

]IijZ—/BpO(X)Xind3X i i

Li = [ po(X) (IXI12 = (x)?) &®X.

So I is the moment of inertia tensor. The basis in which it is
diagonal is called the principal axis body frame and the diagonal
elements Iy, I», I3 of I in this basis are called the principal moments
of inertia of the top. From now on, we choose the basis E1, Eo, E3
to be a principal axis body frame. Hence the kinetic energy is

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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1 1 . 1 . R
K(Q) = _Q- 10 = - trace (Q(HQ)) = — trace (Q(Q/\ + /\Q))

— % [Il(ngin Y sin g + 9COS¢)2
+ I>(¢pcospsind — Osiny)? + I3(ocosl + @b)z]

where A = diag(A1,A2,A3), A1 = (=11 + 1>+ 13)/2, Ao = (U1 — >+
[3)/2, and /\3 = ([1 -+ 12 — 13)/2, or [1 = /\2 -+ /\3, IQ = /\3 -+ /\1,
and I3 = A1 4+ Ao. So, intrinsically, the kinetic energy on T'SO(3)

. 1 : . :
K(A,A) = — trace((AA™TA 4+ A~1LAN) AL A)

is left invariant (action is B - (A, A) := (BA,BA)). It is the kinetic
energy of the left invariant Riemannian metric on SO(3) obtained
by left translating the inner product (-,-). So the solutions of the
free rigid body motion project to geodesics on SO(3) relative to
the left invariant metric whose value at the identity is (-, ‘).

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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Identify (Q,-) € (R3)* with the vector II :=IQ2 € R3, so

- [1(psinysind + 0 cosy) |
ITI=| Ir(pcosysind —hsiny)

I3(p cos 6 + 1)) |
Define the conjugate variables by the Legendre transformation
0K 0K 0K <
p@-_agba plp_a??Da p@'_aéa
1 1/M2 N3 N3
KID)=_--T"'o=-(-14+-243
2 2\ I 1> I3
1 [[(py — py COS O) Sin 4 + pysin 6 cos ]
2 I1sin%6
[(pp — Py, COSO) COSY — pgsinOsin ]2 pi
+ — + -2
I>sin< 6 I3

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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The equations of motion

Chart on T*SO(3), Euler angles and conjugate momenta

. OK i OK )y — OK
P = Opy’ TP—%, 9—3—]99
- _ 0K - _ 0K - 0K
Dp = Do Py — IR Po — — 5o -

JR : (¢7¢797p807p¢7p9) — 11

A lengthy direct computation shows that these equations imply the
Euler equations 11 =TI x £2. Can be obtained in two ways.

(i) Canonical Poisson bracket of two functions f,h : T*SO(3) — R

in a chart given by the Euler angles and their conjugate momenta
8f8h_8f8h 8f8h_8f8h ﬁ@_@_f@
dpdpy OppOdp  O0YIpy OpydY  009py Ipg 00

A direct long computation shows that if F, H : R3 x R3 — R, then

_|_

{fih} =

{Foldp,Holdr} ={F,H}_oJg, where

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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(F,H}_(II) = —-I1- (VF x VH)

is the Lie-Poisson bracket on so(3)* = R3. Of course, one can
cite the Lie-Poisson reduction theorem avoiding all computations!
The equation F = {F,H} for any F : R3 — R is equivalent to the
Euler equations obtained by Lie-Poisson reduction.

{F, ®(|II||2)} = 0,VF € C*®(R3), so ||II||2 is the Casimir function
of the Lie-Poisson structure on s0(3)*. So the body angular mo-
mentum 1II evolves on concentric spheres. On the sphere of radius
|II||, the Euler equation is Hamiltonian relative to the symplectic
form w_(IT) = —ﬁda, where da(H)(u % TI, v % H) = ||TT||II- (u x v).

The solutions of the Euler equation II = II x © are therefore ob-
tained by intersecting concentric spheres {II | |[II|| = R} with the
family of ellipsoids {II | IT - I IT = C?} for any constants R,C > 0.

Stability Theorem: T here are six equilibria, four of them stable
and two of them unstable. The stable ones correspond to rotations
about the short and long axes of the moment of inertia and the
unstable one corresponds to rotations about the middle axis.

31



How do you solve the geodesic equations?
1.) Solve II =1II x €2, IT = I€2; done with Jacobi elliptic functions
2.) Solve A = Aﬁ, A(0) = I; time-ordered integral; quadrature

3.) Solutions t — A(t) are the geodesics on SO(3). II = II x ,
A = AQ is the geodesic spray when T'SO(3) & SO(3) x R3.

PDSC, Indian Institute of Technology, Mumbai, March 17—-21, 2014
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(ii) Do Euler-Poincaré reduction by hand. Given is the Lagrangian
L(QY) = K(Q) = %HQ - ) and consider the variational principle:

b
5/ L(Q)dt = 0
a
but only subject to the restricted variations of the form
N =X+0xX

where ¥ (¢) € R3 is arbitrary such that (a) = 2(b) = 0.
This is equivalent to the Euler equations. In fluids: Lin constraints.
Proof: From VL(Q2) =1Q =1I, we get

O:(S/abL(ﬂ)dtzfabVL(Q)-5th=/abH-5th
:/abH-(E—I—QxE)dtz—/abH-Zdt—I—/abH-(QxE)dt

:/b(—ﬂ—l—Hxﬂ)-Edt.

The arbitrariness of X vields the Euler equations. H

PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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Left action induces a R3-valued conservation law. What is it?

Note that AIT = AIQ = (AIA~1)(AQ) = (AIA~1)w and since ATA™ ! =:
[spat is the moment of inertia in space, it follows that «w := All is
the angular momentum in space.

7= AIl + ATl = (AA~ 1) (AID) + A(II x Q)
=won+ (AID) X (AQ) =wxm4+aXxw=0

so the angular momentum in space is conserved. Could have com-
puted this directly as a momentum map. We will come back to this
equation later — it has an important significance.

Note: The Euler top has too many conserved quantities. It is a
non-commutatively integrable system and the motion takes place
on 2-tori even though one would have expected it to be on 3-tori.

Note: k= 30 -IQ = Jw - [gpqw, SO in space we have a NEW VARI-
ABLE, the spatial moment of inertia tensor! The theory developed

so far does not apply to this — come back later.
PDSC, Indian Institute of Technology, Mumbai, March 17-21, 2014
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Historically, II = IT x £ was not understood: not canonical Hamil-
tonian because the equations are in R3. Not Lagrangian because it
is first order. Yet, it comes from a classical system. Try to write it
as a classical Hamiltonian system on a vector space.

Natural action of SU(2) on C2. Since this action is by isometries of
the Hermitian inner product, it is automatically symplectic since the
symplectic form is minus the imaginary part of the inner product.
Hence, the equivariant momentum map J : C2 — su(2)* is

(3 (zw), €) = %w(ﬁ(z,w)-r, (z.w)), zweC, ¢€csu2)

su(2) consists of 2 x 2 skew Hermitian matrices of trace zero. su(2)
is isomorphic to so(3) and hence to (R3, x) by

x = (z1,22,23) e R3 %
- 1 iz —ixl — 22
X = — _ , su(2);
o | —ixl —I—af;2 iz € su(2)

= 51 — ~ 3
[X7Y]_(XXY) 9 VX7yER .
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Other useful formulas are

1
det(2%) = ||x||° and trace(Xy) = —-xy.

su(2)* =2 R3 by the map p € su(2)* — i € R3 defined by
i-x:=—-2(ux), VxeR3
So J: C?2 — R3 is given by: for any x € R3 we have
j(zaw) "X = —2<J(z,w),§<>
. llm —iz3 —izl — 22 z | |z
D gl -+ T2 i3 w w
1
= —5(2 Re(wz), 2Im(wz), |22 — |w|?) - x, SO
- 1
I(z,w) = == (2uz, 2]? — |w|?) € R3.

The momentum map J: (C%,—Im ((,))) — R3 is Poisson and hence
—J:(C?%, —Im{,)) — R3 is Poisson.
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Hamilton’s equations in (z,w) € C2 for Ho(—J) : C2 — R (collective
Hamiltonian) push forward by —J to II = II x I" 1. (z,w) are the
Cayley-Klein parameters. They represent a first attempt to un-
derstand the rigid body equations as a Hamiltonian system, before
the introduction of Poisson manifolds. In quantum mechanics, the
same variables are called the Kustaanheimo-Stiefel coordinates.
Similar construction in fluid dynamics: Clebsch variables for the
Euler equations.

Try to understand the map —J(z,w) = 32wz, |2|? — |w|?) better.

If (z,w) € 3 := {(2,w) € C? | |22 + |w|? = 1}, then || — J(z,w)| =
1/2, so that —J|g3: S° — S%/Q C R3 sphere of radius 1/2.
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—J|53 IS surjective and its flbers are circles. Indeed, given (rL' 72 :1;3) =

— j_l(rew, :c3) =

{(ew /%—I—x?’,ew ;_w3> c 53

so —J|gz: 93 — 51/2 is the Hopf fibration. Hence:

(0—p+v) — 1} .

The momentum map of the SU(2)-action on C2, the Cayley-Klein
parameters, the Kustaanheimo-Stiefel coordinates, and the family
of Hopf fibrations on concentric three-spheres in C2 are the same

map.

For interesting applications, we need a vastly enlarged version of
the Euler-Poincaré reduction theorem. We state it only. The proof,
follows the pattern given above.
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AFFINE EULER-POINCARE REDUCTION

Right G-representation on V, (v,g9) € V x G — vg € V, induces:
e right G-representation on V*: (a,g9) e V* x G+ ag € V*

e right g-representation on V: (v,6) e Vxg—véeV

e right g-representation on V*: (a,§) e V* xgr—al e V*

Duality pairings: (,)g:1g" xg—=Rand (,)y V' xV =R
Recall — (a&,v)y = (a,v€)y

Affine right representation: 64(a) = ag+c(g), where c € F(G,V*) is

a right group one-cocycle, i.e., ¢(fg) = c(f)g+c(g), Vf,g € G. This
implies that ¢(e) =0 and ¢(¢g~1) = —¢(¢9)g~ 1. Note that

d *
dtlt=0 Oexp(ie)(@) = ag +dc(§), £€g, acV,

where dc : g — V* is defined by dc(€) := Tec(€). Useful to introduce:
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e dc' : V = g* by <dcT(v),§>g = (dc(&),v)y, forEeg, veV

e oV XV*— g* by <v<>a,§>g = —(a§,v)y, forEecg, veV, acV*

e then: (a& + dc(€),v)y = (de' (v) —voa, &)

e the semidirect product S = GOV with group multiplication

(91,v1)(92,v2) ‘= (g192,v2 +v192), ¢ €E€G, v €V
e its Lie algebra s = g® V with bracket

ad (¢, 1,)(&2,v2) 1= [(§1,v1), (§2,v2)] = ([€1,€2], v1&o — v2€1)

e then for (£,v) € s and (u,a) € s = g* x V* we have

ade (1 0) = (adf p+ v o a, af)
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o L : TG x V* — R right G-invariant under the action
(vp, @) € TG x V* =2 (vp9,04(a)) = (vpg, ag + c(9)) € TpgG x V.

e SO, if ag € V*, define Lyy : TG — R by Lgy(vg) := L(vg,a0). Then
Lqg is right invariant under the lift to T'G of right translation of G,
on G, where Ggo is the 6-isotropy group of ag.

e Right G-invariance of L permits us to definel:gx V* — R by

[(vgg™*,0,-1(ag)) = L(vg,ap).

e Curve g(t) € G, let £(t) == g(t)g(t) Lt g, alt) =0 (t>_1(ao) cV*
Then a(t) as the unique solution of the following afflne differen-
tial equation with time dependent coefficients and initial condition
a(0) =ap e V*

a(t) = —a(t)&(t) —de(£(t)),

The following are equivalent:
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(i) With ag held fixed, Hamilton’s variational principle

to .
5 /t " Lao(g(), 9(0)dt =0,

holds, for variations dg(t) of g(t) vanishing at the endpoints.
(i1) g(t) satisfies the Euler-Lagrange equations for Lq, on G.

(iif) The constrained variational principle

t
5 [ U, a)dt = o,
t1
holds on g x V*, upon using variations of the form

d
5¢ = —” —[&n), da=—an— de(n),

for all smooth curves t — n(t) € g vanishes at the endpoints.
(iv) The affine Euler-Poincaré equations hold on g x V*:

ol ol
dol = —adgﬂ—F—Oa—dCT (—) :
dt o€ 06  da da
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Example: Euler top

Want to write equations of motion in spatial representation, i.e.,
using spatial angular momentum w = AA~1 one has to implement
reduction relative to the right translation by SO(3). Such a sym-
metry can be obtained only by introducing a NEW VARIABLE, the
spatial inertial tensor Is,,: = ATA—L. In this case, the associated
reduction process yields the Lagrangian

1 1 : . .
k= Lopat(w, Tspat) = sparw-w = —Ztrace((/\A_1A—|—A_1A/\)A_1A).

Euler-Poincaré: variations dw = ¢ — w X @, 6lspat = [, Lspat], Where
@ IS a arbitrary curve in R3 vanishing at the endpoints,

t
5 [ 0w, Topar)dt = 0,

to
is equivalent to (recall m = I5pqw)
d d d
%7" — @(Ispatw) = 0, aIspat = [w, Ispat]-

The first equation is the conservation of the angular momentum in

space. We have seen this before. 3 4+ 6 = 9 equations.
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THE HEAVY TOP

Same Kinetic energy.

The potential energy U is determined by the height of the center
of mass over the horizontal plane in the spatial representation.

¢ length of segment from fixed point to center of mass

X unit vector from origin on this segment

M = [5 po(X)d3X total mass of the body

g magnitude of gravitational acceleration

'(t) ;= MgtA(t) les, spatial Oz unit vector viewed in body de-
scription

o \(t) ;= MglA(t)x, unit vector on the line connecting the origin
with the center of mass viewed in the spatial description

U= Mglesz - A(t)x material / Lagrangian
=e3- -\ spatial / Eulerian
=T x body /convective
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QUESTION: L = K — U : T*SO(3) — R3. The parameters are
e3, X € R3 T ¢ Symo, Mgl € R. So dual of representation space:
V* = R3 x R3 x Sym,. Since the particles do not have a separate
dynamics, there is no cocycle, so ¢ = 0.

L(A A e3,1,x) = % (HA_1A> : <A_1A) — Mgles - Ax material

Heavy top in body representation. Left SO(3)-representation:
B - (e3,I,x) := (Bes, I, x), VB € SO(3). Since

L(BA,BA,Bes,I,x) = L(A, A, e3,1,x), VB € SO(3),

general theory says that we have Euler-Poincaré equations and as-
sociated variational principles for the body Lagrangian

| 1
Lg(Q,T,I,x) =L, A TA A tes, I, x) = 59 IQ—T -y body
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Since ‘S(SL—QB = [I2 = II and ‘%—FB = —, the abstract Euler-Poincaré

equations become the standard Euler-Poisson equations

II=IIxN4+Txyxy, I'=I'xQ, 1=0 x=0.

Heavy top in spatial representation. Right SO(3)-representation:
(e3,I,x) - B := (e3, B~ IB,B~1x), VB € SO(3). Since

L(AB,AB,e3, B"11B, B~ 1x) = L(A, A, e3,1, %), VB € SO(3),

general theory says that we have Euler-Poincaré equations and as-
sociated variational principles for the spatial Lagrangian

. 1
Ls(w,e3,15, ) := L(I, AA™%, e3, ATA™, Ax) = —w - Iparew — €3+ A

. SLo . 6Lg __ 0Lg __
Since BSw Hspa,tw =T 5\ — — €3 0lspat

w Q@ w, we get

F=e3x\ e3=0, ﬂspat:[ﬂspat,@}, A=wx A
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Remark: In body representation, we have equations on se(3)* =
R3 x R3. Four dimensional generic orbits; Casimirs are IT-T', ||T||°.

In spatial representation, equations are on the dual of the semidi-
rect product s0(3)® (Sym? xR3). This is 12 dimensional. It has 6
Casimirs: the three invariants of Igpat, [|AI%, (TspatA) - A, || Lspat A2
The generic coadjoint orbit is symplectomorphic to (T* SO(3), can).
One more integral: w-e3. Reduce and get to 4 dimensions

(T'S?, magnetic).

Remark: There is a Hamiltonian version of this theorem, the
semidirect product reduction theorem with cocycles. It pro-
duces a Poisson bracket, symplectic leaves which are orbits of the
coadjoint action augmented by a cocycle, explicit expression of the
symplectic form on these orbits, Hamilton's equations.
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CONTINUUM MECHANICS SETTING

Reference configuration: (B,G) oriented Riemannian manifold
Usually B C R3 = {X = (X1, X2 X3)}; E{,E5, E3 orthonormal

Spatial configuration: (8,g) oriented Riemannian manifold
Usually 8 = R3 = {x = (z!,22,23)}; e1, ep, e3 orthonormal

Configuration: orientation preserving embedding ¢ : B — 8, so the
configuration space is Emb_ (3B,3)

Motion: ¢:(X) = x(X,t) time dependent family of configurations
Time dependent basis anchored in the body moving together with

it: & = p(E;), i = 1,2,3. Body or convected coordinates:
coordinates relative to &1,&5,&3.
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The material or Lagrangian velocity is defined by

VX, 1) = ax(;j’t) — gt%(X).

The spatial or Eulerian velocity is defined by

v(x,t) ;= V(X,t) < vy o = Vy.
The body or convective velocity is defined by

0X(x,1) 0 _1 -1

5 = Pt ()= Ve=Tep T o Ve=ppve
The particle relabeling group Diff(B) acts on the right on
Emb, (B,8). The material frame indifference group Diff(§)

acts on the /eft on Emb4 (B,8).

V(X,t) :(= —

In continuum mechanics it is important to keep all options open and
always have three descriptions available. They serve different pur-
poses and the interactions between them gives interesting physical
iInsight.
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FIXED BOUNDARY BAROTROPIC FLUIDS

D := B = § oriented Riemannian manifold, 8D smooth, G =g =: g,
G = Diff(D), g = X(D), V = S%(D), V* = 55(D) ® |2"(D)|
Ly (V) =5 [ 9O Va(X), Vo (X)(X)
— | B@O), 9(n()), Tn)(X)3(x), material
bt (,5.9) = 5 [ 0@ V@), V@A) — [ e(p)(@)e),  spatial
beonn(V,5,C) = [ COOM), YENFX) ~ [ 83, C)()X), body

e o(X) = o(X)u(g)(X) = (n*p) (X), p(z) = p(x)ulg)(x)
mass density

o C := n*g Cauchy-Green tensor

e E(2(),9(n()),T-n) = e (%) = e(p) o,
(o, C) := e< (C)) = e(p) on internal energy density
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L is right-invariant under the action of ¢ € Diff(D) given by

(Vip,0,9) — (Vi o, 0™ 0, g)
and the reduction map

(Vn7 57 g) > (Vaﬁa g) L= (Vn 077_1777*57 g)
induces the spatial Lagrangian £g,.:(v, p,g) because
E(0,g0n,Tn) = E(p 0,gonop,TnoTy) = E(g,gon,Tn) oy

when (n,0) — (nop,p*0). g is not acted on by Diff(D).
L is left-invariant under the action of ¢ € Diff(D) given by

(Vna 57 g) > (T¢ O VU? Q_7 Qﬁ*g)
and the reduction map

(Vna c.57 g) — (va 57 C) L= (Tn_l O V77> ‘.57 77*9)7
induces the convective Lagrangian fconv(V, 0,C) because

E(0,90n,Tn) — E(o,Y«go (3pon), TpoTn) = E(o,gon,Tn)
when (n,g) — (v on,1xg). o is not acted on by Diff(D).
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General semidirect product reduction gives spatial equations

1 Oe
Ov + Vvv = —=gradgp, p=p°_
p dp

Oip + divg(pv) =0, v|0D,
and convective equations

0&
5(9,V 4+ VyV) = 2 Di (—->
0 (0tV + VyV) Ve (550

oC — £yC =0, V|0B,
right hand side is related to the spatial pressure p by the formula

o€ _ 0¢&

Q%Q = —(po n),u(C’)C’ﬁ, so 2Divg (%5) = —gradg(pon)u(C),

C* € 52(D) is the cometric, grad. is the gradient relative to C.

Important special case: ideal homogeneous incompressible
fluid. Group is Diff ,(y(D) := {n € Diff(D) | n*n(g) = p(g)}, dual
of representation space is V* = S5(D).

Lagrangian in spatial and convective rep. (suppose H1(D,R) = 0):
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So, this is the study of Lz—geodesics in spatial representation.
1
bopat(v,9) = 5 | 9(@)(v(2),v(2))n(9) (@)

beonn(V,8,0) = . [ CCOV0, V(X)) (X)
In spatial representation: if Xy, \(D)* = Xy, | (D) =
ov+ Vyv = —gradp Fuler equations
if Xgip, (D)* = dQj (D) := {dv’s | v € Xg;, (D)} = Q2,(D) =

Oiw + £yvw = 0, where w .= dvbg vorticity vorticity advection

In convective representation: if Xy, |(D)* = Q%H(D) —

oP (V’¢) =0 and &C - £yC=0.
P:QL(D) » Q(%,”(D) orthogonal Hodge projector for the metric g
if X5 (D)* = Q2,(D) =
Q=0 and oC— £yC =0.
where Q := dV’C is the convective vorticity.
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The geodesic t +— n € Diﬂ’ﬂ(g)(ﬂ)) is given by solving the equation
One /0t = vy oy With the velocity t — vy found after solving

e cither the Euler equations for v

e Or the vorticity advection equation for w and then inverting the
relation w = dv’ with boundary condition g(v,n) = 0 on 9D.

Coadjoint action of 5 € Diff ,(,y(D) on w € dQ'(D): AdY yw = 1w,

n(g

Coadjoint orbit: O, = {n*w | n € Diffu(g)(ﬂ))}, i.e., all smooth rear-
rangements of initial w.

Coadjoint action of Xg;, (M) on dQ'(M) £ Xy, (M)* is hence
given by ad;jw = £yw.

The following statements are true and equivalent to each other:
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(i)

(i)

(iii)

T he vorticity w is transported by the flow n; of v. If wg = ws—0,

d
—|_()wwo = —(ne)« £vwo = —Lv(ne)=wo,
t=0

so wt = (n¢)«wq is the only solution with wg as initial condition.

Solution curves of the vorticity advection equation remain on
coadjoint orbits in X7, ||(D). Indeed, the solution is w = (1) xwo,
where n; is the flow of v.

Kelvin's circulation theorem: For any loop C in D bounding a
surface S, the circulation

7{ v’9 = constant,
Cy

where Cy := n4(C') and ny is the flow of v. Indeed, by change of
variables and Stokes’ theorem, for S; := n:(S), we have

;[ bg / bg // _ / _ // _
v'9 = dv’s = w = wo = wn = constant.
Cy St St St(nt)* 0 S 0
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ELASTICITY

Euler-Poincaré theory does not apply; do by hand with EP as guide.
BC: Displacement (n given on part of 9B); traction (P-N¢glgg = 7).
Configuration space Emb(3B,8). Material Lagrangian:

L(V,8,9:G) = [ dnCO)(Va(X), V3 (X)2(X)

— [ W(gm()), T, GO)(X)2(X).

Material frame indifference: the material stored energy function W
IS invariant under the transformations

(n,9) — (Y on,«g), P € DIiff(s), i.e.,

W (eg(@(n())), Ty o T, G()) = W (g(n()), T n, G()) .
Vn € Emb(B,S8), V¢ : n(B) — n(B) diffeomorphism

So can define the convective stored energy W by

W(C(X),G(X)) =W (n°g(X),,G(X)) =W (g(n(X)), Txn, G(X)) .
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Convective quantities: C := n*g Cauchy-Green tensor,

(V,8,C,G) := (Tn 1 o Vi, 8,m%9, G) € X(B) x|Q"(B)| x S2(B) x S2(B),

1
beonn(V, 0,C,G) = /B CV, V)o — /wa, o.

Convective equations of motion:

OW
o (6&\7 + VVV) =2 DiVC <%Q> , 0C — £VC = 0.

So, elasticity has always a convective representation. Spatial rep.?

Isotropy: Need invariance under the right action of Diff(B):

Vi, 0,9,G) = (Vhop, 0 0,9,0°G), @ € Diff(B)
Kinetic energy is right-invariant. So sufficient condition is

W (9(n((X))), Tx (n09), *G(X) ) = (W(g(n(-)), T_n,G(-))op) (X)),
for all ¢ € Diff(B). This is equivalent to

W(p*C, p*G) = W(C,G) o ¢, Vo € Diff(B)
This is material covariance which implies isotropy.
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Spatial quantities: ¢ := n«G € §>(Ds ) Finger deformation tensor

ui=ron ' €X(Dxg), pi=mde|QN(Ds),
> = n(0B) boundary of current configuration Ds := n(B) C 8§,

ws (¢, g9) := W(n*g,n*c) on !

spatial stored energy function. ws, W, and W are related by

(wx(c,g) on) (X) =W(n"g(X),n"c(X)) =W (g(n(X)), Txn,n"c(X)) .
Doyle-Ericksen formula for the Cauchy stress tensor

Force per unit of deformed area with normal n is t(z,t,n), the
Cauchy traction vector. In R3, if balance of momentum holds:
YU C B open,

d 3 3
dt /mw PR /golt(u)p x+/asot<u> a(z)

where t is evaluated on the outward unit normal to 9¢:(U), then
t(z,t,n) = o(x,t)-n(x,t). b given external body force per unit mass.
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In R3, if balance of moment of momentum holds: YU C B open,

d / 3 3

e o(z x u)d3z = / o(z % b)d3z + (z x (v -n))da(z)
dt Joi(U) i (U) O (U)

where t is evaluated on the outward unit normal to dp:(U), then o
IS symmetric.

Reduced Lagrangian

1
14 2.,V,p0,9,C) = — V,V)p — ws (¢, g) p,
spat( 0, g,C) 5 ng( )P Dy > (c,9)p
variables defined on current configuration Dy and 2 is a variable.

Spatial equations of motion: (BC) v|z, =0, o -nglrs, =0

P (atV —|— VVV) = Dng (0’) , 8tc —|— £VC = O, 8t,5+ £v,5 = O,
atz — Q(Vang)
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SYMMETRIC REPRESENTATION OF
THE RIGID BODY EQUATIONS

A.) The n-dimensional free rigid body

Invariant inner product on so(n)

1
<€7 77> = _5 trace(@?)a

£,n € so(n), identifies so(n) with so(n)*.

The left invariant n-dimensional free rigid body equations are

Q=0QN and M =[M,Q], (RBn)

Q € SO(n) is the attitude of the body, Q := Q~1Q is the body
angular velocity, M := J(2) = AQ+ QA € so(n) is the body angular
momentum. J : so(n) — so(n) is (-,-)-symmetric, positive definite,
A =diag(A1,...,An), Ny +A; > 0 for all i % j.
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The equations M = [M,2] are the Euler-Poincaré equations on
so(n) for the Lagrangian 1(2) = (2, J(2)). This corresponds to
the Lagrangian on T'SO(n) given by

L(g,9) = %<g 0,797 9)
General Euler-Poincaré theory implies that M = [M, 2] are the sec-
ond component of the geodesic equations on T'SO(n), left trivial-
ized as SO(n) x so(n), relative to the left invariant metric whose
expression at the identity is {(21,22) = (21, J(£23)).

M = [M, Q] are integrable (Manakov [1976], Mishchenko-Fomenko
[1976-1978]). Idea:

M = [M, Q] — %(M + M) = [M 4+ A2, Q4+ AA], so

%trace(M + M2)F = Z p; (M)

is conserved. Need to count correctly the p;(M), show involution,
independence: 1dim O polynomials, O generic SO(n) adjoint orbit.
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B.) Left symmetric representation
Q= QQ; P = PQ (SRBnN)
where €2 is regarded as a function of () and P via the equations
Q:=J (M) eso(n) and M:=qQ'rP-PlQ.

It is easy to check that this system of equations on the space
SO(n) x SO(n) is invariant under the left diagonal action of SO(n).

If (Q,P) is a solution of (SRBn), then (Q, M) where M = J(£2) and
Q = Q~1Q satisfies the rigid body equations (RBn).

Proof: Differentiating M = Q1P — P''Q and using the equations
(SRBnN) gives the second of the equations (RBn). H

The spatial angular momentum (the momentum map for the cotan-
gent lifted action of SO(n) on T*SO(n)) equals m = PQY — QP

and Is conserved. More: PQT and QPT are separately conserved.
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C.) Local equivalence

Conversely, let t e R — (Q, M) € SO(n) x so(n) solution of (RBn).
To find a solution of (SRBnN) need to solve for P € SO(n) in

M=0olP—-PLQ.

Since |Q| = ||P|| = 1 (|| - || operator norm) = ||M]| < 2. Define
¢:={(Q,P) | |M| =2} 8:={(Q,P) | |M]| <2} Since M — || M|
is a Casimir and || - || is invariant under conjugation — (¢,§ are

invariant under the flow of (SRBn).

Since, for any matrix A,
1 1
sinh A 1= (eA—e_A)/2=A+§A3-|-§A5_|_...

it follows that sinh : so(n) — so(n). If z € R, |z|] < 1, the series
expansion of sinh— 1z is

1 2, i (2n)! on+1
sinh™“z = > (-1) 22”(n!)2(2n—l—1)$

n=0

So there is an inverse sinh~ ! : {A € s0(n) | |A]| < 1} — so(n).
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For ||M| < 2, the equation M = Q'P — PTQ has the solution
P=0Q <esinh_1M/2)_

Example SO(3): \/%trace (fcch) = ||IX|| = ||x|| for any x € R3

50(3) = {pX | x| = L,p > 0} = {A € 50(3) | [[All < 1} = {ux |
|x|] = 1,0 < u < 1}. Rodrigues’ formula
X =T+ sin(u)X + (I — xxT> (cosp — 1)
implies that sinh(uX) = sin(u)X so sinh : s0(3) — s0(3) is not globally
one-to-one but it has an inverse sinh™! : {||4| < 1} — s0(3) given
by
R e | ~
sinh™*(uc) = sin™ “(u)c.
We determine C = {(Q, P) | | M]| = 2}. Since the exponential map
is onto, QTP =eX = M =QI'P — (QTP)! = 2sinh(uX) = sin(p)X,
SO |[M||=2<«=|sin(p)|=1<=p=7/2<=QI'P=T1+%. Thus
¢ ={(Q,P) € SOB3) xS0B) | Q"P=I+%|x| =1}
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D.) Hamiltonian structure
Symplectic vector space gl(n) x gl(n) with symplectic form

1
Qg[(n)((£17 771)7 (527 772)) — Etrace(nggl_n{£2)a (527 77@> S g[(n)xg[(n)

The Hamiltonian system given by

H(g,m) = — trace [(77HETn - nT9)) (67— n7¢)] .

leaves SO(n) x SO(n) invariant and induces on it (SRBn). 8§ is a
symplectic submanifold of gl(n) x gl(n). Poisson bracket at (Q, P):

{Flg,Kl|g} = (VoK,V1F) — (V1K,VoF)

—%<Q (Vo). + (VoK) QT <[+R®RT)_1R(P (Vi) 4+ (V1F) PT>>

+ (PR + (V1K) PT, (14 R RT) T (Q(V2F)T + (V2F) Q) ).
R=QPT, F, K € C®(gl(n) x gl(n)) and V1, V- partial gradients.

Why did this work? What is the general setup?
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CLEBSCH OPTIMAL CONTROL

A.) (SRBnN) as an optimal control problem

T >0, Qo, Q7 € SO(n). Rigid body optimal control problem:
1 T
min —/ (U, J(U))dt.
Ucso(n) 4 J0O

Constraint on U: there is a curve Q(t) € SO(n) such that
Q=QU Q(0) = Qo, Q(T) = Q.

The rigid body optimal control problem has optimal evolution equa-

tions (SRBN) where P is the costate vector given by the Pontryagin
Maximum Principle. The optimal control in this case is given by

U=J"YQ!'r-Prlg).
Idea of proof: Apply Pontryagin Maximum Principle

5/OT [<P, QU - Q) —%(U, J(U)| dt = 0.

The costate vector P is a multiplier enforcing the dynamics.
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There are no constraints on the costate vector P € gl(n); can con-
sider the restriction of the extremal flows to invariant submanifolds.
This limits possible extremal trajectories that can be recovered. For
example (SRBnN) restricts to a system on SO(n) x SO(n). One can
make other assumptions on the costate vector. For example, sup-
poOse we assume a costate vector B such that QTB is skew. Then it
IS easy to check that that the extremal evolution equations become

Q=QJ 1Q"B), B=BJ"YQ"'B)
and that these equations restrict to an invariant submanifold de-
fined by the condition that Q' B is skew symmetric. These are the

McLachlan-Scovel equations [1995]. Comparing these equations
with (SRBn) we see that B =P — QPLQ.
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B.) Optimal control

@ manifold, U vector space, g: Q x U — R cost function,
X :QxU—TQ smooth, X, ;= X(-,u) € X(Q).
Given qg, qr € @, consider the typical optimal control problem:

Find the curves ¢ = ¢q(t) € Q, u = u(t) € U that minimize

T
| ata(®), u(®))at

subject to the following conditions:
(A) q(t) = X(q(t),u(t));
(B) q(0) = qg and q(T') = qr.

C.) Pontryagin Maximum Principle

Pontryagin function H : T*Q x U — R for optimal control problem:

H (g, w) = (ag, X (g, 1)) — pog(gq, u),
where pg > 0 is a fixed positive constant.
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Pontryagin Maximum Principle: if (q(t),u(t)) is solution of this
optimal control problem then there is a(t) € T;(t)Q, q(t) € Q, s.t.
d

o0 =X5  (a(0), H (a(t),u(t)) = Teagﬁ(a(t),u),

where X Hamiltonian vector field defined by Hy () = H(o,u).

If pg # 0, replacing a(t) by a(t)/pg shows that in H one can always
assume that pg = 1. Solutions with pg #= 0 are called normal
extremals. Solutions with pg = 0 are called abnormal extremails.
We work from now on only with normal extremals and set pg = 1.

Assume H € Cl. Then the optimal control u(t) is found by solving

%—/Ij(a(t),u(t)) — 0.

A sufficient condition that guarantees that maximum is achieved
along the control «w(t) is that X is linear in w and g is strictly convex

in u. In this case the optimal control is uniquely determined.
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So, locally the Pontryagin Maximum Principle states that a(t) =
(q(t),p(t)) and u(t) are determined by the system of equations
OH 04— OH . 0H

= = =X =
5 , g o (q,u), D o

If %—Ij — 0 can be solved for u = u(«), then these equations are the

usual Hamilton equations for H(a) := H(a,u(a)).

This happens locally, for example, if H is of class C2 and §2H/du? :
U — U*, computed at a given point, is an isomorphism. If X is

linear in v and g is strictly convex in u, then this holds at every
point.

These equations can be obtained by the variational principle

5/0T (ﬁ(aq, u) — (agq, q>) dt = 0.
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C.) Clebsch optimal control problem

d:GExQ — Q (left or right) action of a Lie group G on a manifold
Q. Infinitesimal generator ug € X(Q) of the action for u € g:

d
ug(q) 1= ELZO Pexp(te)(9)

Clebsch optimal control problem: given ¢ : g — R find u(t), q(t)

min /Tﬁ(u(t))dt,

u(t) JO
¢ cost function, subject to the following conditions:
(A) q(t) = u(t)gq(t)) or (A)' q(t) = —u(t)g(q(t));
(B) q(0) = qg and q(T') = qr.

If (A)' is assumed instead of (A): inverse representation. Clebsch
optimal control problem is obtained from standard one by choosing
U=g, 9(¢,u) = £(u), and X(q,u) =ug(q). Thus, X is linear in u.
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The Pontryagin function is in this case

H(ag,u) = *+(ag, uqg(q)) — £(u) = £(J(aq),u) — £(u),

where the sign corresponds to (A) or (A)" and J : T*Q — g* is the
momentum map of the cotangent-lifted G-action on T*(Q).

Direct representation: Assume that v € g — g—,ﬁ € g* is a dif-
feomorphism. Let G act on the left (resp. right) on Q). Then,
an extremal solution of the Clebsch optimal control problem with

condition (A) is a solution of

Y4 .
= J(a), a=up(a).

Moreover, the solution reads o(t) = <b§(*t)(oz(0)), where

g®g(t) "t =wu(t), resp. g(t) " g(t) = u(t).
These equations imply Euler-Poincaré equations for the control u

d of Y4 d of Y4
= —ad),—, resp. —— =ad, —.
dtou ou

= 0 :
dt ou ou
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Proof. For left action. %—ZI = 0 gives the condition g—,ﬁ = J(o)
on the optimal control u, which can be solved to give u = f(«).
Compute Hamilton’s equations for Hy, : T*(QQ — R. Standard fact:

the Hamiltonian vector field associated to the momentum function
P(u) (aq) = (ag,ug(q)) is

Xy () = ur=g(a),
ur+¢ infinitesimal generator of 1" := T*® 1 (G X T*Q = T*Q).

Solution of & = ug=g () is necessarily of the form a(t) = CDQT(*t)(a(O)),

where ¢(0) = e and §(t)g(t)~1 = w(t). Therefore, since v is a func-
tion of a, we get g(t)g(t) 1 = f(a(t)) = f <¢T(*t)(a(0))) which is an
ordinary differential equation for ¢g(t). We take the unique solution

of this equation with initial condition g(0) = e. We thus obtain

or . T . .
m = J(a(t)) = J(Cbg(t)(a(O))) — Adg(t)—l J(a(0)).
Differentiating with respect to ¢, get the Euler-Poincaré equations:

d ot _ 6 _ e 0
dtsu(t) 99O~ su(t) — u®) Su(t)
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Inverse representation: Assume u € g +— g—i € g* diffeomorphism.
Left (resp. right) G action on Q. Then, an extremal solution of

Clebsch optimal control problem, condition (A)’, is a solution of

Y4 :
= —J(a),  d=—upq(a),

*

Moreover, the solution reads a(t) = CDQT(t)_l(a(O)), where

g®)"tg(t) =u) resp. g(t)g(t) "t = u(t).
These equations imply the Euler-Poincaré equations

d ¢ . 0L d ¢ . 0L
——=ad,, —, resp. —— = —ad,—.
dt du ou dt du ou
Recall H(a) := H(o,u(a)) where the optimal control u(a) is

uniquely determined by the condition §¢/éu = J(«a). We thus obtain

H(a) = <§—iu> _o(u) = h (g—i) — h(I(a)).

where h : g* — R is the Hamiltonian associated to ¢ via the Legendre

transformation v — d¢/6u. So H is the collective Hamiltonian

associated to h.
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For (A)' (instead of (A)), the Hamiltonian is H(a) = h(—J(a)).

Important example: ¢(u) = %||u||2, where the norm is associated
to a inner product on g. In this case, identifying the dual Lie algebra
g" with g via the inner product, we have

H(a) = 3>

D.) Restriction to G-orbits, geodesics, and the normal metric

Simple observations:

e Canonical Hamilton equations & = up«g(a) on T#Q induce canon-
ical equations on T%0, where O := {P4(q) | g € G} orbit.

e T heorems work for any G-manifold Q. So, in the Clebsch optimal

control problem, can choose Q to be a G-orbit O C Q.
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e In particular, the solution of the Euler-Poincaré equations for ¢
are obtained by solving the canonical Hamilton’s equations

a = up+g(a)
on T*O. This was expected, since the solution is a(t) = T*Cbg(t)—l(ao)
and thus preserves the G-orbits. Recall that the infinitesimal gen-
erator up«y € X(1T*0) is the Hamiltonian vector field associated to
the canonical symplectic form Q9 on T*O and to the momentum
function P(u) € F(T*0) defined by P(u)(aq) := (g, £9(q)).

Assume /¢ is the kinetic energy of a positive definite inner product ~
on g. Given q € Q, let g¢ :={£ € g|&p(q) = 0}, isotropy Lie algebra
at g. Orthogonal decomposition g > ¢ =&+ &9 € gg® g5 Get the
normal Riemannian metric y9 on the G-orbit through ¢ € O

Y9 (€o(a),no(q)) == ~(&%,n7).

This formula recovers the usual normal metric on adjoint orbits on
compact Lie algebras. If action is locally free: v9(£{9(q),n9(q)) =

v(&,m), because gq = {0}.
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H : T*O — R associated to L : TO — R given by v9: Denoting by {
the usual index raising operator associated to v and v9, we have

1
H(oyq) = Evo(ag, Oég)y aq € T Q.
If the inner product v is Ad-invariant, then the normal metric ~q is
G-invariant. This is a particular case of the earlier observation: an
Ad-invariant Lagrangian ¢ induces G-invariant Hamiltonian H.

G acts on the left (resp. right) on Q, ~ positive definite inner
product on g, ¢ Lagrangian = kinetic energy. Then, an extremal
solution of the Clebsch optimal control problem with condition (A)
is given by u(t) = J(a(t))?, where a(t)? projects to a geodesic on a
G-orbit O C Q, for the normal Riemannian metric ~vg on O

Yo (&g (a),ng(q) = v(£%,n?).
Moreover, this curve is given by a(t) = T*cbg(t)_l(a(O)), where

g)g) "t =wu(t), resp. g(t)"tg(t) = u(t).
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Remarkably, by Euler-Poincaré theory, g(t) is a geodesic on G for
the right (resp. left) invariant metric induced on G by ~.

E.) The case of a Lie group: Q = H

Specialize results if Q is a Lie group H D G and the action is
given by multiplication G x H — H. H = G is permitted. Given
u € g, the infinitesimal generator associated to /eft multiplication
by G on H is ug(q) = TeRq(u) =: ugq; for right multiplication:
up(q) = TeLq(u) =: qu.

Clebsch optimal control problem: Given qg,qr € H, find u(t) € g,
q(t) € h such that

T
min /O 0(u(t))dt
subject to the following conditions:

(A) 4(t) = u(t)q(?), resp. q(t) = q(t)u(t);

(B) ¢(0) = qq and ¢(T) = qr
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T he associated variational principles are

T T
5 | (lagug =) —eu)dt =0, resp. 5 [ ((ag,qu— ) —£(u))dt =0,
the optimal control w is given by

Y4 Y4

. = J(aq) =" (ozqq_1> , Fesp. Sy = J(aq) =14° (q_lo‘q) ’

t* . h* — g* dual of 7 : g — g and Hamilton's equations on T™H are
a = ux, resp. o= au.

Solution: a(t) = g(t)ag, resp. a(t) = apgg(t). For the base curves:
q(t) = g(t)qo, resp. q(t) = qog(t). If ag € Tg'H, then q(t) = g(t).

What does the previous theorem state in this case? For left (resp.
right) translation by G, the orbits are Oy = {gq | g € G} (resp.

Oq ={q9 | g € G}), where q € H is fixed. Since the action is free,
the normal metric is

Yo, (uf,vf) =y(u,v)  resp. o (fu, fv) =v(u,v), [f€O0q.
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By the theorem, if the Lagrangian is given by the kinetic energy
of ~, then the base curves q(t) = g(t)qg, resp. q(t) = qog(t) are
geodesics on 04, With respect to YO, This is coherent with the
Euler-Poincaré interpretation saying that ¢(¢) is a geodesic on G
with respect to the G-invariant metric induced by ~.

If h € G, then the orbit coincides with the subgroup, 0; = G, and
the normal metric is the right (resp. left) invariant extension of ~
to G. In this case, the two interpretations of geodesics coincide.

In the inverse representation, condition (A) is replaced by (A)’,

q = —uq, resp. qg= —qu,
then the variational principles become

T T
5/0 ((ag,uq 4+ q) + ¢(u))dt =0, resp. 5/0 ({ag,qu + q) + £(u)) dt = 0,

the optimal control u is given by

g—i = —J(agq) = =" (aqq_l) ,  resp. g—fb = —J(ag) = —7" <q_1aq)
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and the canonical Hamilton’'s equations are

a = —ux, resp. o= —aou.

However, in this case, if the initial condition ag lies at the identity,
then the curves ¢(t) and ¢g(t) of the theorem are related by

q(t) = g(t)~ 1.

This explains why condition (A)' in the Clebsch optimal control
problem is referred to as the “inverse representation'". As we will
see below, this point of view is important for fluids.

F.) The N dimensional free rigid body

Applying these results to G = SO(N), H = GL(N) recovers the
symmetric representation of the N-rigid body. One can also con-
sider G = SO(N) acting on @Q = gl(N) by matrix multiplication on
the right.
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A vector in TSO(N) € TGL(N) = GL(N) x gl(N) is of the form
(Q,V), where Q € SO(N), V = QU, and U € so(N). Identify the
cotangent and tangent bundles via the pairing

(P, V) = Tr(PTV),

which turns out to be a bi-invariant Riemannian metric on SO(N)
(in fact the extension of minus the Killing form on so(N)).

Optimal control problem: Given Qg, Q1 € GL(N), find U(t) €
s0(N) and Q(t) € gl(N) such that

min /TE(U(t))dt

U(t) /O
subject to the following conditions:
(A) Q) = Q1)U (t)
(B) Q(0) = Qp and Q(T) = Q.
This corresponds to the right action of SO(N) on GL(N), although
the rigid body is left invariant; consistent with theorem, where right

cotangent lifted actions produce the left Euler-Poincaré equations.
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The cotangent bundle momentum map J : T*GL(N) — so(N)* =
so(IN) (via pairing above) associated to right multiplication is

1
1@ P)=_(Q"P-FlQ).

By Theorem, the optimal control U is found by solving the equation

Y4 1 T T

— = — P—P .

57 =3 (@ Q)
Note: if (Q,P) € T*SO(N), then J(Q,P) = 5(QTP-PIQ) =
Q—1P; recovers usual momentum map associated to reduction on

the left. Lagrangian of the N-rigid body is £(U) := %(U, JU), where
J :s0(N) — so(IN) symmetric positive definite operator. So,

Y4 1
= — 5JU and the optimal controlis U = J ! <QTP — PTQ) :

Using the formula (Q, P) — (Qg, Pg) for the cotangent lift of right
translation by SO(N) on GL(N), we obtain the canonical Hamilton’s
equations on T*GL(N):

Q =QU, P=PU.
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Note that if Q(0), P(0) € SO(N), then P(t) € SO(N) for all
time, since (Q(t), P(t)) = (Q(0)g(t), P(0)g(t)), g(t) € SO(N). Thus
SO(N) x SO(N) is an invariant submanifold. Recall from the gen-
eral theory, that the Hamiltonian for these equations is H(Q, P) =

T T
h (Q PEP Q). In the case of the rigid body, we get

H(P,Q) = % ((@TP-PTQ), 7t (QTP-PTQ)).

These results coincide with those of Bloch-Brockett-Crouch (1996,
1997) and are obtained here as a particular case of the general
Clebsch optimal control problem.

From general theory, we know that equations Q = QU, P = PU are
also Hamiltonian on the SO(NN) orbits in GL(N), for any Lagrangian
¢ whose Legendre transform is a diffeomorphism. If ¢ is given by a
kinetic energy, which is the case for the N-rigid body, then @ is a
geodesic on an SO(N) orbit relative to the normal metric. When the
SO(N)-orbit in GL(N) is precisely the subgroup SO(N) of GL(N),
this geodesic interpretation coincides with the usual Euler-Poincaré
approach.
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G.) Optimal control for incompressible fluids

Apply results to the “Lie group" H = Diff(D) of all diffeomorphisms
of the compact Riemannian manifold D with boundary and its sub-
group G = Diff,,;(D) of volume preserving diffeomorphisms. We
shall recover both the approaches of Bloch-Crouch-Holm-Marsden
[2000] and Holm [2009] which appear now as particular cases of the
two general theorems on the Clebsch Optimal Control Problem.

Recall that a curve n; € Diff,,,;(D) represents the Lagrangian motion
of an ideal fluid in the domain D, that is, the curve n:(x) in D is the
trajectory of the fluid particle located at = at time t = 0, assuming
that ng is the identity; n is referred to as the forward map.

The “Lie algebra" of G consists of divergence free vector fields on
D tangent to the boundary and is denoted by g = X,,;(D). The
curve n; is the flow of the Eulerian velocity us € X,,;(D), that is,

Nt — Ut O
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The curve [} := 7775_1 IS called the back-to-label map and is related
to the Eulerian velocity us via the relation

Zt —+ Tlt-ut = 0.
Well known (Arnold [1966], Ebin-Marsden [1970]): A curve n; €

Diff,;(D) is a geodesic with respect to the L? right invariant Rie-
mannian metric if and only if u; is a solution of the Euler equations

u + u-Vu = — gradp.

Thus, the Euler equations are the Euler-Poincaré equations on
X,01(D) associated to the Lagrangian £(u) = %f@ |24]]2.

First approach: Use first general theorem, left version, to obtain
the optimal control formulation of the Euler equations using the
forward map 7, this will give the result of Bloch-Crouch-Holm-
Marsden [2000]. Given two diffeomorphisms ng,np € Diff(D), we
consider the optimal control problem

: T 2
mln/ g 2dt
ur  Jo

subject to the following conditions:
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(A) Nt = ug ony;
(B) n(0) =mno and n(T') = nr.

Use L2 pairing induced by the Riemannian metric on D, to identify
the tangent and cotangent bundles of the diffeomorphism groups.
Then, the momentum map J : T* Diff(D) — X,,;(D)* associated to
the cotangent-lift of left translation of Diff,,;(D) on Diff(D) is

I, m) =P(Jn Y (ron™ 1)) =Jdn t(mon™1) —gradk,

where P : (D) — X4,(D) is the (L2-orthogonal) Helmoltz-Hodge
projector onto divergence free vector fields parallel to the bound-
ary. The optimal control is thus given by v = ron~1 — gradk and
Hamilton’s equations on T* Diff(D) are

n=wuon, 7'r=—(Tu077)T7T,

where 1 means the transpose with respect to the Riemannian metric
on D. These equations can be obtained via the variational principle

5/()T(<7T,uon—7'7>—€(u))dt20.
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By general theory, uw verifies the Euler-Poincaré equations, produc-
ing here the ideal fluid motion u+wVu = — grad p. Recovers optimal
control formulation of Euler equations given by Bloch et al [2000].

In a similar way as for the N-rigid body, Hamilton’s equations are
equivalent to the geodesics spray of the normal metric on the tan-
gent bundle of a Diff,,;(D)-orbit. Solution is the cotangent-lift
acting on the initial condition g, that is, # = (Tn~1)T o 7g.

Second approach: Apply second general theorem, right version,
to obtain the optimal control formulation for Euler fluid equations,
via the back-to-label map Iy = nt_l; this will give the result of Holm
[2009]. Given two diffeomorphisms lg, I € Diff(D), we consider the
optimal control problem

min/THutHth

Ut 0

subject to the following conditions:
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(A)] i+ Tlou =0
(B) I(0) =1 and I(T) = Iy.

The momentum map J : T* Diff(D) — X,,;(D)* for the cotangent-
lift of right translation is

J(,7) =P(TlTox) =TIl o7 — gradg.

The optimal control is thus given by w = —T1 o m 4+ grad ¢ and the
Hamilton’s equations on T* Diff(D) are

[=—-Tlou, =w=-Tmou.

T hese equations can be obtained via the variational principle

5/()T<<7T,Tlou+l>—I—E(u))dtZO.

By general theory, u verifies the Euler-Poincaré equations yielding
ideal fluid motion @ + u-Vu = —gradp. This recovers the optimal
control formulation of Euler equations given by Holm [2009].
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Comparison

N-dimensional free rigid body:

Q=QU, P=PU, JU= %(QTP — P1Q) =pr(Q! P)

Ideal incompressible Euler flow:

[= —Tlou, #=-Trou, u=—-P(Tlonr)
P:gl(N) — so(N), resp. the Helmoltz projector P: X(D) — X,,(D).

For fluids, can also replace group H = Diff(D) by the manifold Q =
Emb(D, M) of all embeddings of M into a fixed manifold M. In fact,
the Euler fluid equations, resp. the N-rigid body equations, can be
obtained by a Clebsch optimal control problem on any manifold
@ on which the group G = Diff,,; (D), resp. G = SO(N) act.
Interpretation in terms of geodesics on Diff, ;(D)-orbits holds as
before.
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H.) Averaged hydrodynamics

Replacing the L2 metric by an H! metric on Diff,;(D), one gets
the dynamics of averaged Euler (or Euler-«) equations given by

m 4 u-Vm — a’Vu!l -Au= —gradp, m=(1—-a’A).

Both the approaches described before for ideal fluids are directly
applicable to averaged dynamics. It suffices to use the Lagrangian
l(u) = %||u||H1 associated to the Sobolev H! norm. The optimal

controls are respectively given by
u=(1l-a?A) 1(mon™) and u=—(1-22) 1Tl on).

I.) Optimal control for the N-Camassa-Holm equation, singu-
lar solutions

The N-Camassa-Holm equations
m =4 u-Vm+ Vul m+mdivu =0, m=(1-a’A)u

are the spatial representation of geodesics on the group Diff(D) of

all diffeomorphisms of D, relative to the Sobolev H1 metric.
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So, they are obtained by Euler-Poincaré reduction; particular case
of the EPDIff equations. As for Euler equations, obtain equations
by two different Clebsch optimal control problems. Remarkably, the
first approach recovers the dynamics of singular solutions and gives
a new interpretation of these singular solutions as geodesics.

Use first general theorem, left version, with G =
Diff(D) acting on the left on the manifold Q = Emb(S,D) of all
embeddings of a given manifold S into M. Given two embeddings
Qo, Qr € Emb(S, D), associated Clebsch optimal control problem is

T
- 2
rT’llitn/o ||ut||H1dt (1)

subje.ct to the following conditions:
(A) Qi = ug o Qy;
(B) Q(0) = Qp and Q(T") = Qr.

The momentum map J: T*Emb(S,D) — X(D)* is given by

J(Q,P) = /SP<S>5<a: — Q(s))ds;
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Since J produces singular solutions, the generalizations of the peakons
of the one dimensional Camassa-Holm equation, J is often called
the singular momentum map. The optimal control is hence

(1—a2A)u = /SP(S)(S(a: —Q(s))ds,

and Hamilton’s equations are obtained from the variational principle

T )
5/0 (P,uoQ— Q) — £(u))dt = 0.

Evaluated on the optimal control u, the Pontryagin Hamiltonian H
produces the collective Hamiltonian

H(Q,P) = [[P(G(Q(s) — Q(N)IP(sdsds’

where G is the Green’'s function associated to the differential oper-
ator (1 — a?A). By general theory, the solution (Q,P) is obtained
by letting the flow n; of the optimal control act on the initial values
Q(0),P(0) by the cotangent-lifted action. The fact that optimal
control u is solution of the N-Camassa-Holm equations, recovers

the interpretation of the momentum map as a singular solution.
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Apply the first general theorem to this case: new geometric inter-
pretation of singular solutions.

The singular solutions 6¢/6u = J(Q,P) of the N-Camassa-Holm
equations arise as normal metric geodesics on a Diff(D)-orbit

O ={noQq | n e Diff(D)} C Emb(S,D),

Yo(uo QvoQ) == (u,v) g1, VQEO.

Note that choosing S = D, we have Emb(S, D) = Diff(D) and we
recover the dynamic of the strong (i.e. non singular) solutions.

Apply second general theorem, right version,
in order to obtain the optimal control formulation for Euler fluid
equations, via a generalization of the back-to-label map.

G = Diff(D) acts on the right on Emb(D, M) for a fixed manifold
M. Given qg,qr € Emb(D, M), Clebsch optimal control problem is

mln/o g || 2t

ut
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subject to the following conditions:

(A) @t +Tqout =0;

(B) a(0) = qg and q(T) = qr.

The momentum map J: T*Emb(D, M) — X(D)* is given by

J(q,p) = p-daq.
Thus, the optimal control is given by
(1 - a?A)u=p-dq,
Hamilton’s equations are obtained via the variational principle

5[ ((pdaou+a) + bw)dt =0

and the collective Hamiltonian reads

H(a,p) = h(p-da) = [[ p@)-da(2)G(z ~ 2)p(+")-da(a)dwda’

In this case, the second general theorem vields the following inter-
pretation of the solution (q,p).
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The solution (q,p) of Hamilton’s equations defined by H projects
to a geodesic on a Diff(D)-orbit

O ={qpon|nec Diff(D)},

with respect to the normal metric

/YO(TqO u,1'qo U) — <U7U>H1, Vq e 0.

J.) The case of the adjoint action

G acts on @@ := g on the right | = — Adg_l x. The infinitesimal
generator is ug(x) = [z,u]. Consider the Lagrangian ¢ : g — R,
defined by ¢(u) = %||u||2, where the norm is taken relative to an
Ad-invariant nondegenerate symmetric bilinear form ~ on g, so

v(lu, z],v) = v(u, [z, v]).

Medina-Roy [1985] give complete classification of such Lie algebras.

Assume, in addition, that ~ is positive definite inner product.
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Given zqg,xzT € g, associated Clebsch optimal control problem is
min/Tlnu(t)H?dt
u(t) JO 2

subject to the following conditions:

(A) z = [z,u];

(B) 2(0) = zg and x(T) = xp.

Use the first general theorem: @ = g, G acts on on the right on
g by u — Adg_l w. Identifying g and g* via the the inner product

~, the Pontryagin function is H(z,p,v) = {(p, [z, u]) — %||u||2 and the

momentum map J : T*g — g* is J(z,p) = —[z,p]. Thus the optimal

control is u = [p,z] and the canonical Hamilton's equation are
z=[z,u], p=I[p,ul,

thus, we get the double bracket equations

z = [z, [p,z]], »p=lp Ip,z]]
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By general theory, these equations are Hamiltonian on T™*g, for

H(z,p) = (b, e, o, 1) — o, 211 = 2 o, 21

By the first general theorem, the control uw necessarily satisfies the
Euler-Poincaré equations which in this case are « = —adyu = 0
since with the identification by the bi-invariant inner product v we
have ad;}, = — ad,. Hence the control u is constant along the flow of
Hamilton’'s equations, that is, u = [p, x] is a constant of the motion.

By the normal metric theorem, the double bracket equations are
also the Hamiltonian description of geodesics on an adjoint orbit
O = {Ady & | g € G} relative to the normal metric v9. In this case of
the adjoint action, it has the expression

Yoz, pl, [z,q]) = (", ¢"),

where the decomposition p = pz+p* is made relative to the splitting
g= gx@g%. If g is @ compact semisimple Lie algebra and ~ is minus
the Killing form, this recovers the usual normal metric on adjoint

orbits.
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Note that here we have

gz = ker (adz) and (gz)~ = im (ady).

Note that, by our general theory, a similar result holds for any
Lagrangian ¢ such that uw — §¢/6u is a diffeomorphism. More pre-
cisely, Hamilton's equations for H(xz,p) = h([p,x]) on T*g restrict
to Hamilton’s equation on T70O.

As for the rigid body, one can consider the kinetic energy associated
to v(u,Jv), where J : g — g is a symmetric and positive definite
operator. In this case, the optimal control is given by v = J~1[p, z],
the Hamiltonian is H(z,p) = 3v([z,p], J '[z,p]), and Hamilton’s
equations read

i =[x, J  p,2]l, p=Ip,J *p,]l.

The inner product ~(u,Jv) induces a normal metric on orbits in
the same way as before. Geodesics of this metric are given by the

above Hamilton’'s equations.
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